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A few notations and NA

Sampling units

o § C Uy of size n << N taken at Random
o Inclusion variable : ¢; :=I{z € S} 1 €Uy
@ Inclusion probability: 7; :=P(e; = 1) = E () 1 €Uy
I o Second order inclusion probability : m; ; ;=P (e; =1, ¢; = 1) = E (¢;¢;)
(4,5) € U3
o The survey sampling plan is characterized by a distribution Ry on
S =(€e1,...,€n)
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NA of survey sampling and resampling plans A few notations and NA

Links with resampling plans

o Survey sampling plans can be seen as particular cases (without
replacement) of general resampling plans appearing in the weighted
bootstrap literature (Mason and Newton, 1992, Ann. Stat, Praestgaard
and Wellner, 1993, Ann. Probab., Barbe and Bertail, 1995, Springer)
(Wi,n, Wan, ... Wh n) -

. o Naive bootstrap Mult(N,(1/N...,1/N)), n out of N bootstrap

Mult(n,(1/N,...,1/N)).
I o Bayesian bootstrap (Dirichlet weights).

o Bootstrap bayesian clones (Lo, 1991, Ann. Stat.) (Y1/Sy,...., Yu/Sy)
with Sy = Y ', Yi.

i
| o Exchangeability is generally assumed! in bootstrap litterature ‘
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NA of survey sampling and resampling plans A few notations and NA

Negative association

Negative and Positive association (see Joag-Dev and Proschan, 1983, Annals
of Stat. ) : frequently used in time series. See Oliveira(2012), Springer for
details, main properties and applications to time series

Definition

Ther.v.’s Zy, ..., Z, are said to be negatively associated (NA) iff for any
| pair of disjoint subsets A; and A, of the index set [1, N

Cov (f((Z:)ica,)s 9((Z;)jea,)) <0, (1)

for any real valued measurable functions f : E#41 - R and g: E#42 5 R
that are both increasing in each variable. 8

| Remark: NA implies negative correlation. This property plays an important
role in survey sampling : m; ; — m;7; < 0 (known as Sen-Yates-Grundy
property) -> special form of the variance of Horvitz-Thompson estimator.
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NA of survey sampling and resampling plans Examples of NA sampling plans

Examples of NA survey sampling plans

o Poisson sampling = indep. B(1,7) r.v. (random sample size with mean
Yim)

o Rejective sampling = Poisson sampling conditional to the size equal a
fixed n

| o Subsampling = Rejective sampling with equal inclusion probabilities
(SWoR)

o Pareto sampling, order sampling : select the n biggest values of well

! chosen indep. Pareto distribution.
o Tillé’s Pivotal sampling or Srinivasan sampling : a sequential game :
between candidates (see Dubhashi & Ranjan, 1998, Jonasson, 2012, |
| Electronic Com. Probab.) ‘
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NA of survey sampling and resampling plans Examples of NA sampling plans

Examples of NA survey sampling plans

o Determinantal sampling (cf Kulesza and Taskar,2012, Machine Learning
J., Loonis and Mary, 2018, JSPI) : probability of a sample proportional
to the determinant of sub-matrix (with inclusion probability on
diagonal)

o Balanced sampling (which respects to some margin conditions) using
I the Cube Method (Deville and Tillé, 2004) : very efficient and "almost"
balanced. Not always negatively associated (plan and inclusion

probabilities depends on the original order) : apply a random
! permutation first to get NA property.

o Systematic sampling, cluster sampling, stratified sampling are NOT

negatively associated. But most of the times it is possible to write
| estimators as sums of negatively associated variables by aggregrating
over clusters or stratas.
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NA of survey sampling and resampling plans Examples of NA sampling plans

Examples of NA resampling plans

o Naive bootstrap, n out of N bootstrap are NA : already in the paper by
Joag-Dev and Proschan, 1983, Annals of Stat.

o Subsampling (without replacement even with unequal probability) is

NA (particular case of rejective sampling)

! o Bayesian bootstrap is NA

o Bootstrap Bayesian clones based on a log-concave distribution are NA :
I also in Joag-Dev and Proschan, 1983

@ Double bootstrap is NA

Remark : Exchangeability of the weights (normalized to 1 or n) always i
| implies negative correlation. ‘
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NA of survey sampling and resampling plans Examples of NA sampling plans

