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Abstract. We use Masser’s counting theorem to prove a lower bound
for the canonical height in powers of elliptic curves. We also prove the
Galois case of the elliptic Lehmer problem, combining Kummer theory
and Masser’s result with bounds on the rank and torsion of some groups
of rational points on an elliptic curve.

1. Introduction

The classical Lehmer problem. This article is dedicated to the study of
the Néron-Tate height on elliptic curves (and their products). The problem
of understanding how small the height of a non-torsion point can be finds
its origin in a question raised by Lehmer (see [20], §13, page 476), which
turned out with time to be formulated as a conjecture. If x is a non-zero
algebraic number, we let h(x) be its (absolute logarithmic) Weil height.

Conjecture 1.1 (Lehmer). For all x ∈ Q̄∗ not a root of unity:

h(x)� 1

[Q(x) : Q]
.

The notation � means that the inequality is true up to some positive con-
stant. Many particular cases of this conjecture have been solved, for instance
if the minimal polynomial of x is non-reciprocal (see Smyth [35]) or has odd
coefficients (see Borwein, Dobrowolski and Mossinghoff [5], or Dubickas and
Mossinghoff [10] for further results).

There can even be an absolute lower bound for the height if x belongs
to some specific infinite extension of Q (see Amoroso and Dvornicich [2] for
the abelian closure Qab of Q, Schinzel [29] for the field Qtr of totally real
numbers, or Habegger [13] for the field generated by torsion points of an
elliptic curve defined over Q). The best general estimate so far is due to
Dobrowolski ([9], see [36] for an effective version).

Theorem 1.2 (Dobrowolski). For all x ∈ Q̄∗ of degree D := [Q(x) : Q] not
a root of unity:

h(x)� 1

D

(
log log(3D)

log(2D)

)3

.
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This theorem has been extended in greater dimension by Amoroso and
David ([1], or [3] for sharper estimates). As a consequence, they proved the
following special case of the Lehmer conjecture.

Theorem 1.3 (Amoroso, David). For all x ∈ Q̄∗, not a root of unity, with
Q(x)/Q Galois:

h(x)� 1

[Q(x) : Q]
.

Their theorem also covers the case where the degree of the Galois closure
of Q(x) over Q is bounded by a fixed power of [Q(x) : Q].

Points of small height in elliptic curves and abelian varieties. For E
an elliptic curve defined over a number field k, Néron and Tate constructed
a “canonical” height function

ĥ : E(k̄)→ R+

which vanishes exactly on the torsion subgroup of E(k̄). Like in the classical

case, the height ĥ(P ) of a point P ∈ E(k̄) is conjectured to be bounded from
below in terms of the degree D := [k(P ) : k] of P as follows.

Conjecture 1.4 (elliptic Lehmer). If P ∈ E(k̄) has degree D and infinite
order:

ĥ(P )�E
1

D
.

The notation �E means that the inequality is true up to a positive number
depending on E. The best general bound is a theorem of Masser ([25]).

Theorem 1.5 (Masser). For all P ∈ E(k̄) of degree D and not torsion:

ĥ(P )�E
1

D3
(

log(2D)
)2 .

Masser’s estimate can be improved in several special cases. In the CM
case, for instance, we recover the analog of Dobrowolski’s theorem (see [19]).

Theorem 1.6 (Laurent). If E has CM, for all P ∈ E(k̄) of degree D and
not torsion:

ĥ(P )�E
1

D

(
log log(3D)

log(2D)

)3

.

If the j-invariant of E is not an algebraic integer (which implies that E has
no CM), David proved that for all P ∈ E(k̄) of infinite order and degree D
(see [7]):

ĥ(P )�E
1

D
15
8

(
log(2D)

)2 .
Again, the Lehmer bound can be improved to a “positive constant” de-
pending on E but not on D if the point P belongs to some specific infinite
extension K of k (see [34] for K = kab or [13] for K = k(Etors)).
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Let A be an abelian variety of dimension g, defined over k, and L an ample
and symmetric line bundle on A. There is associated with L a Néron-Tate
height ĥL defined on the k̄-points of A. This height can also be bounded
from below away from the torsion subgroup of A (see [24], or [23] for an
earlier and weaker estimate).

Theorem 1.7 (Masser). For all P ∈ A(k̄) of degree D and not torsion:

ĥL(P )�A,L
1

D2g+1
(

log(2D)
)2g .

