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Abstract. Let X be a (closed) subspace of L? with 1 < p < oo, and let A be any
sectorial operator on X. We consider associated square functions on X, of the form

x|l p = || (fOOO|F(tA)x 2 %)% ||L1,, and we show that if A admits a bounded H*
functional calculus on X, then these square functions are equivalent to the original
norm of X. Then we deduce a similar result when X = H!(R") is the usual Hardy
space, for an appropriate choice of || || . For example if N = 1, the right choice

1 1
isthe sum [l ;= || (f5°[FGAM] 4)? | o+ [ (57 [H(F @A) 4)? |1 for
h € H'(R), where H denotes the Hilbert transform.

1. Introduction

Let X be a Banach space, and let A be a sectorial operator on X. In this paper
we investigate relationships between H° functional calculus and square functions
associated with A when X is a subspace of some L”-space, for 1 < p < oo. This
includes the case when X = H!(R") is the usual Hardy space on R" . Following
usual convention, we let Xy denote the open sector of all z € C \ {0} such that
|Arg(z)| < 0, for any angle 8 € (0, ). Then we let H°°(3y) be the algebra of
all bounded holomorphic functions f: Xy — C, and we let H(‘)X’(Eg) denote the
subalgebra of all f € H®(Xgy) for which there exists a positive number s > 0
such that | f(z)| = O(|z|™*) at oo, and | f(z)| = O(|z]*) at 0.

Let 1 < p < o0, and assume that X = L”(€2) for some measure space 2. If A
is sectorial of type w € (0, ) on X, and if F is a non zero function belonging to
H{® (%) for some 6 € (w, ), the associated square function is defined by

o0 zdt 1/2
||x||F=H(/ |F(tA)x| —)
0 t

(1.1)
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forany x € LP(R2). These quantities were introduced on Hilbert spaces (i.e. p = 2)
in the early days of H° functional calculus by MclIntosh [15] (see also [16]), and
on any LP-space by Cowling, Doust, McIntosh, and Yagi [4]. In a recent paper [11],
the second named author showed that if A is actually R-sectorial of type w, then all
these square functions are pairwise equivalent. That is, for any F' and G as above,
there is a positive constant K > 0 such that K Yxllg < lxllr < K|x|lg for
any x € L?(€2). Furthermore it follows from [4] and [11] that if A has a bounded
H® (%) functional calculus and F € H°(Xq) \ {0} for some 6" > 6, then || || r is
equivalent to the original norm on X = L”(2). In Section 2 below, we will extend
these equivalence results to the case when X is a (closed) subspace of L”(£2). In
this context, the square functions will be also defined by (1.1). To study a sectorial
operator A on L7, it is often convenient to use the adjoint operator A* and its
associated square functions. Indeed in that case, A* is a sectorial operator acting on
L (if p # 1). The new difficulty appearing in the case when A actson X C L7 is
that the dual space of X is no longer a subspace of some L?". Thus we do not have
any convenient square functions for A* at our disposal.

In Section 3, we will turn to Hardy spaces and will consider a sectorial operator
A acting on X = H'(RV). Using a natural isometric embedding of H'(R") into
some L!-space, we will derive equivalence results which also extend those on L?.
However the definition of square functions has to be adapted. For example if N = 1,
they will be defined for any 2 € H'(R) by

00 dr\ 12 0 di\ 12
||h||F=”(/ |F(m)h|2_’> +H(/ |H(F(tA)h)2—t)
0 t L'(R) 0 t

where H denotes the Hilbert transform on L!(R). Thus we will obtain that the
above || || r is an equivalent norm of H L(R) provided that A has a bounded H*°
functional calculus on H'(R).

LIR)

2. H* calculus on subspaces of I

We shall briefly recall standard definitions and basic results on sectorial operators
and their H* functional calculus. For details and complements, the reader is re-
ferred to the classical papers [15,16,4,9], as well as to [17, Section 8.1] or [12].
Let X be a Banach space, and let B(X) be the space of all bounded linear
operators on X. Let A be a closed and densely defined linear operator on X. The
domain and the spectrum of A will be denoted by D(A) and o (A) respectively. For
anyz ¢ 0(A),welet R(z, A) = (z— A)~! e B(X) denote the associated resolvent
operator. We say that A is a sectorial operator of type w € (0, ) if A has dense
range, o (A) C >, and for any 6 € (w, i), there is a constant Cg > 0 such that

lzR(z, Al = Co, 2 ¢ Zp.

