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Abstract. In this work we study the existence of time periodic weak solution for the N dimensional Vlasov-

Poisson system with boundary conditions. We start by constructing time periodic solutions with compact support in

momentum and bounded electric field for a regularized system. Then, the a priori estimates follow by computations

involving the conservation laws of mass, momentum and energy. One of the key point is to impose a geometric

hypothesis on the domain : we suppose that its boundary is strictly star-shaped with respect to some point of the

domain. These results apply for both classical or relativistic case and for systems with several species of particles.
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1. Introduction.

The motion of charged particles can be described, in the collisionless case by the Vlasov-Poisson

system. More generally, a lot of phenomena in the physics of charged particles are modeled by

kinetic equations (Vlasov, Boltzmann) coupled to the electro-magnetism equations (Maxwell).

Consider Ω an open bounded subset of RN
x , N ≥ 2 with regular boundary ∂Ω. We introduce

the notations Σ = ∂Ω× RN
p and :

Σ± = {(x, p) ∈ ∂Ω× RN
p | ± (v(p) · n(x)) > 0}, (1.1)

where n(x) is the unit outward normal to ∂Ω at x and v(p) is the velocity associated to some

energy function E(p) by v(p) = ∇pE(p), p ∈ RN
p . The functions to be considered are :

E(p) =
|p|2
2m

, v(p) =
p

m
, (1.2)

in the classical case and :

E(p) = mc2
0

((
1 +

|p|2
m2c2

0

)1/2

− 1

)
, v(p) =

p

m

(
1 +

|p|2
m2c2

0

)−1/2

, (1.3)

in the relativistic case, where m is the mass of particles, c0 is the light speed in the vacuum.

We denote by f(t, x, p) the particles distribution depending on the time t, the position x ∈ Ω and

momentum p ∈ RN
p and by E(t, x) = −∇xΦ the electric field which derives from a potential Φ(t, x)

depending on t and x. If we denote by F (t, x) = −q · ∇xΦ the electric force, the Vlasov problem
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is given by :

∂tf + v(p) · ∇xf + F (t, x) · ∇pf = 0, (t, x, p) ∈ Rt × Ω× RN
p , (1.4)

f(t, x, p) = g(t, x, p), (t, x, p) ∈ Rt × Σ−, (1.5)

where q is the charge of particles and g represents the distribution of the incoming particles. Some

other boundary conditions can be considered as we will see later on. The problem (1.4), (1.5) is

coupled to the Poisson problem for the potential :

−∆xΦ =
1
ε0

ρ(t, x), (t, x) ∈ Rt × Ω, (1.6)

Φ(t, x) = ϕ0(t, x), (t, x) ∈ Rt × ∂Ω, (1.7)

where ε0 is the permittivity of the vacuum, ρ(t, x) = q
∫
RN

p
f(t, x, p)dp is the charge density and ϕ0

is a given potential on the boundary Rt × ∂Ω. We denote also by j(t, x) = q
∫
RN

p
v(p)f(t, x, p)dp

the current density.

The aim of this paper is to prove the existence of time T periodic solution for the N ≥ 2 dimen-

sional Vlasov-Poisson system (1.4), (1.5), (1.6), (1.7) when the boundary conditions are supposed

T periodic, with T > 0 fixed. The hypotheses on the boundary conditions will be precised later on,

generally we suppose that the incoming energy is bounded
∫ T

0

∫
Σ− |(v(p) ·n(x))|gE(p)dtdσdp < +∞

and we impose some hypotheses on the tangential derivatives of ϕ0 with respect to (t, x) ∈ Rt×∂Ω.

Various results were obtained for the free space system of Vlasov-Poisson. Weak solutions were

constructed by Arseneev [2], Horst and Hunze [24]. The existence of classical solutions has been

studied by Ukai and Okabe [30], Horst [23], Batt [4]. The existence of global classical solutions

for the Vlasov-Poisson equations with small initial data is a result of Bardos and Degond [6], see

also Schaeffer [28], [29]. The propagation of the moments for the three dimensional Vlasov-Poisson

system was studied by Lions and Perthame in [26]. The existence of global weak solution for

the Vlasov-Maxwell system in three dimensions was obtained by DiPerna and Lions [14]. The

relativistic case was studied by Glassey and Schaeffer [16], [17], Glassey and Strauss [18], [19],

Klainerman and Staffilani [25], Bouchut, Golse and Pallard [11].

Results for the initial-boundary value problem were obtained by Abdallah [1] for the Vlasov-

Poisson system in three dimensions and Guo [21] for the Vlasov-Maxwell system. The stationary

problem for the Vlasov-Poisson equations was studied by Greengard and Raviart [20] in one di-

mension and by Poupaud [27] in three dimensions for the Vlasov-Maxwell system. An asymptotic

analysis of the Vlasov-Poisson system was done by Degond and Raviart [13] in the case of the

plane diode. The regularity of the solutions for the Vlasov-Maxwell system in a half line has been

studied by Guo [22]. Results for the time periodic case can be found in [9] for the one dimensional
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Vlasov-Poisson system and in [8], [10] for the one and three dimensional Vlasov-Maxwell system

respectively.

As usual we start by analyzing a regularized system for which the existence of solution follows

by fixed point method (the Schauder theorem). Secondly we need to establish a priori estimates

for the regularized solutions, namely to find uniform bounds for the total (kinetic and electric)

energy. If for the initial-boundary value problem of the Vlasov-Poisson system this is an immediate

consequence of the mass and energy conservation laws, the situation is quite different in the case

of T periodic regimes. In fact in this case the mass conservation
∫

Ω

∫

RN
p

f(t, x, p)dxdp+
∫ t

0

∫

Σ+
(v(p) · n(x))f(s, x, p)dsdσdp

=
∫

Ω

∫

RN
p

f(0, x, p)dxdp−
∫ t

0

∫

Σ−
(v(p) · n(x))g(s, x, p)dsdσdp, t > 0,

doesn’t provide any estimate of f(t) in L1(Ω×RN
p ) since initial data is not available. Nevertheless,

by using the T periodicity we can estimate the time average of the outgoing mass. For example

we can write :
∫ T

0

∫

Σ+
(v(p) · n(x))f(t, x, p)dtdσdp = −

∫ T

0

∫

Σ−
(v(p) · n(x))g(t, x, p)dtdσdp.