Remark. This theorem has been used recently by Habegger and Pila to prove
the Zilber-Pink conjecture for curves in abelian varieties (see [14], §9.1).

In fact, the dimension of A can be replaced by the maximum of the
dimensions of the simple factors of A (if we fix an ample line bundle for
each factor and consider the corresponding Segre embedding on A). It is
conjectured that we should have:

ĥL(P )�A,L D
− 1

g

if P has infinite order modulo every abelian subvariety of A. Again, better
results are known in the CM case (see [8], or [6] for a refined version).

Theorem 1.8 (David, Hindry). Suppose that A has CM and let κ(g) =
(2g(g + 1)!)g+2. Then for all P ∈ A(k̄) of degree D and infinite order
modulo every abelian subvariety:

ĥ(P )�A,L
1

D
1
g
(

log(2D)
)κ(g)

.

This article shows some applications of Masser’s counting theorem on
elliptic curves. The first one concerns points of small height in powers of
elliptic curves. Recall that E is an elliptic curve defined over a number field
k, and let g be a positive integer. We show the following bound, which
improves Theorem 1.7 in this particular case (see Corollary 2.4 below).

Theorem 1.9. For all P ∈ Eg(k̄) of degree D and infinite order modulo
every abelian subvariety of Eg:

ĥ(P )�E,g
1

D
1+ 2

g log(D)
2
g

.

The bound that we give here is effective. Remark that in the CM case, a
stronger and effective bound follows from the effective version of Laurent’s
theorem given in [37].
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The elliptic Lehmer problem in the Galois case. Another application
concerns the Galois case of the elliptic Lehmer problem.

Theorem 1.10. For all P ∈ E(k̄) of infinite order such that k(P )/k is
Galois of degree D:

ĥ(P )�E
1

D
.

Remark. The theorem actually holds in slightly greater generality; for any
1 ≤ M < 2 and P ∈ E(k̄) of infinite order and degree D such that the
Galois closure of k(P ) over k has degree at most DM :

ĥ(P )�E,M
1

D
.

Moreover, this is true for any M ≥ 1 if E has CM.

In the CM case, we can get an even better bound:

Theorem 1.11. Suppose that E has CM and let ε > 0. For all P in E(k̄)
of infinite order such that k(P )/k is Galois of degree D:

ĥ(P )�E,ε
1

D
1
2

+ε
.

We get an effective version of Theorem 1.10 in the non-CM case for D
large enough, and the bound for D can be explicited using [22]. In the CM
case, the proof of Theorem 1.11 (and Theorem 1.10) relies on Theorem 1.8
and the main result of [26], which might both be made effective using tools
from Arakelov geometry (see [37] for an effective version of Theorem 1.8 in
dimension one).

We will start by proving our lower bound for the height in powers of
elliptic curves, which happens to be a natural angle when tackling the Galois
case of the Lehmer problem. We will then give lower bounds for the rank
of the Z-module generated by a set of conjugates. In the last section, we
will study the Lehmer problem in Kummer extensions by using Serre’s open
image theorem and a classical result on complex multiplication. Combined
with our lower bound on the rank, this tool will be sufficient to tackle the
CM case. In order to prove Theorem 1.10, we will make a final construction
using a bound on the torsion and Masser’s counting theorem.

Acknowledgments. The authors would like to warmly thank Gaël Rémond
as well as the referee for their precise reading and helpful comments on this
article.

2. Points of small height in powers of elliptic curves

We start by recalling the central tool of this article, Masser’s counting
result on elliptic curves, and we apply this theorem to the study of points of
small height on powers of elliptic curves. This approach naturally produces
results towards the Galois case of the elliptic Lehmer problem, but we only
get the expected bound up to a logarithmic factor in the degree.
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2.1. Preliminaries. From here on, we let E be an elliptic curve defined over
a number field k. It is the projective curve associated with an equation:

y2 = x3 + ax+ b,

where a, b ∈ k are such that 4a3 + 27b2 6= 0. If K is an extension of k, we
will denote by E(K) the group of points of E with coordinates in K. If
P ∈ E(k̄) ⊂ P2(k̄), we let h(P ) be the (absolute logarithmic) Weil height
of P . The Néron-Tate (or canonical) height of P is defined by the following
limit process:

ĥ(P ) := limn→+∞
h(nP )

n2
.

