
1 Chapter 1

In this first chapter, we introduce the main objects of our study: Finite
Coxeter groups, generic Iwahori-Hecke algebras, and their representations.
An Iwahori-Hecke algebra is here seen as a deformation of the group algebra
of a Coxeter group, where the deformation depends on a choice of a certain
“weight function” L. To each simple module E of the Coxeter group over
C, we canonically associate a numerical invariant aE . This leads to the def-
inition of a crucial object in this book: the Lusztig’s a-function and on a
partial ordering on the irreducible representations of W . Then, after intro-
ducing an asymptotic version of the Iwahori-Hecke algebra using the notion
of balanced representation, we will be able to give a partition of W into left,
right and two sided cells.

2 Chapter 2

The aim of this chapter is to develop a general framework for studying the
representation theory of Iwahori-Hecke algebras associated to finite Coxeter
groups. Using the Kazhdan-Lustig basis, we give a construction of a cellular
basis for the Iwahori-Hecke algebra in the sense of Graham and Lehrer. This
gives rise to a general theory of “Specht modules” in which the Lusztig’s
a-function plays, again, a central role. The chapter ends with an elementary
treatment of the case where W is the symmetric group.

3 Chapter 3

In this chapter, we study non semisimple Iwahori-Hecke algebras in the same
spirit of Brauer’s classical modular representation theory. Using Lusztig’s a-
function, we define the key concept of “canonical basic set”. This concept
gives a theoritical way to classify the simple modules of Iwahori-Hecke alge-
bras at roots of unity. It is in particular independent of the notion of cellular
structure. We here develop a general strategy to determine explicitly the
canonical basic sets for Iwahori-Hecke algebras of classical types. A model
case is given by the symmetric group. In another direction, we present a
factorisation result for decomposition matrices and present a general formu-
lation of the famous James conjecture.

4 Chapter 4

We here explain the fundamental connections between the theory of Iwahori-
Hecke algberas and representations of a finite group of Lie type G. We study
the modular representation theory of G and show how our previous results
on “cell data” and “canonical basic sets” leads to a natural parametrization of
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the modular irreducible representations of G which admits non-zero vectors
fixed by a Borel subgroup. This gives a generalisation of classical results
from the characteristic 0 situation. We then discuss a number of example
and open problems. This includes a conjectural description of the irreducible
representations in the “non defining characteristic case”.

5 Chapter 5

The aim of this chapter is to obtain an explicit description of the canonical
basic sets for classical types. For this purpose, we introduce the notion
of Ariki-Koike algebra, which generalizes the Iwahori-Hecke algebra of type
An−1 and Bn. We discuss the representation theory of these algebras and
then try to generalize as much as possible the combinatorial constructions
involved in the discussion of type A in Chapter 3. We can then state the
main results showing the existence of canonical basic sets for these algebras.
In particular, we obtain a description of the canonical basic sets in type
Bn in the equal parameter case and in type Dn. However the proofs rely
on a result about the number of irreducible representations of Ariki-Koike
algebras which will only be discussed in Chapter 6.

6 Chapter 6

To complete the main results of the previous chapter, we need to define a
new object: the quantum affine algebra Uq(ŝle). We give a brief introduction
to the theory of canonical bases and crystals for these algebras following the
works of Lusztig and Kashiwara. We then state Ariki’s theorem which gives
the connection between this theory and the representation theory of Ariki-
Koike algebras. As a consequence, we will be able to complete the proof of
the main results of the previous chapter. We then go further and survey
Uglov’s theory concerning canonical bases of Fock spaces. This will allow
us to give an explicit description of the canoncial basic sets for Ariki-Koike
algebras in all cases in characteristic 0. We also present an algorithm for
computing the decomposition matrices of these algebras.

7 Chapter 7

This last chapter contains explicit results concerning Iwahori-Hecke algebras
of exceptional types. We present in particular the decomposition matrices
for these types in characteristic 0. We also explain some basic algorithmic
methods, including Parker’s MEATAXE.
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