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Definition

Let (M,d) ... a metric space
0 ∈M ... a distinguished point

We put Lip0(M) := {f : M → RLipschitz, f(0) = 0}

‖f‖L := sup
x6=y

f(x)− f(y)

d(x, y)
,

and F(M) := span{δx : x ∈M} ⊂ Lip0(M)∗

Fact

F(M)∗ = Lip0(M)

Proof.

∀ f ∈ Lip0(M) ∃! f̂ ∈ F(M)∗ such that f̂ �M= f . Moreover∥∥∥f̂∥∥∥ = ‖f‖L.
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Facts
I dens(M) = dens(F(M))

I F(N) ≡ `1
I F(R) ≡ L1(R)

I no explicit description of F(R2) is known

Definition

(M,d) is ultrametric if ∀x, y, z ∈M

d(x, y) ≤ max d(x, z), d(z, y)

I All triangles are isosceles.

I Every ultrametric space is isometric to a subset of an
R-tree.
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I A. Dalet (’14): If M is ultrametric and compact, then
F(M) = (c0, |·|)∗ for some equiv. norm |·| on c0.

I M. Cúth, M. Doucha (’14): If M is ultrametric and
separable, then F(M) ' `1.

I Question: Is F(M) ≡ `1 in the above case?

Theorem (Dalet, Kaufmann, P. ’14)

Let (M,d) be an ultrametric space of cardinality ≥ 3. Then
F(M) is not isometric to `1(Γ) for any set Γ.

Proof.

F(M) ≡ `1(Γ) =⇒ Lip0(M) ≡ `∞(Γ) =⇒
=⇒ ∀ f, g ∈ Ext

(
BLip0(M)

)
: ‖f − g‖L = 2.

We will find f, g ∈ Ext
(
BLip0(M)

)
: ‖f − g‖L < 2.
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Extensions of Lipschitz functions
Let (M,d) be a metric space, A ⊂M , 0 ∈ A and f ∈ Lip0(A).

Then ∃ f̃ ∈ F(M) such that f̃ �A= f and ‖f‖L =
∥∥∥f̃∥∥∥

L
.

f̃I(y) = inf
z∈A

f(z) + d(y, z)

f̃S(y) = sup
z∈A

f(z)− d(y, z)
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Lemma

Let (M,d) be a metric space, A ⊂M , 0 ∈ A and

f ∈ Ext(BLip0(A)). Then f̃I , f̃S ∈ Ext(BLip0(M)).

Proof.

Let f̃S = p+q
2 , p, q ∈ BLip0(M). If x ∈ A, then p(x) = q(x) = f(x)

as f ∈ Ext(BLip0(A)). If x ∈M \A, then ∀ z ∈ A:

f(z)− p(x) = p(z)− p(x) ≤ d(z, x).

Thus
f̃S(x) = sup

z∈A
f(z)− d(z, x) ≤ p(x)

Also f̃S(x) ≤ q(x). So fS(x) = p(x) = q(x).
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Two extreme points at distance < 2

Let 0, x0, y0 ∈M be three different points.
WLOG d(0, y0) = d(x0, y0) ≥ d(0, x0).

0 y0

x0

A

B

C

A = {x ∈M : d(x, y0) = d(0, y0)}
B = {x ∈M : d(x, y0) < d(0, y0)}
C = {x ∈M : d(x, y0) > d(0, y0)}

f(x) := d(0, x), x ∈M

g(x) := ˜(f �A∪C)S
= d(0, x) when x ∈ A ∪ C
= sup
z∈A∪C

d(0, z)− d(z, x), x ∈ B

= sup
z∈A∪C

d(0, z)− d(z, y0)

‖f − g‖L
=

sup |(f−g)(x)−(f−g)(y)|
d(x,y)

with x ∈ A ∪ C, y ∈ B.
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Banach-Mazur distance to `n1

Lemma

Let X be a Banach space and C =
⋂n

i=1 x
∗−1
i (−∞, 1). Let

A ⊂ X \ C such that ∀x 6= y ∈ A we have x+y
2 ∈ C. Then

|A| ≤ n.

Proof.

Put ϕ(x) := i such that x∗i (x) ≥ 1. We have 1 > x∗ϕ(x)

(x+y
2

)
.

Thus x∗ϕ(x)(y) < 1 and ϕ is injective.

Lemma

Let f1, . . . , f2n+1 ∈ SY such that
∥∥∥fi+fj

2

∥∥∥ ≤ 1
1+ε . Then

dBM (Y, `n∞) > 1 + ε.

Proof.

Let T : Y → `n∞ such that ‖f‖ ≤ ‖Tf‖∞ ≤ (1 + ε) ‖f‖. Then ‖Tfi‖ ≥ 1,

∥∥∥∥Tfi+Tfj
2

∥∥∥∥ < 1

and BO
`n∞

is the intersection of 2n halfspaces.
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Proposition

Let M = {0, x1, . . . , xn}, n ≥ 2, be an ultrametric space. Then

dBM (F(M), `n1 ) > (1− m

4 diam(M)
)−1

where m = minx 6=y d(x, y).

Proof.

For every i 6= j ≤ n ∃ fij ∈ BLip0(M) such that
fij(xk)−fij(xl)

d(xk,xl)
= 1

iff k = i and l = j.
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