The Néron-Tate height has several nice properties. It is quadratic and van-
ishes exactly on the torsion subgroup of E(k̄). Furthermore, the difference

|h− ĥ| is bounded on E(k̄).

2.2. Masser’s counting theorem. This is a remarkably ubiquitous result
with many immediate corollaries, such as a lower bound for the Néron-
Tate height of non-torsion points, a lower bound for the degree of the field
generated by the n-torsion (where n is a positive integer), and an upper
bound for the order of K-rational torsion groups (where K is a number
field containing k). We refer to the main theorem of [25] for a more precise
statement.

Theorem 2.1 (Masser). There is a positive number c1 depending on E such
that for any D ≥ 2 and any extension K of k of relative degree at most D,
the cardinality of

{
P ∈ E(K), ĥ(P ) ≤ 1

c1D

}
is at most c1Dlog(D).

Remarks. (i) The constant c1 can be effectively computed in terms of the
degree of k.

(ii) The theorem remains true if we replace c1 by any constant greater
than c1. For the remaining of this paragraph, we will thus assume that
c1 ≥ 105, so that:

c
3/2
1 log(2) log log(4) ≥ 39 and

√
c1 > 12 log(c1).

We derive a lower bound for the height in the Galois case, which is optimal
up to the log factor.

Corollary 2.2. Let P be a non-torsion point of E(k̄) such that k(P )/k is
Galois and let D := [k(P ) : k] ≥ 2. Then:

ĥ(P ) ≥ 1

c4
1Dlog(D)3

.

Proof. Let K := k(P ). We proceed by contradiction and assume that:

ĥ(P ) <
1

c4
1Dlog(D)3

.
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Consider the set:

S(P ) :=
{
pP σ, σ ∈ Gal(K/k), 1 ≤ p ≤ q := c

3/2
1 log(D)loglog(2D)

}
,

where we restrict ourselves to prime multiples of the P σ’s. Because K/k is
Galois and the Néron-Tate height is quadratic, we get:

S(P ) ⊂
{
Q ∈ E(K), ĥ(Q) ≤ 1

c1D

}
,

so that, by Theorem 2.1:

|S(P )| ≤ c1Dlog(D).

Now, we want to show that the set S(P ) has a large cardinality. Suppose
that there are two primes p, p′ and σ, τ ∈ Gal(K/k) such that:

pP σ = p′P τ .

The Néron-Tate heights of P σ and P τ are non-zero and equal. Therefore, we
get: p = p′ and: (pP )σ = (pP )τ . By a classical combinatorial computation
(see [9], Lemma 3), the prime number p belongs to a set of cardinality at
most

log(q)

log(2)
.

But bounding from below the number of primes ≤ q yields (see [28], Corol-
lary 1 and remark that q ≥ 39):

π(q) ≥ q

log(q)
≥ 2

log(q)

log(2)
.

Thus, we get:

|S(P )| ≥ D

(
π(q)− log(q)

log(2)

)
≥ Dπ(q)

2

≥ D
q

2 log(q)
≥ D log(D)

c
3/2
1

12 log(c1)
.

Since D ≥ 2, we derive:
√
c1 ≤ 12 log(c1), which is a contradiction. �

2.3. The elliptic Lehmer problem in greater dimension. Amoroso
and David have shown how the Galois case of the classical Lehmer problem
follows from a Dobrowolski-type bound in greater dimension (see [1]). In
the elliptic or multi-elliptic setting, such a bound is still far from reach, but
we can substantially improve Masser’s general bound.

Proposition 2.3. Let P1, . . . , Pn be Z-linearly independent points of E(k̄),
all defined over a field K of degree D ≥ 2. We have:

n∑
i=1

ĥ(Pi) ≥
1

n(c1D)1+ 2
n log(D)

2
n

.
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Proof. We consider:

S :=
{
Q =

n∑
i=1

riPi, ĥ(Q) ≤ 1

c1D

}
,

where r1, . . . , rn run in Z. The set S is finite, and by Theorem 2.1:

|S| ≤ c1D log(D).

Let:

Λ :=
n⊕
i=1

ZPi.

This is a lattice of rank n in the vector space V := Λ⊗ZR, which is equipped
with an euclidean norm: ||.|| induced by the Néron-Tate height. If Q ∈ Λ,

we have: ||Q|| = ĥ(Q)1/2, so Q ∈ S if and only if its image in V belongs to
the euclidean ball B(0, r) of V with radius

r :=
1√
c1D

.