Such an operator A is automatically one-one (see e.g. [4, Theorem 3.8]). In some
circumstances, the dense range assumption is omitted in the definition of sectoriality,
however it is necessary for our purposes.
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Forany y € (0, ), weletI', be the boundary of X, , oriented counterclockwise.
Let A be a sectorial operator of type w, and let 0 € (w, 7). For any f € H3°(Z),
we set

1
f(A)z—2 ./f(z)R(z,A)dz, 2.1
Tl r

where I' =T, forsome y € (w, 8). Then f(A) is a well defined bounded operator
on X, whose definition does not depend on the choice of . Moreover the mapping
f = f(A) is a homomorphism from Hj°(Xy) into B(X). Let us equip H*°(%y)
with the supremum norm,

[ flloo.o = sup{|f(2)| : z € T}, f € H™(Zp).

We say that A admits a bounded H*°(Xy) functional calculus if there is a constant
C > O such that || f(A)|| < C| fllco,s for any f € H§°(%p). In that case, there is
a unique way to define a bounded operator f(A) for any f € H°(Xg), such that
the resulting mapping f + f(A) is a bounded homomorphism, and we have

If (A= Cllf o6 f € H*(Zp). (2.2)

Let us recall here the definitions of R-boundedness [3] and R-sectoriality [20,
9]. Consider a Rademacher sequence (g¢)r>1 on a probability space (2o, IP). That
is, the g ’s are pairwise independent random variables on g such that P(g; = 1) =
P(ex = —1) = 1 for any k > 1. For any finite family x1, ... , x, in X, we define

Hz _— /
Rad(X) Q=

Z er(w)xy H dP(w) .
Aset 7 C B(X) is R-bounded if there is a constant C > 0 such that for any finite

families Ty, ..., T, in 7,and xq, ... , x, in X, we have
n n
”ZSk Tk(xk)‘ < CHZSka -
= Rad(X) = Rad(X)

Now if A is a sectorial operator on X, we say that A is R-sectorial of R-type
w € (0,m) if for any 6 € (w, ), the set {zR(z, A) : z ¢ Xg} C B(X) is
R-bounded.

Throughout this section, we let €2 be a measure space, we let 1 < p < 0o, and
we assume that X is a (closed) subspace of L?(£2). It is well-known that there is a
constant Cyp > 0 (only depending on p) such that

”Z kXK Radx) H( |x"|2)1/2

for any finite family x1, ... , x, in X. (See e.g. [13, 1.d.6].)

Given a sectorial operator A of type w on X, anangle 6 >w, and Fe H5° (Xg)\{0},
we let ||x||F be defined by (1.1). More precisely for any x € X, we temporarily
set xp(t) = F(tA)x for any t+ > 0. It is easy to check that xr is a continuous

ety @
LP(Q) Rad(X)
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function from (0 o0) into X C LP(£2). Then we let ||x||r be the norm of xf in
LP(Q; L2(RY; & 1)) if xp belongs to that space, and we let |lx|| p = oo otherwise.

The following equivalence result was established in [11] in the case when
X = LP(Q). Its proof extends almost verbatim to the case when X is merely a
subspace of L?, hence we omit it.

Theorem 2.1. Let X be a subspace of L (2), with 1 < p < oo, and let A be an
R-sectorial operator of R-type w € (0, ) on X. Let 6 € (w, ) and let F, G be
two non zero functions belonging to H3°(Xy). There exists a constant K > 0 such
that we have

-1
K- lxllg = llxlF = Klxllg,  x€X.

We need two lemmas which will be used in Theorem 2.4 below. Lemma 2.2 is
implicit in the proof of [4, Lemma 6.5]. Further details can be found in [8]. In that
statement, (-, - ) denotes the usual inner product on the Hilbert space L2(R* 5 )

Lemma 2.2. There exists a sequence (bj) j>1 in L?(R* G ) satisfying the follow-
ing two properties.