The second estimate comes by using the energy conservation law: by multiplying the Vlasov

equation by E(p) + qΦ(t, x) we obtain a bound for the outgoing kinetic energy averaged over a

period
∫ T

0

∫
Σ+(v(p)·n(x))E(p)f(t, x, p)dtdσdp, but this is not enough to conclude about an estimate

for the total energy. If in addition we suppose that the boundary ∂Ω is strictly star-shaped (for

example with respect to 0 ∈ Ω) then the momentum conservation law provides the desired estimate

for the total energy averaged over a period, as well as a L2(]0, T [×∂Ω) estimate for the normal

trace of the electric field
∫ T

0

∫

Ω

∫

RN
p

E(p)f(t, x, p)dtdxdp +
ε0

2

∫ T

0

∫

Ω

|∇xΦ|2(t, x)dtdx +
∫ T

0

∫

∂Ω

|∂nΦ|2(t, x)dtdσ ≤ C.

Once we have established a priori estimates in time average, we deduce easily that this estimates

hold uniformly in time (for this it is sufficient to consider t0 ∈]0, T [ such that the corresponding

total energy is below to the average of the energy over a period and to use this level as an initial

condition). The passing to the limit for the sequence of regularized solutions follows easily by

elliptic regularity.

There is also another important point to be discussed. In order to perform all these computa-

tions it is very convenient to work with regularized solutions with particle distribution compactly

supported in momentum (∃R > 0 such that f(t, x, p) = 0, ∀(t, x, p) ∈ Rt × Ω × RN
p , |p| > R) and

with bounded electric field. For example, in the case of initial-boundary value problems, if we sup-

pose that the initial-boundary conditions are compactly supported in momentum f0 = f0 ·1{|p|≤R},
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g = g · 1{|p|≤R} and E is bounded, we check easily that the solution on ]0, t[×Ω × RN
p is also

compactly supported in momentum and f = f · 1{|p|≤R+t|q|·‖E‖∞}. For permanent regimes, if

g = g · 1{|p|≤R}, it is not of all evident that the solution remains compactly supported in momen-

tum since the life time of the characteristics into the domain Ω can be arbitrarly large. Actually

this result still holds true. In fact in [9] it was proved that in the classical case the change in

momentum along any characteristic is bounded uniformly

|P (s1)− P (s2)| ≤ C(Ω) · ‖E‖1/2
∞ ,

where C(Ω) ∼ diam(Ω)1/2, and we can deduce that f = f · 1{|p|≤R+C(Ω)·‖E‖1/2
∞ }. Moreover, if

N = 1, g ∈ L∞(Rt × Σ−) thus ‖f‖∞ ≤ ‖g‖∞ and by using the Poisson equation we deduce

that the regularized solution verifies ‖E‖∞ ≤ C(1 + ‖ρ‖∞) ≤ C1(1 + ‖E‖1/2
∞ ) which allows us

to conclude about the boundedness of E (the bound will depend on Ω and the support of g ).

In fact we can prove similar results for any dimension if the velocity function appearing in the

characteristic system :

dX

ds
= v(P (s)),

dP

ds
= qE(s,X(s)),

satisfies v(p) = p
|p| · w(|p|), with w : [0,+∞[→ R nondecreasing such that inft>0

w(t)
tλ > 0 for some

λ ≥ 0. In this case it can be shown that the change in momentum along any characteristic remains

bounded :

|P (s1)− P (s2)| ≤ C · (diam(Ω) · ‖E‖∞)
1

1+λ , ∀s1, s2.

Therefore we have ‖ρ‖∞ ≤ C · (1 + ‖E‖
N

1+λ∞ ) and thus we deduce that ‖E‖∞ ≤ C · (1 + ‖E‖
N

1+λ∞ )

which provides a L∞ bound for the electric field if λ+1 > N . This is why we consider a perturbed

energy function for the regularized system, namely Eδ(p) = E(p) · (1 + δ|p|γ) and vδ(p) = ∇pEδ

with δ > 0 small and γ large enough but fixed. Our main result is

Theorem 1.1. Consider an open bounded set Ω of RN
x , N ≥ 2 with the boundary strictly star-

shaped with respect to some point of Ω. Assume that (g ≥ 0, ϕ0) ∈ L∞(Rt × Σ−)× L∞(Rt × ∂Ω)

are time T periodic , T > 0 given, such that :

W0 =
∫ T

0

∫

Σ−
|(v(p) · n(x))|(1 + E(p))g dtdσdp + ‖ϕ0‖2L2(]0,T [;H1(∂Ω)) + ‖∂tϕ0‖2L2(]0,T [×∂Ω) < +∞.