Negative association for survey sampling plans

o Importance of negative association for sampling plans stressed recently
by Borcea and Bréandén(2009), Inventiones Mathematicae, Brandén and
Jonasson (2012), Scandinavian Journal of Statistics, based on works by
Pemantle(2004) Math. Phys. 41, Joag-Dev and Proscan (1983), Annals
of Stat.

o Borcea and Brandén(2009) propose criteria to prove NA (strongly
Raleigh property)

o Many properties of resampling procedure (including weighted
bootstrap) may be derived by proving Negative Association including
CLT, deviation inequalities.
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NA of survey sampling and resampling plans Examples of NA sampling plans

Horvitz-Thompson estimators

o Classical Horvitz-Thompson estimator of the mean of some
characteristic X

o Parameter of interest Xy = N ! va:l X;

o Horvitz Thompson estimator

X
Xn:N_l 7k€k
| =

o CLT for this estimator for general sampling plans . Pioneering work of

| Hajek (1964), An. Math. Statist, Rosen(1997), An. Stat. : very

difficult proofs based on coupling arguments respectively for rejective
sampling, Pareto sampling, immediate for sampling plan close to i

Rejective sampling (Sampford, Successive sampling etc...), see I
! Berger(1998), JSPI, by controlling the L1 distance between this plan

i and rejective sampling. Simpler proofs in B., Chautru and Clémengon
(2017), Scand. J. of Stat. (based on conditional CLT').
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NA of survey sampling and resampling plans A taylor made CLT for NA r.v’s

CLT based on negative association

Patterson, Smith, Taylor, Bozorgnia(2001), Nonlinear Analysis. Oliveira
(2012), Asymptotics for assoc. r.v.’s, Springer
Theorem

Consider a triangular array (X; y)i<i<y of centered negatively
correlated random variables then, under the conditions

(i) 82 = Var(Y), X;ny) = 00 as N = oo

N
(#1) %Z > e cov(Xin, Xjn) — 0 as N — oo
i—1

N
(1) for any € >0, 5= Y E(XZylix, y>esy) =0 as N — o0
o= ’ '

we have i
| LSy, L
; S ;Xi,N oMo,

Problem : this basic CLT does not hold for most survey sampling plans.
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NA of survey sampling and resampling plans A taylor made CLT for NA r.v’s

Application to m out N bootstrap
the multinomial distribution Mwult(m,1/N,...,1/N)) and we have
E(W;n) =

V(Winy)=—+=(1-1/N)

SEEE

cov(Wi n, Wi x) =—V (Wi y)/(N —1) =—m/N?

It follows that if we consider the weighted bootstrap sums with
v Z;xy = (W ny — ) Y; where the Y; 's are positive i.i.d. r.v.’s with
E( Yf“‘) < oo for some 1 > 0, then the Z; y s are negatively associated

I and we get

N
ZV n =ZY Yy)?V(Win) =mao®(1—1/N)(1+o(1))

] N T 2 1 &
: ZZCOU(Zi’N)Zj’N):_m (NZ(Yi—YN)> “FﬁZ(Yz_i
=1

i=1 i<j i=1
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NA of survey sampling and resampling plans A taylor made CLT for NA r.v’s

A Taylor made CLT, B. and Rebecq(2017)

Theorem

Consider a triangular array (X; n)i<i<w of centered negatively
assoctated random variables then, under the Lindeberg-Feller

conditions (111) of the Theorem by Patterson et al.(2001) and
| assuming that we have

SQ
(ww) 0< limNWN < 00,

then we have

N
1
e Y Xiw Né N(0,1).
| L— -
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A taylor made CLT for NA r.v’s

Proof : adaptation of Yuan, Su and Hu(2003),J. Theor. Prob. and Peligrad
and Utev(1997), Ann. Probab. to non-stationary variables. Block of block
| techniques ensuring that we capture the covariance terms. This result yields

a CLT for all the sampling plan seen before. Allows to generalize the
| approach of Bertail, Chautru and Clemengon (2017), Scand J. Stat.
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Horvitz-Thompson empirical measure (not a probability)

.Pn._iigé
. N'_Nz‘=17[" =

Pitatine) Siomell, Lvmtetime, Ricfooee ({0 mmet el (G o =l lielly cormm i) ey ZIOHE