(1) Forany a € LZ(R+, 7 a4y, Nal* = ijl a, >|2
(2) Forany 0 < 0 < 6 < w and any G € H§°(Zs), let G, € LZ(R+, t)be
defined by G;(t) = G(tz) fort > 0. Then

sup ) {Gz. b)) < oo.

ZEXY =1

We need sorne notation which will be used throughout the rest of this section.
Let L2(R* T t ; X) be the usual Banach space of strongly measurable functions
¢: (0,00) — X such that r — ||¢(¢)]|x belongs to L2(R+, ; a1y (see e.g. [5, p.49-
50]). We will usually write LZ(X ) for that space. L1kew1se we will write LP, L2,
and LP(L?) for LP(Q), L*(R% , %) and L?(Q; L2(R%., 4)) respectively. The fact
that p may be equal to 2 should not cause any confusion! Foranya € L? and x € X,
the elementary tensor a ® x may be identified with the function ¢ (¢) = a(¢)x. This
yields a canonical embedding L? ® X C L?(X). It is well-known that L> ® X is
actually a dense subspace of L?(X). Since L> ® X € L>® L? ~ L? ® L?, we
have a similar canonical embedding L?® X C LP(L?).

Lemma 2.3. Let ¢ be in LP(Q L2(R*, d')) N L2(R+, <3 X). There exists a net

($a)a in L* @ X such that ¢o — ¢ in L*(X), and ||¢alp12) < 0l r(12) for
any .

Proof. Let Iy denote the identity operator on X. According to [5, Lemma II1.2.1],
there is a net of finite rank contractive mappings E,: L> — L? such that E, ®
Ix: L2 ® X — L? ® X extends to a contraction 75;: L2(X) — LZ(X), and
||E;(¢) — @llp2x) = Oforany ¢ € L?(X). Assume that ¢ belongs to LP(LHN
L%(X), and let ¢y = E; (¢). Since E|, is finite rank, ¢, belongs to L?® X. Indeed,
E; is valued in the vector space Ran(Ey) ® X. On the other hand, I7» @ E5: LP ®



Square functions and H calculus on subspaces of L” and on Hardy spaces 105

Li—) L? ® L? extends to a bounded operator Ey: LP(L?) — LP(L?) with
|Eq |l = || Exll. Since ¢y is clearly equal to Ey(¢p), we deduce that

||¢a||Lp(L2) < [[Eqll ||¢||LP(L2) = ||¢||L1’(L2)-

O

Theorem 2.4. Let X be a subspace of LP(2), with 1 < p < 00, and let A be a
sectorial operator on X. Assume that A admits a bounded H (Xy) functional cal-
culus for some 6 € (0, 7). Then for any non zero function F belonging to H3°(Zy),
with 8’ > 0, there exists a constant K > 0 such that we have

K~ 'xllr < lIxll < Klix|r,  x€X. (2.4)

Proof. The left hand side inequality ||x||r < K ||x|| was proved in [4, Theorem 6.6]
in the case when X = L?(2). The arguments in that proof turn out to extend to the
case when X is merely a subspace of L”(£2). We will therefore omit the details.
Instead we will outline a variant of this proof in Remark 2.5 below.

We will now concentrate on the right hand side inequality. Before going into the
proof, we outline the main idea. For a certain function F in H* (%), and for any x
in X, we will approximate x by sums of the form } *; g;(A) f;(A)x , where (f}) j>1
and (g;) j>1 are sequences of bounded holomorphic functions, (g;) j>1 satisfies the
estimate (2.13) below, and (f}) j>1 satisfies an estimate H Zj gj fi(A)x H
C"||x||r. Then we write

x ~ Y g (A fi(A)x = fQ (D" eswigi ) (3 ejw) 5 (Arx) dP(w),
7 0 i

Rad(X) =

where (¢ ;); is aRademacher sequence, and we can conclude that || x || <CC'C” || x| .