Then there is a T periodic weak solution (f, Φ) ∈ L∞(Rt × Ω × RN
p ) × L2(]0, T [;H1(Ω)) for the

Vlasov-Poisson system (1.4), (1.6), (1.5), (1.7) (classical or relativistic), with traces (γ+f, ∂nΦ) ∈
L∞(Rt × Σ+)× L2(]0, T [×∂Ω) such that :

∫ T

0

∫

Ω

∫

RN
p

f(t, x, p)(1 + E(p)) dtdxdp +
∫ T

0

∫

Ω

|∇xΦ|2(t, x) dtdx +
∫ T

0

∫

∂Ω

|∂nΦ|2(t, x) dtdσ

+
∫ T

0

∫

Σ+
(v(p) · n(x))γ+f(1 + E(p)) dtdσdp ≤ C(Ω, ‖g‖∞, ‖ϕ0‖∞) · F (W0), (1.8)



Time periodic solutions for the N dimensional Vlasov-Poisson system 5

where F (W ) = 1 + W in the classical case with N ≥ 2 and relativistic case with N > 2 and

F (W ) = 1 + W + (1 + W )4/3 in the relativistic case with N = 2. Moreover, the solution verifies :
∫ T

0

∫

Σ+
(v(p) · n(x))γ+f(t, x, p) dtdσdp = −

∫ T

0

∫

Σ−
(v(p) · n(x))g(t, x, p) dtdσdp, (1.9)

and :
∫ T

0

∫

Σ+
(v(p) · n(x))(E(p) + q · ϕ0(t, x))γ+f dtdσdp≤

∫ T

0

∫

Σ−
|(v(p) · n(x))|(E(p) + q · ϕ0(t, x))g dtdσdp

−ε0

∫ T

0

∫

∂Ω

∂nΦ · ∂tϕ0 dtdσ, (1.10)

and the charge and current densities satisfy ρ ∈ L
N+2

N (]0, T [×Ω)), j ∈ L
N+2
N+1 (]0, T [×Ω)) in the

classical case and ρ, j ∈ L
N+1

N (]0, T [×Ω)) in the relativistic case.

The content of this paper is organized as follows. In Section 2 we recall some basic definitions

and results concerning the Vlasov problem. We state also the technical lemma about the change

in momentum along characteristics. The details of proof can be found in Appendix. In Section

3 we prove the existence for the regularized system by using a fixed point technique. In the next

section we obtain a priori estimates by using the conservation laws of the mass, momentum and

energy. In Section 5 we perform the passing to the limit for the sequence of regularized solutions.

The time periodic Vlasov-Poisson system with specular boundary condition is treated in Section

6. In the last section we indicate formally how to obtain a priori estimates for the time periodic

Vlasov-Poisson-Fokker-Planck system.

2. The Vlasov equation.

In this section we suppose that the electric field is a given T periodic function E. The time

periodic Vlasov problem is given by :

∂tf + v(p) · ∇xf + F (t, x) · ∇pf = 0, (t, x, p) ∈ Rt × Ω× RN
p , (2.1)

f(t, x, p) = g(t, x, p), (t, x, p) ∈ Rt × Σ−, (2.2)

where F (t, x) = q·E(t, x) is the electric force. By taking into account that∇(x,p) ·(v(p), F (t, x)) = 0

the equation (2.1) can be written also :

∂tf +∇x · (v(p)f) +∇p · (F (t, x)f) = 0, (t, x, p) ∈ Rt × Ω× RN
p .

Since there is no uniqueness for the Vlasov problem (2.1), (2.2), it is convenient to consider also

the perturbed problem :

αf + ∂tf + v(p) · ∇xf + F (t, x) · ∇pf = 0, (t, x, p) ∈ Rt × Ω× RN
p , (2.3)
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with the boundary condition (2.2), where α > 0 is fixed. We introduce the definitions of weak/mild

solution for the perturbed Vlasov problem :

Definition 2.1. Assume that E, g are T periodic such that E ∈ L∞(Rt × Ω)N and (v(p) ·
n(x))g ∈ L1

loc(Rt ×Σ−). We say that f ∈ L1
loc(Rt ×Ω×RN

p ) is a T periodic weak solution for the

perturbed Vlasov problem (2.3), (2.2) iff :

∫ T

0

∫

Ω

∫

RN
p

f(t, x, p)(αϕ− ∂tϕ−v(p) · ∇xϕ− F (t, x) · ∇pϕ)dtdxdp

=−
∫ T

0

∫

Σ−
(v(p) · n(x))g(t, x, p)ϕ(t, x, p)dtdσdp, (2.4)

for all test function which belongs to :

Tw = {ϕ ∈ C1(Rt × Ω× RN
p ) | ∃R > 0 : ϕ = ϕ · 1{|p|≤R}, ϕ|Rt×Σ+ = 0, ϕ(·+ T ) = ϕ}.

Remark 2.2. In the above definition we can assume that E is only in Lq(]0, T [×Ω)N by re-

quiring more regularity on f , namely f ∈ Lp
loc(Rt×Ω×RN

p ), where q is the conjugate exponent of p.

Suppose now that E is T periodic and belongs to L∞(Rt;W 1,∞(Ω))N . In this case we can

define the notion of solution by characteristics or mild solution. First of all let us introduce the

characteristics : for (t, x, p) ∈ Rt ×Ω×RN
p we denote by (X(s), P (s)) = (X(s; t, x, p), P (s; t, x, p))

the unique solution of the system :

dX

ds
= v(P (s; t, x, p)),

dP

ds
= F (s,X(s; t, x, p)), sin(t, x, p) ≤ s ≤ sout(t, x, p), (2.5)

with the conditions X(s = t; t, x, p) = x, P (s = t; t, x, p) = p. Here sin, sout represent the incoming,

respectively outgoing time given by :

sin(t, x, p) = sup{s ≤ t | X(s; t, x, p) ∈ ∂Ω},

sout(t, x, p) = inf{s ≥ t | X(s; t, x, p) ∈ ∂Ω}.