We thus need to estimate the number of points A(r) in Λ with euclidean
norm at most r. For each point Q of Λ, let

Λ(Q) :=
{
Q+

n∑
i=1

tiPi | ∀i : −1/2 ≤ ti ≤ 1/2
}
,

and let v > 0 be its volume; it is the covolume of Λ and it does not depend
on Q. We consider two cases.

Suppose first that the Λ(Q), for Q ∈ Λ and ||Q|| ≤ r, do not cover
B(0, r/2). This ball is contained in the union of all the Λ(Q) for Q ∈ Λ,
so we can find two points Q,R such that R ∈ Λ(Q) with: ||R|| ≤ r/2 and
||Q|| > r. By the triangle inequality, we get:

||R−Q|| ≥ ||Q|| − ||R|| > r

2
.

Since R belongs to Λ(Q), we can apply the Cauchy-Schwarz inequality to

||R−Q|| = ||
n∑
i=1

tiPi||,

which yields:
n∑
i=1

ĥ(Pi) >
r2

n
=

1

c1nD
,

and the inequality of the proposition holds in this case.
Otherwise, by comparing volumes:

Vn

(r
2

)n
≤ A(r)v ≤ |S|v ≤ c1D log(D)v,
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where Vn is the volume of the unit ball in the n-dimensional euclidean space.
By Hadamard’s inequality:

n∏
i=1

ĥ(Pi) ≥ v2 ≥ V 2
n

4n(c1D)n+2 log(D)2
.

Using the inequality of arithmetic and geometric means, we finally get:

n∑
i=1

ĥ(Pi) ≥ n

(
n∏
i=1

ĥ(Pi)

)1/n

≥ nV
2
n
n

4(c1D)1+ 2
n log(D)

2
n

.

Recall that:

Vn =
πn/2

Γ(1 + n/2)
,

where Γ is the Euler Gamma function. For x ≥ 2, by a crude estimation of
the error in Stirling’s formula, we find:

Γ(x) ≤ 2
√
πxx−1/2e−x,

so that, for n ≥ 2:

Vn ≥
(

2πe

2 + n

)n/2
· e√

2π(2 + n)
≥
(

8

n

)n/2
· e√

2π(2 + n)

≥
(

4

n

)n/2
·

√
2n−1e2

π(2 + n)
≥
(

4

n

)n/2
.

This lower bound for Vn still holds for n = 1 (both terms are in fact equal)
and we finally derive:

n∑
i=1

ĥ(Pi) ≥
1

(c1D)1+ 2
n log(D)

2
n

.

�

Remark. If P is a point of infinite order and degree D generating a Ga-
lois extension, this estimate and a direct imitation of Amoroso and David’s
strategy (from the number field case) yields:

ĥ(P )�E,ε
1

D1+ε
.

This does not improve the lower bound found in Corollary 2.2. In order to
get a result of Lehmer strength, we would need a Dobrowolski-type result
on powers of elliptic curves, which is still far from reach in general.

As an immediate corollary, we can now prove Theorem 1.9. Let g be
a positive integer and ĥ the canonical height on Eg associated with the
g-power polarization associated with our Weierstrass embedding on E.
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Corollary 2.4. There is a constant c2 depending on E and g such that
for all P ∈ Eg(k̄) of degree D ≥ 2 and infinite order modulo every abelian
subvariety of Eg:

ĥ(P ) ≥ c2

D
1+ 2

g log(D)
2
g

.

Proof. If E has CM, we can use Theorem 1.8 which provides an even stronger
bound. If E has no CM, the corollary is a straightforward consequence of
Proposition 2.3. �

In comparison, we get a weaker estimate if A = E1×· · ·×Eg is a product
of elliptic curves defined over k. Again, we fix a Weierstrass embedding for
each Ei (1 ≤ i ≤ g) and let ĥ be the canonical height on A associated with
the resulting Segre embedding of A.

Proposition 2.5. For all P ∈ A(k̄) with degree D ≥ 2 and infinite order:

ĥ(P )�A
1

D3 log(D)2
.