17 /a1



Empirical process for NA sampling plans

Our Goal : Donsker Theorem for survey data

Prove a Donsker theorem for a version of the Horvitz Thompson empirical
process indexed by classes of positive functions F under some natural
conditions on the sampling plan and the class of functions (measurability
issues evacuated in this talk), essentially existence of a L?*"(P) integrable
envelop and some uniform entropy condition (over discrete probability

measures).

|
: o In the i.id. case Z = /N {Pyf — Pf},scF . see van der Vaart and
Wellner(1996), van de Geer(2009)

o In the survey sampling case (for some sampling plan Ry we will be

interested in Ggin") = (Gg,(vﬁmf)fef, where

Ry =
! GRf =L 5 (2 — 1) FX) |
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Empirical process for NA sampling plans

Existing functional results in survey sampling

o Very few functional results even in the real case : Cardot, Goga,
Lardin(2013), E.J.S for the mean of functional data (over time), Wang
(2012), CSDA , corrected by Boistard, Lopuh&a and Ruiz-Gazen
(2017), Annals of Stat, for general survey sampling plans in the case of
the repartition function, based on control of fourth order moments
(conditions on fourth order inclusion probabilities), Bertail, Chautru,

| Clémengon(2017), Scand. J. Stat. for general class but only conditional
plans (under conditions on 2d order inclusion probabilities).

o Some general results for general class of functions for sampling
' uniformly WR or WoR or for sampling schemes satisfying some
exchangeability conditions : particular cases of weighted bootstrap.

Not very interesting for real applications. i

| o Functional version for stratified survey sampling plan ( UWR or UWoR
in each strata) -> same as independent bootstrap or subsampling in
each strata), Breslow & Wellner, 2008 and Saegusa & Wellner, 2012.
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Empirical process for NA sampling plans

A few notations and assumptions AO

Envelop of the class. There exists a measurable function H : X — R such
that there exists 1 > 0 such that H(z) > n for every z and

Joex H ™ (z)P(dz) < oo for some n and |f(z)| < H(z) for all z € X and
any f € F.

Donsker classes. F is a Donsker class of function (Hoffmann-Jorgensen

| weak convergence). The set of probability measures P may be considered
1 as a subset of [(F), t.e. the space of all maps @ : 7 — R such that
|®l|7 = sup;e 7 |O(f)| < +00) with the uniform convergence norm

| IP—Qllr=dr(P,Q)=supscr|[hdP — [hQI

Uniform covering and entropy number condition

where D is the set of all discrete probability measures () such that
0< [H?*dQ <0
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Empirical process for NA sampling plans An simple Hoeffding inequality for NA r.v’s

Empirical process for NA sampling plans

Recent results of Bertail and Clémengon, 2017, to appear Bernoulli) make
use of Negative association to prove bounds. But some simple ones were
already available in Janson(1992).

Theorem

! Let Yy, ..., Y, be negatively associated random variables such that
;< Y;<b; as. and E[Y;] =0 for1<i<n. Then, for all t >0, we
have: Yn > 1,

= 2nt?
P Y;>t| <exp (n) .
(552 <o (g
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Empirical process for NA sampling plans General assumptions

The first order inclusion probabilities 7t = (711, ..., 7y ) are now supposed to
depend on some auxiliary variable W through the link function
p: W — [ps 1], p, > 0. For this link function we will thus write

m; = p(W;)
and
p 1 ol €;
| Sht =7 3 (s 1) 100

Because the variance of this process also depends on the second order

inclusion probability we will also assume that:

Assumption

there exists a constant K (independent of N and W.s ) such that for i
| alleg ‘

K
Imig — gl < o
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Empirical process for NA sampling plans General assumptions

Assumption

Assume that we can write for some symmetric bounded positive
function 0 < h(.,.) < K,

h(Wy, Wy) .,
oy — gy — 0 i) ¥ D) 5.