The mild formulation follows formally by solving :

αϕ− ∂tϕ− v(p) · ∇xϕ− F (t, x) · ∇pϕ = ψ(t, x, p), (t, x, p) ∈ Rt × Ω× RN
p ,

with the boundary condition ϕ|Rt×Σ+ = 0. By integration along the characteristic curves we

obtain :

ϕα
ψ(t, x, p) =

∫ sout(t,x,p)

t

e−α(s−t)ψ(s, X(s; t, x, p), P (s; t, x, p))ds,



Time periodic solutions for the N dimensional Vlasov-Poisson system 7

and we define the mild solution by :

Definition 2.3. Assume that E, g are T periodic such that E ∈ L∞(Rt; W 1,∞(Ω))N and

(v(p) · n(x))g ∈ L1
loc(Rt × Σ−). For any α > 0 we say that f ∈ L1

loc(Rt × Ω× RN
p ) is a T periodic

mild solution for the perturbed Vlasov problem (2.3), (2.2) iff :
∫ T

0

∫

Ω

∫

RN
p

f(t, x, p)ψ(t, x, p)dtdxdp = −
∫ T

0

∫

Σ−
(v(p) · n(x))g(t, x, p)ϕα

ψ(t, x, p)dtdσdp, (2.6)

for all test function which belongs to :

Tm = {ψ ∈ C0(Rt × Ω× RN
p ) | ∃R > 0 : ψ = ψ · 1{|p|≤R}, ψ(·+ T ) = ψ}.

For α = 0 one gets the definitions of the weak/mild solution for the Vlasov problem (2.1), (2.2).

The existence of the T periodic mild solution is a standard result and follows by change of variables

along characteristics (see also Remark 2.6).

Proposition 2.4. Assume that E ∈ L∞(Rt; W 1,∞(Ω))N and g ∈ L∞(Rt × Σ−) are T peri-

odic, α > 0. Then the perturbed Vlasov problem (2.3), (2.2) has a unique T periodic mild solution

f ∈ L∞(Rt × Ω× RN
p ), verifying ‖f‖∞ ≤ ‖g‖∞. Moreover, if g ≥ 0 then f ≥ 0.

Remark 2.5. It is easy to check that all T periodic mild solution is also T periodic weak

solution.

Remark 2.6. It is well known that the T periodic mild solution is given by f(t, x, p) =

e−α(t−sin(t,x,p))g(sin, X(sin; t, x, p), P (sin; t, x, p)) if sin(t, x, p) > −∞ and f(t, x, p) = 0 other-

wise.

Remark 2.7. Under the hypotheses of Proposition 2.4, the T periodic mild solution f has a

trace γ+f ∈ L∞(Rt × Σ+) verifying the following Green formula :
∫ T

0

∫

Ω

∫

RN
p

f(t, x, p)(αϕ− ∂tϕ− v(p) · ∇xϕ− F (t, x) · ∇pϕ)dtdxdp (2.7)

=−
∫ T

0

∫

Σ−
(v(p) · n(x))g(t, x, p)ϕ(t, x, p)dtdσdp−

∫ T

0

∫

Σ+
(v(p) · n(x))γ+f(t, x, p)ϕ(t, x, p)dtdσdp,

for all ϕ ∈ C1(Rt × Ω × RN
p ) with compact support in momentum and T periodic in time. The

trace γ+f is given by the same formula as those of Remark 2.6 and we have ‖γ+f‖∞ ≤ ‖g‖∞.

Moreover, if g ≥ 0 then γ+f ≥ 0.

Proposition 2.8. Under the hypotheses of Proposition 2.4, there is a unique T periodic

bounded weak solution for the perturbed Vlasov problem (2.3), (2.2) and therefore coincides with the

T periodic mild solution.
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Proof. Assume that f ∈ L∞(Rt × Ω× RN
p ) is a T periodic weak solution with boundary data

g = 0. We have ∂tf + v(p) · ∇xf + F (t, x) · ∇pf = −αf ∈ L∞(Rt×Ω×RN
p ) and therefore (cf. [5],

[15]) we obtain :

1
2
· (∂tf

2 + v(p) · ∇xf2 + F · ∇pf
2) = −αf2.

After integration on ]0, T [×Ω× RN
p we deduce that :

α

∫ T

0

∫

Ω

∫

RN
p

f2(t, x, p) dtdxdp +
1
2

∫ T

0

∫

Σ+
(v(p) · n(x))(γ+f)2(t, x, p) dtdσdp = 0,

or f = 0, γ+f = 0.

We state now the momentum change lemma. The proof is postponed to the Appendix.

Lemma 2.9. Assume that Ω is bounded, E ∈ L∞(Rt;W 1,∞(Ω))N , ‖E‖∞ > 0 and consider

a velocity function v : RN
p → RN given by v(p) = p

|p| · w(|p|), ∀p ∈ RN
p − {0}, v(0) = 0, where

w : [0, +∞[→ R is a nondecreasing function such that w(t) ≥ C · tλ, ∀t > 0 for some constants

C > 0, λ ≥ 0. Consider (X(s), P (s)), sin ≤ s ≤ sout an arbitrary solution for :

dX

ds
= v(P (s)),

dP

ds
= q · E(s,X(s)), sin ≤ s ≤ sout.

Denote by D the quantity :

D =
(

3(λ + 1) · diam(Ω) · |q| · ‖E‖∞
C · (1− 2−(λ+1))

) 1
λ+1

.

Then :

(1) if there is t ∈ [sin, sout] such that |P (t)| > D, we have :

sout − sin ≤ 6 · (λ + 1)diam(Ω)
C · |P (t)|λ and |P (s)− P (t)| ≤ D, ∀sin ≤ s ≤ sout ;

(2) for all sout ≤ s1 ≤ s2 ≤ sin we have |P (s1)− P (s2)| ≤ 2D.

Remark 2.10. We can check easily that the conclusions of the previous lemma still hold if

‖E‖∞ = 0.