We now turn to the proof, including the technical details. According to [9,
Theorem 5.3], the fact that A admits a bounded H*°(Xy) functional calculus on X
implies that A is R-sectorial of type 6. Indeed subspaces of L? (with 1 < p < 00)
have the property (A) discussed in the latter paper. Thus it is enough by Theo-
rem 2.1 to prove the right hand side inequality for a special function . We now
explain how to choose it. Let & < § < v < . There exist two functions F' and
G in H§®°(Zs) and a constant M > 0 such that for all f € HF°(X,), there exists

belL'n L®(RY, %) satisfying the following two properties:

Voe S5 f(2)= f b(r)F(m)G(rz)%; 2.5)
0
and

1blloc = M| flloo,v- (2.6)

The existence of such functions follows from [4], namely by combining part of the
proof of Theorem 4.4 and Example 4.7 from that paper. From now on F and G will
be those two functions in H§°(X5) and we will prove the right hand side inequality
for F.
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Throughout the rest of the proof x will be an element in X and n an element in
X*. We take two auxilliary functions f in Hy°(X,) and g in H, 00(25) In the last
step of the proof f and g will tend to 1. Let b € L' N L®(R* 5 dty pe satisfying
(2.5) and (2.6). By Fubini’s theorem we have

= [ ThoPamGun &
We define ¢: (0, 00) — X and ¥ : (0, 00) — X* by letting
(1) = bOFEAx and (1) = gAY GLA)Y D,
for ¢t > 0, so that we have
(8(A) f(A)x, 1) = /0 ROCRTOES @7
Tt follows from well-known computations (see e.g. [1, Section (E)]) that

e drt
sup |[F(tA)] < oo and f lg(A)G(tA)|| — < oo.
>0 0 t

Since b € L! ﬂLOO(R+, ; 4ty we deduce that ¢ is in L?(X) and that ¥ is in LZ(X*).

These properties will be used later on in the proof.
Since A admits a bounded H®°(Xy) functional calculus on X, the left hand
side inequality in Theorem 2.4 implies that the function ¢ > F(tA)x belongs to

LP(L?). Thus ¢ is in LP(L?), with
%0 2 dt\'?
<ot ([ EaanP )
0

dr\ 12
2
||¢||LP(L2) = ”( ’b(t)F(tA)x —)

< 1blloollxl £

Hence using (2.6) we obtain the estimate

lolLr2y = MILflloow X - 2.8)

We now consider the sequence (bj); given by Lemma 2.2. For a and a’ scalar
functions in LZ(R* g ) we have:

> , . dt © —dt (>, dt
/O a(t)a(t)ngfo a(t)bj(t)T/O a(t)bj(t)T.

Thus for ¢ = YK | a4 ® x; € L? ® X we have:

LP LP

Il
M=

R dt R dt
/ (@), ¥ (@) — / ar () {xp, Y (@) —
0 1 0 t

~
Il

1

Il
i Mw

—dt [ dt
Zf @ [ w0
= t 0 t
Z/ Zak(r)xkb(t)—f b0 )
j=1
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So we have forp € L> ® X:
/Oo«p(r) yan 2 = Z(fmw(t)b-_(t)ﬂ /Oowu)b-(t)ﬂ) 2.9)
0 ’ ! =1 o T e

We noticed that the vector valued function ¢ both belongs to L? (L2) and L2(X ).
Hence using Lemma 2.3 we obtain a net (¢)q in L> ® X such that ¢, — ¢ in
L2(X), with

IPallzrr2y = N@llLr(r2)- (2.10)
Since ¥ € L2(X*), the above convergence property yields
dt dt
t t

/0<¢(t),¢(t)) =liorln/0 (Do (1), Y (1)) 2.11)

For each a, the function ¢, belongs to L? ® X, hence we obtain by applying (2.9)
with ¢ = ¢, that

© dt
fo (o (), ¥ (1)) e Z(Xf,nj% (2.12)

j=1

where x{ € X and n; € X* are defined by
N +oo —dt ® dt
=) b0 ad = |y Ok0

We define g;(z) = fooo G(t2)b;(1) % for z € Xy. Since g belongs to H° (%),
we have by Fubini’s theorem that

o —d
g(A)g;(A) =/0 g(A)YG(1A)b;(1) Tt
so that we have n; = g;(A)*g(A)*n.