Proof. We let P := (P1, . . . , Pg) not torsion of degree D; there is 1 ≤ i ≤ g
such that Pi has infinite order. By [25], Corollary 1, there exists c(Ei) > 0
such that:

ĥ(P ) ≥ c(Ei)

D3
i log(Di)2

,

where Di := [k(Pi) : k] ≤ D. The Proposition follows immediately with
c(A) := min{c(Ei) | 1 ≤ i ≤ g}. �

Remark. When the bound for the height does not increase with g, there is
no point in making the extra hypothesis that P has infinite order modulo
every abelian subvariety.

3. The rank of the group generated by a set of conjugates

We get back to the one-dimensional case. We are going to give lower
bounds for the rank of the Z-module generated by all the conjugates of a
point of E(k̄) under suitable conditions. For the whole section, we let L be a
fixed Galois extension of k of relative degree D := [L : k] ≥ 2. If Q ∈ E(L),
the conjugates of Q will be the images of Q by the elements of Gal(L/k).

3.1. The group theoretical approach. The first bound uses classical
results on finite subgroups of linear groups, following an idea of Amoroso
and David (see [1], Corollaire 6.1). We make the following hypothesis on a
point Q in E(L).

Assumption 1. For any positive integer m, the field generated over k by
the conjugates of mQ is L.

Remark. The Assumption 1 holds if the Z-module H generated by the
conjugates of Q is free. Indeed, if the conjugates of some multiple mQ of Q
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are defined over a strict subfield of L, there is a non-trivial σ ∈ Gal(L/k)
which fixes all the conjugates of mQ, and the m-torsion subgroup of H is
not zero. This stronger hypothesis will be satisfied in the application we
have in mind.

Lemma 3.1. Let Q be as in the Assumption 1 and let H be the Z-module
generated by the conjugates of Q. The rank r of H satisfies:

r ≥

√
log(D)

log(3)

Proof. By the Mordell-Weil theorem, the torsion subgroup of H is finite.
Let n be its exponent. The Z-module nH is free of rank r. The Galois
group Gal(L/k) acts on nH, and this action induces a morphism:

φ : Gal(L/k)→ GLr(Z).

If an element σ ∈ Gal(L/k) acts trivially on nH, the conjugates of nQ
belong to the fixed field of σ. So the morphism φ is injective because of
Assumption 1. By a classical theorem of Minkowksi, reduction modulo 3 is
injective on the finite subgroups of GLr(Z) (see [30]); we thus have:

D = |Gal(L/k)| ≤ 3r
2
,

and the lemma follows. �

Remark. Our estimate on the order of finite subgroups of GLr(Z) can be
sharpened. For r > 10, Feit (using unpublished results of Weisfeiler) proved
that they have order at most 2rr!; this bound is optimal. See [11], or [12],
which gives a simpler proof for r � 1. This estimate gives the following
bound, for D � 1:

r ≥ log(D)

log log(D)
.

3.2. An euclidean argument. Our second bound uses volume computa-
tions on euclidean spaces. It gives better results under stronger hypotheses,
and it will not be used in the sequel.

Definition 3.2. Let K be a finite extension of k. There are finitely many
points of E(K) with bounded height, and we define h(K) as the minimum
of the height of non-torsion points of E(K).

Now, we consider the following hypotheses on a point P ∈ E(L):

Assumption 2.
(i) The Néron-Tate height of P is minimal among non-torsion points:

ĥ(P ) = h(L).

(ii) No multiple of P is defined over a strict subfield of L.

Remark. The fact that P is not torsion is also a consequence of (ii), because
the field L is a strict extension of k and the origin of E is in E(k).
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Lemma 3.3. Let P be as in the Assumption 2 and let M be the Z-module
generated by the conjugates of P . The rank r of M satisfies the following:

r ≥ log(D)

log(3)
.

Proof. Again, we consider the Q-vector space V := M⊗ZQ. It has dimension
r and is equipped with an euclidean structure induced by the Néron-Tate
height. We claim that the conjugates P σ of P , for σ ∈ Gal(L/k), are pairwise
distinct in V . If not, there exist σ 6= τ in Gal(L/k) such that P σ − P τ is
torsion. But this contradicts (ii) of the Assumption 2.

The P σ, for σ ∈ Gal(L/k), thus define D distinct points of V and they
all belong to the same euclidean sphere of radius:

ρ := ĥ(P )1/2 6= 0.

For each σ ∈ Gal(L/k), let Sσ be the open sphere with center P σ and radius
ρ/2. Now, the Sσ’s are pairwise disjoint; if not, there would be σ 6= τ in
Gal(L/k) such that:

ĥ(P σ − P τ ) < ρ2 = ĥ(P ).