Now we can prove the following proposition :

Proposition 2.11. Under the hypotheses of Lemma 2.9 we suppose that g ∈ L∞(Rt × Σ−),

E ∈ L∞(Rt;W 1,∞(Ω))N are T periodic such that g = g · 1{|p|≤R} for some R > 0. Then for every

α > 0, the T periodic mild solution for :

αf + ∂tf + w(|p|) p

|p| · ∇xf + F (t, x) · ∇pf = 0, (t, x, p) ∈ Rt × Ω× RN
p , (2.8)
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with the boundary condition :

f(t, x, p) = g(t, x, p), (t, x, p) ∈ Rt × Σ−, (2.9)

verifies f = f · 1{|p|≤R1}, γ+f = γ+f · 1{|p|≤R1} where R1 = R + 2D.

Proof. It is a direct consequence of Remarks 2.6, 2.7 and Lemma 2.9.

Remark 2.12. By an easy argument of regularization we can construct a T periodic weak solu-

tion for the problem (2.8), (2.9) verifying f = f ·1{|p|≤R1}, γ+f = γ+f ·1{|p|≤R1} with R1 = R+2D,

when g ∈ L∞(Rt × Σ−), g = g · 1{|p|≤R}, E ∈ L∞(Rt × Ω)N .

We introduce now the energy Eδ(p) = E(p)(1 + δ · |p|γ), δ > 0, γ ≥ 1 and the corresponding

velocity function :

vδ(p) = ∇pE(p) = v(p)(1 + δ · |p|γ) + E(p) · δ · γ · |p|γ−2 · p =
p

|p| · wδ(|p|),

where the function wδ is given in the classical case by :

wδ(t) =
t

m
+

δ · (γ + 2)
2m

· tγ+1 ≥ δ · (γ + 2)
2m

· tγ+1, ∀t ≥ 0,

and in the relativistic case by :

wδ(t) =
t

m

(
1 +

t2

m2c2
0

)−1/2

+δ·
[(

1 +
t2

m2c2
0

)−1/2

· tγ+1

m
+ γmc2

0 ·
((

1 +
t2

m2c2
0

)1/2

− 1

)
tγ−1

]
.

Note that in the relativistic case we have for t ≥ mc0 that wδ(t) ≥ δ ·γ ·mc2
0

((
1 + t2

m2c2
0

)1/2

− 1
)
·

tγ−1 ≥ δ · γ · c0(
√

2− 1) · tγ and for t < mc0 we can write :

wδ(t) ≥ t

m
·
(

1 +
t2

m2c2
0

)−1/2

≥ c0√
2
· t

mc0
≥ c0√

2
·
(

t

mc0

)γ

.

One gets that wδ(t) ≥ min{δ · γ · c0(
√

2 − 1), c0√
2·(mc0)γ

} · tγ , ∀t ≥ 0, γ ≥ 1. We have proved that

wδ(t) ≥ Cδ · tλ, ∀t > 0 for some constant Cδ > 0 where λ = γ + 1 in the classical case and λ = γ

in the relativistic case. Actually Cδ depends also on λ but this parameter is fixed.

3. The modified Vlasov-Poisson system.

We intend now to analyze the Vlasov-Poisson problem (2.1), (2.2), (1.6), (1.7). We suppose

that Ω is an open bounded set of RN
x , with regular boundary ∂Ω ∈ C2. As usual we start by

solving a regularized system. We consider the following perturbation of the Vlasov equation :

αf + ∂tf + vδ(p) · ∇xf − q · (∇xΦ ? ζε) · ∇pf = 0, (t, x, p) ∈ Rt × Ω× RN
p , (3.1)
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where α, δ, ε > 0 are small parameters (destinated to be passed to the limit to 0) and γ is a fixed

parameter. We denote by C all various constants appearing in our computations, depending on

Ω,m, c0, γ, etc. but not on α, δ, ε. The term αf ensures the uniqueness of the T periodic weak

solution for the problem (3.1), (2.2). In order to construct solutions by characteristics we need also

to regularize the electric field by convolution with some mollifier :

ζε(t, x) = ζper
1,ε (t) · ζ2,ε(x) =

[
1
ε

∑

k∈Z
ζ1

(
t− kT

ε

)]
· 1
εN

ζ2

(x

ε

)
,

where ζ1 ∈ C∞c (R), ζ2 ∈ C∞c (RN ), ζ1, ζ2 ≥ 0, supp ζ1 ⊂ [−1, 1], supp ζ2 ⊂ B(0, 1),
∫
R ζ1(u)du =

1,
∫
RN ζ2(v)dv = 1. It is convenient to work with solutions f compactly supported in momentum

p. This is why we replace the energy E(p) by Eδ(p) = E(p)(1 + δ · |p|γ) and we consider the corre-

sponding velocity vδ(p) = ∇pEδ(p) for γ large enough. This point will be clarified below and we

will establish an estimate for the momentum support.

Proposition 3.1. Assume that g ∈ L∞(Rt × Σ−), ϕ0 ∈ L2(]0, T [; H1/2(∂Ω)) are T periodic

and g = g · 1{|p|≤R} for some R > 0. Then, if λ + 1 > N ( which means that γ + 2 > N in the

classical case and γ +1 > N in the relativistic case), there is a T periodic solution for the modified

Vlasov-Poisson problem (3.1), (2.2), (1.6), (1.7) with compact support in momentum, uniformly in

(t, x) ∈ Rt × Ω.