Under this condition and the negative association condition of the plan

| | A ) f%0)°
) B : . L ] ] L J
| Sy(f) = V(GBNf)*2N2 ;];ﬂh(w“wj)<p(wz‘) P(VVJ')> '

K1 ¢ v« (fX) fX%)) i
| A R (R ‘
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The random vectors (X, Wi),...,(Xy, Wy) are exchangeable random
vectors with common marginal dzstmbutzon Px w, such that
EH(X’ jz < 00,

Under this condition, we define the covariance operator

I SP(£,9) = By (h(w;-, w,) (”X?) i) )) () € F2.
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General assumptions

Lindeberg-Feller type condition hold : V1 > 0,

H E]P’x,w (]ETN (XJ%/,Z‘]I{XNJ >n\/ﬁ})> Njo)o 0,
I with K = ‘p(i/lf/i) — 1| supc £ IF (X))

Fitatine) Siomell, Lvmtetime, Ricfooee ({0 mmet el (G o =l livelly cormm e Ty



Empirical process for NA sampling plans A functional CLT for NA survey samples

A functional CLT for NA survey samples

Theorem

Let F be a set of function satisfying conditions A0 (entropy condition
+ envelop), the Lindeberg-Feller condition and let the sampling plan
| satisfy the conditions before. Then, there exists a pp-equicontinuous
Gaussian process GP in {>°(F) with covariance operator XP(f,g) such
that , almost surely along the sequence,

Gh, = GF weakly in {*(F), as N — oo.
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Empirical process for NA sampling plans A functional CLT for NA survey samples

Proof of the result

1) Let fx = (fi,...,fx) be any vector of functions in 7%, K > 1. Then the
finite dimensional marginals Gy _fx := (G}, fi,...,GR, fx) are

asymptotically Gaussian conditionally on Dy, with limiting covariance

| matrix Z?K = (ZP(fu, fr))1<k,e<x a.s. for any sequence in Dy. This can be
1t checked by tacking any linear combination a/GngK, a € R*X | This
amounts to check the asymptotic normality of GEN a'fx. But under the

I given hypotheses (Lindeberg-Feller assumption) this is direct a consequence
of the negative association property of the sampling plan and of the CLT
given before.
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A functional CLT for NA survey samples

2) Control of the increments
For this observe that we have for all (f, g) € F2, for some constant
Cl) C2) coap

Eg, ((GﬁN (f—9))?)

N N e ) ) O 2
I ~ ot s | s (o — ) (f(Xz)pig(Xz) _f(XJ)pjg(X])>

< Gollf — g||§,]PN
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A functional CLT for NA survey samples

The process {GgN f: f € F} has conditionally sub-Gaussian tails with
respect to the semi-metric p]%,N. Then Corollary 2.2.8 in van der Vaart and
Wellner(1996), Springer yields

o
ERN< sup IGENf—GENm)SKJ V/Iog (N(e/2, s, Lz (By))) de

pE(f,9)<d e=
(2)

where K < +oo is a constant and F5 = {f — g, p3, (f,9) < 5}
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@ Some applications

o Confidence bands for the distribution function
o Tail index estimators based on survey sampling

May 2019

30/ 41



Confidence bands for the distribution function

A particular case of interest
@ F={fy(z) =Hz <y} (z,y) € X%} »
Gry " fy = VN (F,™(y) — Fu(y))

@ Fonctional CLT = /N sup ’FgIERN)(y) = FN(Z‘I)‘ = sup |Gf,|
yER % yeR

| @ Confidence bands of level 1 — « for Fly :

CBi—o = [F;;ERN) - ‘il/%‘ , Fptf) q\l/ﬁ"‘} !

¢1—« quantile of order 1 — « of sup|Gf,|
y€R
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Confidence bands for the distribution function

A particular case of interest
@ F={fy(z) =Hz <y} (z,y) € X%} »
Gry " fy = VN (F,™(y) — Fu(y))

@ Fonctional CLT = /N sup )FgIERN)(y) = FN(?/)‘ = sup |Gf,|
yER % yeR

| @ Confidence bands of level 1 — « for Fly :

CBi—o = [Fgf”) - % , Fptf) q\l/ﬁ"‘} !

¢1—« quantile of order 1 — « of sup|Gf,|
yeR

Practically

I
: g1« unknown (limiting distribution not pivotal as in i.i.d case for
continous F') = simulation of the limiting process Gf,
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Confidence bands for the distribution function

The underlying model

X = W—|—UOWMTN(H,O'%V,’UI*,’UJ*).U’\»N(O,O‘%)OWJ_ U

Inclusion probabilities proportional to W
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Confidence bands for the distribution function

The underlying model
X=W-+UeW~ TN(u, 0%, ws,w*) e U~ N(0,0%)e W L U

Inclusion probabilities proportional to W

Results : an example

10—
08
08

06
06

04
04

| Figure: Example of the 95% confidence bands of the empirical distribution
function in the population Fy (black line) with n/N = 0.1 (dark pink area) or
with n/N = 0.5 (light pink area) for N =500 (left hand plot) and N = 10000
(right hand plot)
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Confidence bands for the distribution function

Use the plug-in estimator. Linearize with the influence function... Standard

approach.