Let (¢;); be any sequence taking values in {—1, 1}. Since A admits a bounded
H®°(Xy) functional calculus on X, we have an estimate

N N
”28/ g/(A)H = C sup ‘Zej gj(z)),
j=1 7€y i=1
by (2.2). Hence
N N
”ZSJ gj(A)H < C sup ) 1g; (@),
j=I ZE€EXY =1

Since g;(z) = (G, bj), it follows from Lemma 2.2 that the right hand side in the
last inequality is bounded by a constant C” independent of N and ¢ ;. Therefore we
obtain that

N
YN > 1, Ve; = £1, Hzej gj(A)H <cc. 2.13)
j=1
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For any @ and N > 1, we have

N
D n) = (g(A)g;(A)xY. n).
j=1

Jj=1

=

Moreover if (¢;); is now a Rademacher sequence, we have

N N N
3 g(A)g(A)xe = /Q (D eiwigi(g) (3 et ) dPw).
j=1 0 j=1 j=1

Thus

i“?v nj) = <fQ (ﬁ:gj(w)gj(A)> g(A) (isj(w)xf;‘) dP(w), ;7>,
J 0 j=1 j=1

j=1

Applying the estimate (2.13), we obtain that

N N
> egnp| = sl U 3w
j=1 Q() j=1

]llnll

lInll.

N
2
< CCligloon | 265 |
j=1

Then we consider the operator Vyy from L2(R*, #) to Kév defined by Vy(a) =
(a,b j>)§.\]:1. By Lemma 2.2, this operator has norm at most 1. Hence its tensor

extension I7» ® Vy from L?(L?) to L”(EQ’) is a contraction. Since (x;?‘)ﬁ.v:l =
(Idpr ® Vy)(¢q), this implies that

N
172
()™, =< 1l
j=1

Since X is a subspace of L?, this yields

HZu

Rad(X) — O||¢a||Lp(L2)
by (2.3), and hence
\Z )| = €2C Collglos Nl o2y Il

Using (2.10) and (2.8), we obtain that

N
e mp)| = €€ CoMlgloes 1 flloe I Il
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On the other hand, combining (2.7), (2.11) and (2.12) we have

((A)f(A)x,m) =Tim Y (x. 1))

jz1
Hence we finally obtain that

{8 (A) f(A)x, )| < C*C' Co M l|glloc.o | f oo 11 lI7]l-

To conclude the proof, we apply this last inequality with f,, and g, in place
of f and g, where (f,),>1 and (g,)n>1 are bounded sequences respectively in
HG°(X,) and H°(%g), such that f,(A) and g,(A) converge pointwise to Ix.
That such functions exist is well-known, using the fact that A has a dense range
(take e.g. f,(z) = gn(z) = n’z(n + 2)~'(1 + nz)~!). This yields an inequality
[{(x,n)| < K|lx||Flln|l. Taking the supremum over 7 in the unit ball of X*, we
obtain the desired inequality ||x|| < K||x||F. |

Remark 2.5. Using some of the arguments in the above proof, we can now give
a functional analytic proof of the left hand side of Theorem 2.4. Since this is a
simple adaptation of a similar result proved in [8] for sectorial operators on non
commutative L”-spaces, we will only give a sketch and refer to the latter paper
for missing technical details. Assume that A has a bounded H®°(3Zy) functional
calculuson X C LP(R2),andlet G € H(S’O(Eg), for some § > 0. We will show that
lxllc < Kllx|| for some constant K > 0 not depending on x € X. We let (b;);
be given by Lemma 2.2, and we define g; as in the proof of Theorem 2.4. Using
(2.13) and (2.3), we find that

N 172
VN> 1, H(;|gj(A)x|) HLP < Klxll, xeX, (214

for some K > 0 not depending either on N or on x. Let g € Hy°(Xs) be an
arbitrary function. According to Lemma 2.2 (1), we let V: Lz(Ri, %) — 02 be
the isometry defined by V(a) = ({a, b;)) j>1. Then one can show (see [8]) that
for any x € X and any n € X*, the function t — (G(tA)g(A)x, n) belongs to

Lz(R’j_, dt—’), and that

V(GG A)g(A)x,m) = ((g;(Ag(A)x.m) ;-

Using a tensor extension of V*, it is not hard to deduce that
N 172
le()xllo=]G¢ Mg 12 = sup | (Dolesrgrs?) | . @a1s)
N>1 .