Proof. We consider the set χ = {Φ ∈ L2(]0, T [;H1(Ω)) | Φ(· + T ) = Φ} and we define the

application F : χ → χ by :

Φ → E = −∇xΦ → Eε = E ? ζε → f → ρ → Φ1 = F(Φ),

where :

- Eε is the convolution in time (T periodic) and space by ζε of E, the extension of E by 0 outside

Ω :

Eε(t, x) = (E ? ζε)(t, x) =
∫ T

0

∫

Ω

E(s, y)ζε(t− s, x− y)dsdy, (t, x) ∈ Rt × Ω ;

- f is the T periodic mild solution of the perturbed Vlasov problem (3.1), (2.2) associated to the

electric field Eε ;

- ρ(t, x) = q
∫
RN

p
f(t, x, p)dp is the charge density of f ;

- Φ1 is the solution of the Poisson problem associated to the second member 1
ε0

ρ.
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By regularization we have :

|Eε(t, x)|=
∣∣∣∣∣
∫ T

0

∫

Ω

E(s, y)ζper
1,ε (t− s) · ζ2,ε(x− y)dsdy

∣∣∣∣∣

≤
(∫ T

0

∫

Ω

|E(s, y)|2dsdy

)1/2

·
(∫ T

0

∫

Ω

|ζper
1,ε (t− s) · ζ2,ε(x− y)|2dsdy

)1/2

≤‖Φ‖L2(]0,T [;H1(Ω))
‖ζ1‖1/2

∞ · ‖ζ2‖1/2
∞

ε(N+1)/2
,

and thus ‖Eε‖∞ ≤ ‖Φ‖L2(]0,T [;H1(Ω))
‖ζ1‖1/2

∞ ·‖ζ2‖1/2
∞

ε(N+1)/2 . By Proposition 2.11 we deduce that f =

f · 1{|p|≤R+2Dε
δ} with :

Dε
δ =

(
3(λ + 1) · diam(Ω) · |q| · ‖Eε‖∞

Cδ · (1− 2−(λ+1))

) 1
λ+1

.

We deduce that ‖ρ(t)‖L2(Ω) ≤ |q| ·(meas(Ω)1/2 ·‖g‖∞ ·meas(BRN
p

(0, 1)) ·(R+2Dε
δ)

N which implies

that :

‖Φ1(t)‖H1(Ω)≤C(Ω)
(

1
ε0
‖ρ(t)‖L2(Ω) + ‖ϕ0(t)‖H1/2(∂Ω)

)

≤C · ((R + 2Dε
δ)

N + ‖ϕ0(t)‖H1/2(∂Ω)

)
.

Finally one gets :

‖F(Φ)‖L2(]0,T [;H1(Ω)) =‖Φ1‖L2(]0,T [;H1(Ω)) ≤ C(Ω, T, R, δ, γ, ε) · (1 + ‖Φ‖
N

λ+1

L2(]0,T [;H1(Ω))

+‖ϕ0‖L2(]0,T [;H1/2(∂Ω))).

Since λ + 1 > N we can take M large enough such that :

C(Ω, T,R, δ, γ, ε) · (1 + MN/(λ+1) + ‖ϕ0‖L2(]0,T [;H1/2(∂Ω))) ≤ M,

and thus the convex subset C = {Φ ∈ χ | ‖Φ‖L2(]0,T [;H1(Ω)) ≤ M} is left invariant by F , F(C) ⊂ C.
In order to apply the Schauder fixed point theorem it remains to prove that F is continuous with

respect to the weak topology of L2(]0, T [;H1(Ω)) ( since C is weakly compact in L2(]0, T [;H1(Ω)) ).

Consider Φk ⇀ Φ weakly in L2(]0, T [;H1(Ω)) and thus Ek = −∇xΦk ⇀ −∇xΦ = E weakly in

L2(]0, T [; L2(Ω)N ). We deduce the pointwise convergence :

(Ek ? ζε)(t, x) → (E ? ζε)(t, x), ∀(t, x) ∈ Rt × Ω,

and by dominated convergence theorem we have :

Ek ? ζε → E ? ζε, in L2(]0, T [; L2(Ω)N ).

Denote by fk, f the T periodic mild solutions for :

αfk + ∂tfk + vδ(p) · ∇xfk + q · (Ek ? ζε) · ∇pfk = 0, (t, x, p) ∈ Rt × Ω× RN
p ,
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and

αf + ∂tf + vδ(p) · ∇xf + q · (E ? ζε) · ∇pf = 0, (t, x, p) ∈ Rt × Ω× RN
p ,

with the boundary conditions fk = g, (t, x, p) ∈ Rt × Σ− respectively f = g, (t, x, p) ∈ Rt × Σ−.

Since (fk)k is bounded in L∞(Rt × Ω × RN
p ), ‖fk‖∞ ≤ ‖g‖∞ ∀k we can suppose after extraction

that fk ⇀ f̃ weakly ? in L∞(Rt × Ω× RN
p ). Take ϕ ∈ Tw and observe that :

∫

RN
p

fk(t, x, p)∇pϕ dp ⇀

∫

RN
p

f̃(t, x, p)∇pϕ dp, weakly in L2(]0, T [;L2(Ω)N ).

By combining with the strong convergence of (Ek ? ζε)k we deduce that f̃ is the unique T periodic

weak solution (and therefore the T periodic mild solution) of the perturbed Vlasov problem asso-

ciated to the field E ? ζε and thus f̃ = f . Moreover, all the sequence (fk)k converges weakly ? in

L∞(Rt × Ω × RN
p ) to f . In order to pass to the limit in the Poisson equation, observe that since

(Ek ? ζε)k is uniformly bounded in L∞(Rt × Ω)N :

‖Ek ? ζε‖∞ ≤ M · ‖ζ1‖1/2
∞ · ‖ζ2‖1/2

∞
ε(N+1)/2

,

then (fk)k is uniformly compactly supported in momentum and therefore ρk ⇀ ρ weakly in

Lr(]0, T [×Ω), ∀ 1 < r < +∞. In particular, by taking r = 2 we deduce that F(Φk) ⇀ F(Φ)

weakly in L2(]0, T [;H1(Ω)). By applying the Schauder fixed point theorem, we deduce that there

is (f, Φ) a T periodic solution for the perturbed Vlasov-Poisson system. Since E ? ζε is bounded,

‖E ? ζε‖∞ ≤ M · ‖ζ1‖1/2
∞ · ‖ζ2‖1/2

∞ · ε−(N+1)/2, we deduce that f is compactly supported in momen-

tum.