By the minimality condition (i), the point Q := P σ − P τ should be torsion.
Once again, this would contradict (ii).

The Sσ’s are pairwise disjoint and all belong to the ball of radius 3ρ/2.
A volume comparison immediately yields: D ≤ 3r, and:

r ≥ log(D)

log(3)
.

�

Remark. This computation can be slightly refined by considering the “hy-
perspherical cap” Hσ obtained by intersecting the sphere Sσ with the sphere
S of center 0 and radius ρ (note that this intersection is not empty because
the center P σ of Sσ belongs to S). We denote by Ar(ρ) the area of S, which
is given by:

Ar(ρ) =
2πr/2

Γ(r/2)
ρr−1.

The area of Hσ is:
1

2
Ar(ρ)Isin(φ)2

(
r − 1

2
,
1

2

)
where the function I is the so-called “incomplete Beta function” (see for
instance [21], Formula (1) page 68) and φ = 2arcsin(1/4) is the angle of the
cone with center 0 and section Hσ. By comparing areas, we find that there
exists a positive number c such that:

r ≥ 2 log(D)

log(64/15)
− c log log(2D).
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4. The elliptic Lehmer problem in the Galois case

We can now proceed to prove our theorems on the elliptic Lehmer problem
in the Galois case. The first step is to give bounds on the size of the torsion
in a Galois number field. For the remaining, we suppose that K is a finite
Galois extension of k with degree D.

4.1. Bounding the torsion. We first give a bound on the size of the torsion
inside K in terms of D, when E has no CM. This is done by using Serre’s
open image theorem. For the remaining, if n ≥ 1 is an integer, we let En be
the n-torsion subgroup of E(k̄) and G(n) := Gal(k(En)/k).

Lemma 4.1. Suppose that End(E) = Z and that there is a point of finite
order n ≥ 1 defined over K. Then:

n�E D
1
4 | log log(D)|.

Proof. Let ξ be a point of order n defined over K. Serre’s open image
theorem (see the main result of [31]) shows that there is m�E n such that
the orbit of ξ under the action of G(n) contains all non-zero elements in Em.
Since K is a Galois extension of k, the group Em belongs to E(K), and by
Serre’s theorem again:

D ≥ |G(m)| �E |GL2(Z/mZ)|.
There remains to estimate the order of this linear group in terms of m, which
is classical. We have:

|GL2(Z/mZ)| = φ(m) · |SL2(Z/mZ)| = φ(m)m3 ·
∏
p|m

(
1− 1

p2

)
,

where the last equality is obtained by combining the chinese remainder the-
orem and an easy inductive computation for prime powers. The product on
primes is bounded from below by ζ(2)−1. We thus obtain (see for instance
[15], XVIII, 4, Theorem 326):

|GL2(Z/mZ)| � m4

log log(m)
�E

n4

log log(n)
,

and the lemma follows. �

We suppose now that E has CM by an order O of an imaginary quadratic
field F and that F ⊂ k. Remark that we can take k to be the Hilbert class
field of F . For n ≥ 1 an integer, we let O(n) := O/nO. The group G(n) is
a subgroup of O(n)×. We will use the following estimate for the degree of
the field generated by G(n) and its subgroups.

Lemma 4.2. Let H ⊂ Etors. Then:

[k(H) : k]�E
|H|

log(|H|)
.

Proof. This is an immediate consequence of Theorem 2.1. �
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Remark. Let H := En in the previous lemma. Since k(En)/k is Galois, we
get:

|G(n)| �E
n2

log(n)
.

There is a slightly weaker lower bound if E is replaced by a CM abelian
variety (see [27], Theorem 1.1 and below, where the value of ν is explicited).
By the theory of complex multiplication ([31], §4.5, Corollaire), it can be
proved that: G(n) = O(n)× as soon as n is coprime to an integer that
depends solely on E.

4.2. Descent in Kummer extensions. As the Assumption 1 of the pre-
vious section already suggests it, if we are to bound from below the height
of a point P , the case where a multiple of P belongs to a strict subfield of
k(P ) might be of special interest.

We let P ∈ E(k̄) of infinite order and K := k(P ) a Galois extension of k
with degree D. The following lemma is reminiscent of Amoroso and David’s
result on Kummer extensions (see [1], Lemme 6.2).

