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Definition

Let (M,d) ... a metric space
0 € M ... a distinguished point
We put Lipy(M) := {f : M — RLipschitz, f(0) =0}

f(z) = f(y)
d(z,y)

and F(M) :=span{d, : x € M} C Lipy(M)*

£l = sup
T#£Y

Fact
F(M)* = Lipy(M)

Proof.
V f € Lipy(M) El'f € F(M)* such that f[M: f. Moreover

|7 = 111
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Definition
(M, d) is ultrametric if Va,y,z € M

d(z,y) < maxd(z,z),d(z,y)

» All triangles are isosceles.

» Every ultrametric space is isometric to a subset of an
R-tree.
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» A. Dalet ("14): If M is ultrametric and compact, then
F(M) = (co,||)* for some equiv. norm |-| on ¢p.

» M. Cith, M. Doucha ('14): If M is ultrametric and
separable, then F (M) ~ ¢;.

» Question: Is F(M) = ¢; in the above case?

Theorem (Dalet, Kaufmann, P. "14)

Let (M,d) be an ultrametric space of cardinality > 3. Then
F(M) is not isometric to ¢1(T') for any set T.

Proof.
F(M) = £,(T") = Lipy(M) = Loo(I') =

:>Vf gGEXt (BLlp M)) Hf g“L_2
We will find f, g € Ext (BLlpO(M)) \f—gll, <2
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Extensions of Lipschitz functions
Let (M, d) be a metric space, A C M, 0 € A and f € Lipy(A).
Then 3 f € F(M) such that f [4= f and ||f]|; = WL

fily) = inf f(2) +d(y, )

Fsy) = sup f(2) — d(y, 2)

z€A
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Lemma
Let (M,d) be a metric space, AC M, 0 € A and
[ € Ext(Burip (4)). Then fI,fs € Ext(Brip,(m))-

Proof.

Let fs =B 54 Brip,(a)- If © € A, then p(z) = q(z) = f(z)
as f € Ext(BLlp 4))- fz e M\ A thenVz € A:

Thus
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Let 0,x9,y0 € M be three different points.
WLOG d(0,y0) = d(zo, y0) = d(0, zo).

f(x):=d(0,z), ze M

g(x) = (f fAUC)s

, =d(0,z) when z € AUC
— Sup d(O,Z) — d(z,l‘), a 6 B
B z€EAUC
xo — Sup d(07 Z) - d(z7 yO)
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Two extreme points at distance < 2

Let 0,x9,y0 € M be three different points.
WLOG d(0,y0) = d(zo, y0) = d(0, zo).

f(z) :=d(0,z), x € M

g(x) = (f fAUC)s

4 =d(0,z)when x € AUC
= sup d(0,z) —d(z,z), z € B
B ze AUC
z“] l l [ = sup d(ovz) - d(zvyﬂ)
] ] 2€AUC
I
’ " If =9l

A={zeM: d@yo) = d0,y0)} (F—0) (@)~ (F—)()
B = {l’ eM: d(xayO) (anﬂ)} Sup d(@y)
C={xeM: dx,y) >d0,y0)}

<d ith AudC B
o d with © € ,Yyeb.
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because 0 > g(y) > d(0, zo) — d(wo, yo) = d(0,x0) — d(0, yo)
withz € AUC, y € B. O
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Lemma

Let X be a Banach space and C = (i, z} ' (—o0,1). Let
A C X\ C such thatVx #y € A we have % € C. Then
|A] < n.

Proof.

Put ¢(z) := i such that }(z) > 1. We have 1 > z¥  (£5Y).

()

Thus x:‘o(z) (y) <1 and ¢ is injective.

O]

<

Lemma

@ < L Then

Let f1,..., font1 € Sy such that ‘ .

dppm (Y, 0) > 1+e¢.

Proof.

Tf:+Tf;
Let T:Y — £ such that [|f]] < ITflleg < (1+¢) Ifll. Then [Tf] > 1, H#

and Beon is the intersection of 2n halfspaces.
5

<1

D
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Let M ={0,21,...,z,}, n > 2, be an ultrametric space. Then
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Proposition
Let M ={0,21,...,z,}, n > 2, be an ultrametric space. Then

m

dpm(F(M),€7) > (1 - m)_l

where m = ming, d(x,y).

Proof.
. y . fij(n) = fij(@1)
For every i #j <n 3f;; € Brip,(ar) such that d(zr,x1)

=1
iff k=¢and ! =j. Ol




Thank you for your attention!