Combining (2.14) and (2.15), we deduce that ||g(A)x||¢c < K|g(A)x||. Then it
suffices to apply that estimate with g replaced by a bounded sequence (g,), such
that g, (A)x — x to get the desired inequality.
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Remark 2.6. Let X be a subspace of L”(2), with 1 < p < o0, and let A be a
sectorial operator of type w € (0, 7) on X. Let 0 € (w, ), and let F be a non
zero function in H(?O(Zg). If A is R-sectorial of R-type w, then there is a constant
K > 0 such that

lf(A)x|lr < Klx|lF forany f € Hy (%) andany x € X.

Indeed this is proved in [11] when X = L?(£2) and the proof works as well if X is
a subspace. This yields the following converse to Theorem 2.4: if A is R-sectorial
of R-type w, and if (2.4) holds true for a non zero F € H°(%y), with 6 > w, then
A has a bounded Hj°(Zy) functional calculus. We do not know if (2.4) implies a
bounded functional calculus for A without any R-sectoriality assumption.

Remark 2.7. Let A be a Banach lattice with finite cotype (see e.g. [13]). Let X C A
be a subspace and assume that A is a sectorial operator of type w € (0, 7) on X.
For any § > w and any F € H{°(Xy), one may define a square function by letting

o 2 di\'?
||x||F=H</ |F(tA)x] —)
0 t

Then it is not hard to see that Theorems 2.1 and 2.4 hold true in that setting.

, x € X.
A

3. Square functions on Hardy spaces

Let N > 1 be an integer. In this section we will be interested in H* functional
calculus and square functions for sectorial operators on the Hardy space H'(RV).
We refer the reader to e.g. [18], [7], or [14] for general information and background
on Hardy spaces. We let Ry, ..., Ry denote the Riesz transforms, so that

H'RY) ={he L'R") : R;j(h) e L'(R") forany j=1,... N}

This space admits several equivalent norms for which it is a Banach space. Here
we choose to work with

N
lallg = I8l + IR, h e H'@Y), 3.1)
j=1
where ||- ||1 denotes the usual norm on LI(RN ).

We observe that H! (RV) equipped with |- || g1 is isometrically isomorphic to
a subspace of L!. Indeed let J: H'(RY) — ¢}, (L (RY)) be defined by letting

J(h) = (h, Ri(h), ..., Rn(h))

foranyh e H ! (RN ), and let X = Ran(J). Then J is a linear isometry. Moreover
we may clearly identify £ }v 41 (LI(RN )) with L' (Qy), where Qy is equal to the
disjoint union of (N + 1) copies of R . Thus H!(R") is isometrically isomorphic
to X C L' (Qp).
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Our next goal is to explain how Theorems 2.1 and 2.4 for X ‘transfer’ to
H'(RM). We record for further use that under the above identification, we have

LYy H) = € (L' RY; 1)) (3.2)
for any Hilbert space H. Now we let
2 . d
H = L*(R}: 95).

Let A be a sectorial operator of type w € (0, 7r) on the Banach space H!(R").
Let 6 € (w,m) and let F € H§°(Xg). For any h € H'RN), we let [h]F be
the norm of the function r — F(rA)h in LY(RY; H) (with the usual conven-
tion that [h]r = oo if that function does not belong to LY(RY: H)). Then if
T: H'@®RY) - L'(R") is any bounded operator, we let [1]7 be the norm of
t — T(F(tA)h) in L'(RN; H), that is

hlrr = H </OOO|T(F(tA)h)|2 %)]/2

Note that [h]r = [h]rF if T is equal to the canonical inclusion map H 1(RN ) —>
L'(RM).
We now define square functions associated with A by letting

, he H'([RY).