N
P ——
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Some applications Tail index estimators based on survey sampling

Tail index estimators based on survey sampling

@ 1—F(z)=F(z)=2"1Y L(z) L(z) slowly varying function

Xyn
@ Hill estimator on the whole population Hx y : K Zz_ log ( )QINf;?NN)
based on the order statistics.

@ Empirical version of y = lim; ., J”+°° %Ez)

=¥

@ Horvitz Thompson version

—(R . R
| _ rw Fri (w) E i FRf(w)  du
: Y= W Z —n(By), < .~ 2
Xn—k,n FRN v (Xn_k)n) 7—=1 n 1,n FRN v (Xn—k,n) u

—1

g _ i # i 10g (Xn—i+1,n)
7 =1 j i1 Tl —i+1,n ank‘n

Tlh—j+1,n
l
_.pgn |
I —. Hk,n-
[ .
: ® Equivalently
—1
K &w,n—j+1) K &w,n—it1) X N71+1)
JEREE o = e 3 : lo :
k*,N ZJ:1 TN, N—j+1) 2ot TC(N,N—i+1) g X(N,N*Ki
May 2019 34 /41
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Some applications Tail index estimators based on survey sampling

Conditions for Asymptotic normality of the HT-Hill est

Under the von Mises condition The regularly varying survivor function

F € RV_, with o > 0 is such that there is a real parameter p < 0, referred

to as the second order parameter, and a measurable function a of constant

sign, whose absolute value lies in RV, such that for any ¢ > 0,
F(tz)/F(z)—t % |

tP—1
lim =i * .
z—00 a(z) o)

t) The marginal cdf F' is absolutely continuous with density f.
1) The joint cdf Fx w is absolutely continuous with Lebesgue-integrable
density fx w such that for all (z,w) € (0,+o0] x W,

fxowlz,w) = c(F(z), Fw(w)) f(z) fw(w),

for some copula density c: R%} x R¢ - R.

i
12¢) The following integral is finite :
J c(1,v) dv < co.
[0,1]¢
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Some applications Tail index estimators based on survey sampling

Asymptotic normality of HT-Hill estimator

extension of Theorem 2, Bertail, Chautru, Clémengcon, ESAIM,
2015

Suppose that all the conditions required before hold. Then, for

1
| = [ o el Fawlow) fo () dw

and provided that ¥ — +oco as N — +oo so that VEA(N/k) — A for some
| constant A € R, we have the convergence in distribution as N — +o0:

VR -v = N (25,7 6)). 3
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Tail index estimators based on survey sampling

This variational problem may be clearly translated in terms of the simpler
finite population problem (for large N)

N . o
1 1 A

min— E ——— ¢(1, —) subject to W, x)=n,0<p (W, y)<1.

N & p (Wi x) (1, 77) subj D p(Win)=n,0<p(Win)

i=1

The Kuhn and Tucker theorem leads to

N

I
' and

N N i\ /2

- _ _ *2 H

ZP(WZ,N)—AZ c(l,ﬁ> =n=ANo,*(1+0(1)) i

1=1 1=1
! with

0y’ :Jc(l,v)1/2 dv =n
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Some applications Tail index estimators based on survey sampling

A few bibliographical references

Survey sampling
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Some applications Tail index estimators based on survey sampling

A few bibliographical references

Negative dependence
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Some applications Tail index estimators based on survey sampling

A few bibliographical references

Empirical processes
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Definition

Strong Rayleigh property (SR). Assume now that E is a discrete
(countable) set. Denote F' the probability-generating function of the
discrete measure u taking its value on the set E¥ defined by:

Fla)= Y  u@)2

z=(z1,..,z5 )EEN

where z = (21,...,2y) € C¥ and

Then p is said to be strongly Rayleigh (SR) if for all z € RY and
1<1<j3<N:

| 2
: F(z 0" F < aF(m)aF(m).

) < — -
a:L‘Z‘:L‘j a.’vi aa:j

Thearem (Pemantle 2000)
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