Lemma 4.3. Suppose that a multiple of P is defined over a field L of degree
d. Then:

ĥ(P )�E,d
1

D
1
2 log(D)

.

Proof. Let n be the exponent of the torsion subgroup of E(K). The point
Q := nP is defined over L and has infinite order. We assume first that E
does not have CM. By Theorem 1.5 and Lemma 4.1:

ĥ(P ) =
ĥ(nP )

n2
�E

h(L)

D
1
2 (log logD)2

�E,d
1

D
1
2 log log(D)2

,

and this inequality implies the one stated in the lemma.
We suppose now that E has CM by an order O of a quadratic imaginary

field F ⊂ k. Let us consider the “Kummer” group homomorphism φP :

Gal(K(En)/L(En)) −→ En

σ 7→ σ(P )− P.

The image of φP is a subgroup H of En and all the elements of H have their
coordinates in K (because all the conjugates of P have coordinates in K).
Let m ≤ n2 be the order of H. The extension K(En)/L(En) is Galois and
we have:

[K : L(H)] = [K(H) : L(H)] ≥ [K(En) : L(En)] ≥ |H| = m.

Using Lemma 4.2, we derive:

D ≥ m · [k(H) : k]�E
m2

log(m)
.
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Let us consider the following ideal of O:

I := {α ∈ O : ∀h ∈ H,αh = 0}

The theory of complex multiplication (see [33], II, Proposition 1.4 and Corol-
lary 1.5 for the case of maximal orders, [18], 8, §1 for the general case) yields
an isogeny of degree m defined over k:

αH : E −→ E′ := Ī ∗ E

such that H = Ker(αH). The elliptic curve E′ has CM by an order in F ,
and we can assume that it has the same field of definition. The ”Kum-
mer” morphism φαH(P ) is trivial by construction of αH , so αH(P ) is defined
over L(En). Ratazzi’s theorem ([26], Theorem 1.1 and the remark following
Conjecture 1.3) yields:

ĥ(P ) =
ĥ
(
αH(P )

)
m

�E′,d
1

D
1
2 log(D)

.

Up to isomorphism, which does not change the height, there is a finite
number of possible curves E′ ([33], II, Proposition 2.1, or [18], 10, §2).
Therefore, we can choose the constant to depend only on E in the above
inequality. �

Remarks. (i) One can do without Ratazzi’s relative estimate and use Bash-
makov’s theorem (see [17], V, §5, Theorem 5.1, or [4]), so that after mul-
tiplying αH(P ) by a well chosen β ∈ O(n), we get a point defined over L.
It is the case if the number β is any difference of two distinct elements of
G(n) ⊂ O(n)×, so that multiplication by β kills the first cohomology group.
A little bit of combinatorics (together with the remark following Lemma
4.2) shows that β can be chosen to have norm�E log(D), and this costs an
extra log(D) factor in the height lower bound.

(ii) Our approach involving Kummer extensions does not work very well
in the non-CM case, where there is no good bound for the degree d of the
field L (following from a sharp multidimensional height estimate).

4.3. The CM case. We are now in a position to settle the CM case rapidly.
We suppose here that E has CM and prove a slightly more precise version
of Theorem 1.11.

Proposition 4.4. Let P ∈ E(K) of infinite order and degree D such that
the extension k(P )/k is Galois. Then:

ĥ(P )�E
1

D
1
2 log(D)

.

Proof. Suppose first that there exist three conjugates P1, P2, P3 of P that
are linearly independent over End(E). The abelian variety E3 is of CM
type and the point (P1, P2, P3) ∈ E3 has infinite order modulo any abelian
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subvariety, so we can apply David and Hindry’s estimate (see Theorem 1.8).
It yields:

3ĥ(P )�E
1

D
1
3 (log 2D)κ(3)

,

and this is stronger than the bound stated in the proposition.
Suppose on the other hand that there are at most two conjugates of P

that are linearly independent over End(E), and let r be the rank of the Z-
module G generated by the conjugates of P . Since the endomorphism ring
End(E) has rank 2 over Z, this implies that r ≤ 4. We let n be the exponent
of the torsion subgroup of E(K) and L be the field generated over k by the
conjugates of nP . The subgroup H of G generated by the conjugates of nP
has rank r over Z and is free, so the Assumption 1 with Q = nP and the
field L is valid. Therefore, Lemma 3.1 yields:

[L : k] ≤ 316.