1

N
IhllF = (hlF + Y [hr;r,  he H'®RY), (3.3)
j=1
forany F € H(S’O(Eg)\{O} suchthatf € (w, n).LetZ = JAJ ! be the realization
of Aon X c LY(Qp),leth € HI(RN) and consider 4 = J(h) € X. Then we have
F(tA)h = J(F(tA)h).
Hence applying (3.2) and (3.3), we have

[t FaA)h],, = [t = J(FCAR) | 11gyim

= [t FaAR| gy

Q@v:H)
H)

N
+ 3 e Ri(FEAR)| 1 gy g,
j:l
= lIhllF.

This shows that the square function associated with A on H L(RM) and the
corresponding square function associated with A on X C L'(Qy) coincide.
Therefore applying Theorem 2.1 and 2.4, we obtain the following results.
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Corollary 3.1. Let A be a sectorial operator on H'(RV).

(1) If A is R-sectorial or R-type w € (0, ), andif F, G are two non zero functions
in Hi°(Xy) for some 6 € (w, ), then we have

N N
(Wl + Y (kg ~ [hlg + Y lhlg;G,  he H'®RY).
j=1 j=1
(2) If A has a bounded H° (Xy) functional calculus, then for any ' > 0 and any
non zero function F in H(S’O(Eg/), we have

N
Ihllgn ~ [hlp + Y [hlg;e. b e H'RY).
j=1

Of course in this statement, an equivalence A(h) ~ I3(h) means that there is a
constant K > 0 not depending on &, such that K ~' A(h) < B(h) < K A(h).

Remark 3.2. If N = 1, then the Riesz transform R; is the Hilbert transform that we
denote by H. Thus in that case square functions are given by

00 di\ 12 00 di\ 12
IhlF = H (/ \F(zA)h\z—t) +H (/ |H(F(tA)h)\2—t)
0 t 1 0 !

for any & € H'(R).

Example 3.3. There are lots of examples of differential operators A on L2(R") with
the following properties: A has an L?(R")-realization Apforany 1 < p < oo,
the operator A, has a bounded H*° functional calculus on L” (RN) if p # 1, but
A does not have a bounded H functional calculus on L' (RN ). It turns out that
sometimes, such an operator also has an H 1 (RN )-realization, which has a bounded
H® functional calculus on H'(R"). The simplest such example (with N = 1) is
the derivation operator %, with domain equal to the Sobolev space W17 (R) on
LP(R). For any 1 < p < oo, this is a sectorial operator of type 5. Furthermore
for any 6 € (%, &), the operator % has a bounded H*°(Xy) functional calculus

(3.4

1

on L?(R) if and only if 1 < p < oo. It is easy to see that A = [% acts as a sec-
torial operator on H 1(R), and that it has a bounded H®(Zg) functional calculus
on that space. Indeed, for any f € H{°(%y), the operator f (%) is the Fourier
mulitiplier operator associated to the function ¢ — f(it), and hence an estimate
| f (Al g1 < K|l flloo,0llh]l g1 follows by applying Mikhlin’s Theorem on H'(R)

(see e.g. [14, p. 99]).

In the rest of this section, we describe a general framework where the ideas
outlined in Example 3.3 apply. We fix an integer N > 1 and for simplicity, we
write L? and H' for L?(R") and H'(R") respectively. We suppose that for any
1 < p <2, A, is a sectorial operator on L?, with type @ not depending on p,
and we assume that the family {A,}, is consistent in the following sense: for any
1 <p,q <2,andforany X ¢ ¥, the bounded operators R(A, Ap) and R(A, Ay)
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coincide on L? N L9. Clearly these assumptions imply that for any 0 > w, and any
f e Hi*(Xy), f(Ap) and f(A,) also coincide on LP” N LY.