In order to pass to the limit for ε → 0 we prove that Eε = −∇xΦε are uniformly bounded in

L∞(Rt × Ω)N and fε are compactly supported in momentum, uniformly in (t, x) ∈ Rt × Ω and

ε > 0. We use the decomposition Φ = Φs + Φ0 where Φs is the self-consistent potential solving

−∆Φs = 1
ε0

ρ, (t, x) ∈ Rt × Ω and Φs|Rt×∂Ω = 0 and Φ0 is the potential induced by the boundary

condition : −∆Φ0 = 0, (t, x) ∈ Rt×Ω and Φ0|Rt×∂Ω = ϕ0. Sometimes we write E = Es +E0 with

Es = −∇xΦs, E0 = −∇xΦ0.

Proposition 3.2. Assume that g ∈ L∞(Rt × Σ−), ϕ0 ∈ L∞(Rt; W 2−1/p,p(∂Ω)) for some

p > N are T periodic and that g = g ·1{|p|≤R} for some R > 0. Then, if λ+1 > N , the T periodic

solutions (fε, Eε = −∇xΦε) constructed in Proposition 3.1 verify :

sup
ε>0

‖Eε‖L∞(Rt×Ω) < +∞, fε = fε · 1{|p|≤R+2Dδ}, γ+fε = γ+fε · 1{|p|≤R+2Dδ},

where Dδ = supε>0 Dε
δ < +∞ and :

αρε + ∂tρε +∇x · jε = 0, in D′(]0, T [×Ω).
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Proof. By elliptic regularity we have :

‖∇xΦ0‖L∞(Rt;W 1,p(Ω)) ≤ C(p,Ω) · ‖ϕ0‖L∞(Rt;W 2−1/p,p(∂Ω)),

and by Sobolev imbeddings, since p > N we deduce that ‖E0‖∞ ≤ C · ‖ϕ0‖L∞(Rt;W 2−1/p,p(∂Ω)).

For the self-consistent field we have also :

‖Eε,s‖L∞(Rt;W 1,p(Ω))≤C(p, Ω) · ε−1
0 · ‖ρε‖L∞(Rt;Lp(Ω))

≤C(p,Ω) · |q| ·meas(Ω)1/p

ε0
· ‖g‖∞ ·meas(BRN

p
(0, 1)) · (R + 2Dε

δ)
N ,

and by using one more time Sobolev imbeddings we find that :

‖Eε,s‖∞≤C(p, Ω, ε0, g, δ, γ,R) ·
(

1 + ‖Eε ? ζε‖
N

λ+1∞

)

≤C ·
(

1 + ‖Eε‖
N

λ+1∞

)

≤C ·
(

1 + ‖E0‖
N

λ+1∞ + ‖Eε,s‖
N

λ+1∞

)
.

Since λ + 1 > N we deduce that (Eε,s)ε>0 is uniformly bounded in L∞(Rt × Ω)N as well as Eε =

Eε,s + E0. Moreover, if |p| > R + 2Dδ ≥ R + 2Dε
δ we have fε(t, x, p) = 0, ∀(t, x) ∈ Rt×Ω, ∀ε > 0.

Similarly we have γ+fε = γ+fε · 1{|p|≤R+2Dδ}. In order to prove the continuity equation take

ϕ ∈ C1
c (]0, T [×Ω), and by applying the weak formulation with the test function ϕ(t, x) · χ(|p|/R2)

where R2 > R + 2Dδ, χ ∈ C∞c (R), χ(u) = 1, |u| ≤ 1, χ(u) = 0, |u| ≥ 2, 0 ≤ χ(u) ≤ 1, ∀u ∈ R we

find :

α

∫ T

0

∫

Ω

ρεϕ dtdx =
∫ T

0

∫

Ω

ρε∂tϕ dtdx +
∫ T

0

∫

Ω

jε · ∇xϕ dtdx, (3.2)

which means that αρε + ∂tρε +∇x · jε = 0 in D′(]0, T [×Ω) (here jε = q
∫
RN

p
fεvδ(p) dp ). Actually

the equality (3.2) holds for all T periodic C1 test function compactly supported in Ω.

In the following proposition we justify the limit for ε → 0.

Proposition 3.3. Assume that g ≥ 0, ϕ0 are T periodic with g ∈ L∞(Rt × Σ−) , g =

g · 1{|p|≤R} for some R > 0, ϕ0 ∈ L∞(Rt; W 2−1/p,p(∂Ω)), ∂tϕ0 ∈ L∞(Rt; W 1−1/p,p(∂Ω)) for some

p > N, λ + 1 > N . Then there is a T periodic solution for the perturbed Vlasov-Poisson problem :

αf + ∂tf + vδ(p) · ∇xf − q∇xΦ · ∇pf = 0, (t, x, p) ∈ Rt × Ω× RN
p , (3.3)

−∆xΦ =
1
ε0

ρ(t, x), (t, x) ∈ Rt × Ω,
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with the boundary conditions :

f(t, x, p) = g(t, x, p), (t, x, p) ∈ Rt × Σ−, Φ(t, x) = ϕ0(t, x), (t, x) ∈ Rt × ∂Ω.

Moreover the electric field verifies −∇xΦ ∈ L∞(Rt × Ω)N , ∂tΦ ∈ L∞(Rt × Ω) and f = f ·
1{|p|≤R1}, γ+f = γ+f · 1{|p|≤R1} for some R1 > 0.

