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Consider Hermitian forms on the k-th symmetric power ∨kCd, where k and d
are positive integers. These forms can be defined by a Hermitian matrix W acting
on the k-th symmetric tensor power of Cd by

pW (y) = 〈y⊗k|W |y⊗k〉, ∀y ∈ Cd.

We are interested in certifying positivity of such a Hermitian form, i.e. when is it
true that pW (y) ≥ 0 for all y ∈ Cd? Obviously, this is the case when pW is a sum
of squares (SOS):

pW (y) =
∑
i

|qi(y)|2, ∀y ∈ Cd.

However, there are examples of homogeneous, non-negative polynomials which
cannot be written as a sum of squares; a famous such example is the Motzkin
polynomial

pMotzkinx, y, z) = x4y2 + y4z2 + z4x2 − 3x2y2z2.

The relation between non-negative polynomials and sums of squares was recognized
by Hilbert as an important one (number 17 on his list of 23 problems presented
at the ICM 1900 in Paris) and a complete solution was obtained by Artin in 1927,
who showed that any non-negative real polynomial can be written as a fraction of
a sum of squares and of a square of a polynomial.

Our work follows closely a refinement of Artin’s result by Reznick [3], who found
a simple form for the denominator (as powers of ‖y‖2). Note that the problem
of determining a sum-of-square decomposition of a non-negative polynomial is a
semidefinite program (SDP). Therefore, Reznick’s result suggests a hierarchy of
SDPs for testing positivity of a non-negative real polynomial. It furthermore quan-
tifies the run-time of this method in terms of quantities related to the polynomial.
Our work is in the same line, extending Reznick’s result from real polynomials
to complex Hermitian forms and improving several aspects of it. Our method of
proof is also quite original, since it borrows from the newly established field of
quantum information theory.

In order to assert the positivity of the Hermitian form pW , we introduce the
quantities m(W ) := min‖y‖=1 pW (y) and M(W ) := max‖y‖=1 pW (y), where we

denote by ‖y‖ the `2 norm of the vector y, ‖y‖2 := |y1|2 + |y2|2 + · · · + |yd|2.
We have shown the following result, a Positivstellensatz for complex variables,
improving on similar results by To and Yeung [4].

Theorem 1. Let W be a hermitian operator acting on ∨kCd, and assume m(W ) >
0. Then, for all

(1) n ≥ dk(2k − 1)

ln
(

1 + m(W )
M(W )

) − d− k + 1

1



such that n ≥ k, there exists a non-negative function cϕ such that

‖y‖2(n−k)pW (y) =

∫
‖ϕ‖=1

cϕ|〈ϕ, y〉|2ndϕ,

where the integration is with respect to the Haar measure on the unit sphere of Cd,
or any discrete n-spherical design [1]. In particular, the polynomial ‖y‖2(n−k)pW (y)
is a sum of squares.

Our proof of the above theorem uses some techniques from Gaussian probability
theory (e.g. Wick’s formula) and some elementary combinatorics. We also use an
identity known as the Chiribella formula (first established in [2] in the complex
case). In the real case this formula is known under the guise of Hobson’s lemma,
and using our methods we can give a more transparent proof of this lemma and of
Reznick’s original result. Moreover, by improving some estimates we obtain better
constants in a bound similar to (1) and our methods allow us to obtain improved
bounds for specific values of d, k, which are much better than the general bound.
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