We let A = A», and we assume further that A is a Fourier multiplier. By this
we mean that there exists a measurable function m: RY — C such that

—~

Ah =mh, h € D(A), (3.5)

the domain of A being equal to the space of all 1 € L? such that m ﬁbelongs to L.
In that case, m is essentially valued in Y. If (3.5) holds, we say that A is associated
to m. Then for any A ¢ X, the resolvent operator R(X, A) is equal to the Fou-
rier multiplier associated to the bounded function (A — m (- N~L. Likewise, for any
0 € (w,m) and f € H5°(Xy), the bounded operator f(A): L? — L? s the Fou-
rier multiplier associated to f o m. This readily implies that || f(A)|| = || f o M| co-
Consequently, we have || f(A)|| < || fllco.6, and hence A has a bounded H*°(Xy)
functional calculus on L2. All these facts are well-known.

We now define a realization of A on H!, denoted by Ay. Since A is a Fourier
multiplier, then for any A ¢ X, the operator R(A, A1) commutes with the Riesz
transforms. Thus R(A, A1) maps H! into itself, and for any j = 1,...,N, we
have

R;jR(x, Aj) = R(h, A)R; on H'. (3.6)
Then we define Ay by letting Ay (h) = A1 (h) on the domain
D(Ap)=1{h e H' ND(A)) : Ai(h) € H'},
Using (3.6), the following lemma is routine.

Lemma 3.4. The operator Ay is sectorial of type w on H'. Moreover for any
0 > wand any f € H3°(Zy), f(A1) maps H' into itself. and the corresponding
restriction f(Al)lng)Hl coincides with f(Apn).

Forany § > wandany f € H;°(Xg), f(A) = K *eisaconvolution operator
with respect to the tempered distribution K y € &’ (RY) defined by I/(} = fom.
We now make the strong assumption that any such operator f(A) is a singular
integral operator in the sense of [7, Section I1.5]. That is, K  coincides on RN \ {0}
with a locally integrable function, and there is a constant C s such that for any
veRY\ {0},

/u|>zv| |Kf(u—v)— Kyu)|du < Cy. (3.7

Corollary 3.5. Assume that for some 0 > w, there exists a constant C > 0 such
that (3.7) holds true with Cy < C|| flloo,6 for any f € Hy°(Xg). Then Ay has a
bounded H*(Zg) functional calculus on H'.

Proof. By Lemma 3.4, f(Ag) and f(A) coincide on L?>N H!. Hence acccording
to either [18, p. 114], or [7, p. 322], (3.7) ensures that || f (Ap)|| < Bo Cy, where
By is an absolute constant. Thus we obtain that || f(Ag)|| < BoC || fllec.6, and
hence A g has a bounded H*°(Zy) functional calculus. O



114 F. Lancien, C. L. Merdy

Remark 3.6. We observe that for any 6 > w, any F € Hy°(Xp), and any ¢t > 0,
we have RjF(tAy) = F(tAg)R; on HI(RN). Hence [h]R/.F = [R;h]F for any
h € H'(RN). Thus the square functions associated with Az can be expressed as

N
IhllF = [hlF + ) [Rjhle, ke H'®RY).
j=1

Remark 3.7. The above discussion applies to A = —A, where A is the Laplacian
operator on RY. Indeed A satisfies (3.5) with m(u) = |u|2, and it is well-known
that the assumptions of Corollary 3.5 are verified for any & > 0. Thus A has
an H!-realization which admits a bounded H* (%) functional calculus for any
6 > 0. Let kK > 1 be any positive integer, and consider the function F defined by
F(z) = zFe~2. Clearly F belongs to H(‘)’O(Eg) forany 6 € (0, Z). According to [2,
Section 2.A] (see also [6,19]), a function & € L! belongs to H Lif and only if [A]F
is finite. Moreover we have an equivalence

Ikl g1 ~ [h]F, h e HY(RY). (3.8)

Comparing with Corollary 3.1 (2) and Remark 3.6 (2), this is equivalent to saying
that for any j = 1,..., N, we have equivalences [h]r ~ [R;(h)]F on H' 1t
would be interesting to have a ‘H®® calculus proof” of these facts. It seems to be
an open question whether (3.8) holds for any F' € Hj°(Zp).
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