We can use Lemma 4.3 to obtain:

ĥ(P )�E
1

D
1
2 log(D)

,

and the proposition follows. �

Remark. If the degree of the Galois closure of k(P ) over k has cardinality
at most DM , for any M ≥ 1, the same method yields a bound of Lehmer
strength.

4.4. The non-CM case. We can now give an explicit lower bound for the
height in the non-CM and Galois case. The Lemma 4.1 controls the Kummer
piece of the extension that we consider. The remaining piece happens to be
small by another application of Masser’s counting theorem. We let:

c5 := 3−14c−1
1 .

Proposition 4.5. For D large enough and any P ∈ E(K) of infinite order
such that k(P )/k is Galois:

ĥ(P ) ≥ c5

D
.

Proof. We suppose by contradiction that there exists Q ∈ E(K) of infinite
order such that:

ĥ(Q) <
c5

D
.

The set of points defined over K with positive height < c5
D is not empty,

and it is finite by the Northcott theorem. We let P of minimal height h > 0
among these. Let n be the exponent of the torsion subgroup of E(K) and

d := [k(nP ) : k].

We are going to bound d in terms of D. We fix d conjugates P σ1 , . . . , P σd

of P such that:
∀i 6= j : nP σi 6= nP σj ,
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and let D := {P σ1 , . . . , P σd}. We claim that for any j ≥ 0, the map ψj :

Dj+1 −→ E(K)

(P0, . . . , Pj) −→
j∑
i=0

3iPi

is injective. Suppose that there are two j+1-tuples (P0, . . . , Pj) and (Q0, . . . , Qj)

in Dj+1 such that:
∑j

i=0 3i(Pi −Qi) = 0. For any 0 ≤ k ≤ j, define:

Ak :=
k∑
i=0

3i(Pi −Qi)

By the triangle inequality applied to the norm associated with the Néron-
Tate height (see for instance [32], VIII, Theorem 9.3):

ĥ(Ak)
1
2 ≤ 2h

1
2

k∑
i=0

3i = (3k+1 − 1)h
1
2 ,

so that:

ĥ(Ak) < 32(k+1)h.

Since Aj = 0, we see that:

ĥ(Pj −Qj) = 3−2j ĥ(Aj −Aj−1) = 3−2j ĥ(Aj−1) < h.

By minimality of h and because the difference between two distinct points
of D is never a torsion point, we have: Pj = Qj . We can iterate this process
to get:

∀ 0 ≤ k ≤ j : Pk = Qk,

and our claim holds. Another application of the triangle inequality shows
that, for all Q ∈ Im(ψ6):

ĥ(Q) ≤ 314h ≤ 1

c1D
.

Combining the injectivity of ψ6 with Theorem 2.1, we find:

d7 ≤ c1D log(D).

The point nP has degree d and infinite order, so Theorem 1.5 gives the
following bound:

ĥ(nP )�E
1

d3 log(2d)2
�E

1

D
3
7 log(D)3

.

By the properties of finite abelian groups, there is a K-rational torsion point
with order n, so we can apply Lemma 4.1 and we get:

c5

D
> ĥ(P ) =

ĥ(nP )

n2
�E

1

D
13
14 log(D)4

.

This is a contradiction for D large enough. �
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Remarks. (i) This method can be extended to the case where the degree
of the Galois closure of k(P ) over k has cardinality at most DM , for any
M < 2. If M is bigger, the bound on the torsion becomes too weak, but we
can still get a Lehmer bound “up to an ε”.

(ii) For a general elliptic curve E, one could hope for a stronger bound in
the Galois case, namely:

ĥ(P )�E,ε
1

D
1
2

+ε
,

for all ε > 0. This estimate would follow from a Dobrowolsky-type bound
for powers of elliptic curves (which is a hard open problem in the non-CM
case) and arguments from Kummer theory.

(iii) Using the main result of [24], this strategy could yield an estimate
of the same strength for an abelian variety A defined over a number field k
together with a line bundle L, namely:

ĥL(P )�A,L
1

[k(P ) : k]

for a point P ∈ A(k̄) of infinite order such that k(P )/k is Galois. This would
follow from a good bound for the order n of a torsion point defined over a
Galois extension of k with degree D:

n�A D
α,

where α < 1/2. For related results concerning Galois properties of torsion
points on abelian varieties, see for instance [16].
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