Proof. Take (fε, Φε) the T periodic solutions constructed before, for ε > 0. By Proposition

3.2 we have supε>0 ‖Eε‖∞ = M < +∞ and fε = fε · 1{|p|≤R1} with R1 = R + 2 supε>0 Dε
δ . We

have also :

sup
ε>0

‖ρε‖L∞(Rt;Lp(Ω)) < +∞, sup
ε>0

‖jε‖L∞(Rt;Lp(Ω)) < +∞,

sup
ε>0

‖Φε‖L∞(Rt;W 2,p(Ω)) < +∞, sup
ε>0

‖∂tΦε‖L∞(Rt;W 1,p(Ω)) < +∞.

Indeed, for the last estimate we write ∂tΦε = ∂tΦε,s +∂tΦ0 with −∆x∂tΦε,s = 1
ε0

∂tρε = − 1
ε0

(αρε +

∇x · jε), (t, x) ∈ Rt × Ω, ∂tΦε,s = 0, (t, x) ∈ Rt × ∂Ω and thus we deduce that :

‖∂tΦε,s‖L∞(Rt;W 1,p(Ω))≤C · ‖αρε +∇x · jε‖L∞(Rt;W−1,p(Ω))

≤C · (‖ρε‖L∞(Rt;Lp(Ω)) + ‖jε‖L∞(Rt;Lp(Ω))

)
. (3.4)

By using −∆x∂tΦ0 = 0, (t, x) ∈ Rt × Ω, ∂tΦ0 = ∂tϕ0, (t, x) ∈ Rt × ∂Ω we have :

‖∂tΦ0‖L∞(Rt;W 1,p(Ω)) ≤ C · ‖∂tϕ0‖L∞(Rt;W 1−1/p,p(∂Ω)).

We can extract a subsequence (εk)k such that the following convergences for (fk, Φk) := (fεk
, Φεk

)

hold : fk ⇀ f weakly ? in L∞(Rt × Ω × RN
p ), γ+fk ⇀ γ+f weakly ? in L∞(Rt × Σ+), Ek ⇀ E

weakly ? in L∞(Rt × Ω)N , ∂tΦk ⇀ ∂tΦ weakly ? in L∞(Rt × Ω). Since Φk and ∂tΦk are uni-

formly bounded in L2(]0, T [; W 2,p(Ω)) respectively in L2(]0, T [;W 1,p(Ω)), by using an interpola-

tion lemma due to Aubin [3] we deduce (after extraction) the strong convergence Φk → Φ in

L2(]0, T [; W 1,p(Ω)) and therefore Ek → E strongly in L2(]0, T [;Lp(Ω)N ) and L2(]0, T [; L2(Ω)N ).

We deduce that ‖E‖∞ ≤ lim infk→+∞ ‖Ek‖∞ ≤ M and ‖∂tΦ‖∞ ≤ lim infk→+∞ ‖∂tΦk‖∞ ≤
C · supk ‖∂tΦk‖L∞(Rt;W 1,p(Ω)). Since fk = fk · 1{|p|≤R1}, γ

+fk = γ+fk · 1{|p|≤R1} we deduce also

that f = f ·1{|p|≤R1}, γ
+f = γ+f ·1{|p|≤R1}. As usual, in order to check that f is T periodic weak

solution, take ϕ ∈ Tw and remark that :
∫ T

0

∫

Ω

∫

RN
p

fk(αϕ− ∂tϕ− vδ(p) · ∇xϕ)dtdxdp →
∫ T

0

∫

Ω

∫

RN
p

f(αϕ− ∂tϕ− vδ(p) · ∇xϕ)dtdxdp.

For the nonlinear term combine the strong convergence limk→∞(Ek?ζεk
) = E in L2(]0, T [;L2(Ω)N )

with the weak convergence limk→+∞
∫
RN

p
fk∇pϕ dp =

∫
RN

p
f∇pϕ dp in L2(]0, T [;L2(Ω)N ). Thus
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f is T periodic weak solution corresponding to the field E = −∇xΦ. By using the Green for-

mula we deduce that γ+f is the trace on Rt × Σ+ of f and by weak ? convergence we have

‖f‖∞ ≤ lim infk→+∞ ‖fk‖∞ ≤ ‖g‖∞ and ‖γ+f‖∞ ≤ lim infk→+∞ ‖γ+fk‖∞ ≤ ‖g‖∞ . We check

easily that ρk = q
∫
RN

p
fk dp ⇀ q

∫
RN

p
f dp = ρ weakly ? in L∞(Rt × Ω). In particular ρk ⇀ ρ

weakly in L2(]0, T [×Ω) and therefore Φk ⇀ Φ̃ weakly in L2(]0, T [;H1(Ω)), where Φ̃ is the solution

of the Poisson problem with second member ρ. Since Φk → Φ strongly in L2(]0, T [;W 1,p(Ω)) we

deduce finally that Φ̃ = Φ.

4. A priori estimates.

In this section we establish a priori estimates for the solutions of (3.3), (2.2), (1.6), (1.7). We

suppose that α, δ, γ > 0 are fixed and we denote by (f, Φ) the corresponding T periodic solution.

The computations follow by multiplying the perturbed Vlasov equation by 1, p and Eδ(p).

Proposition 4.1. Under the hypotheses of Proposition 3.3, the T periodic solution (f, Φ) of

(3.3), (2.2), (1.6), (1.7) verifies :

αρ + ∂tρ +∇x · jδ = 0, in D′(]0, T [×Ω),

where ρ = q
∫
RN

p
fdp, jδ = q

∫
RN

p
vδ(p)fdp. Moreover we have :

α

∫

Ω

∫

RN
p

f(t, x, p) dxdp +
d

dt

∫

Ω

∫

RN
p

f(t, x, p) dxdp +
∫

Σ

(vδ(p) · n(x))γf dσdp = 0, a.e. t, (4.1)

and :

α

∫ T

0

∫

Ω

∫

RN
p

f(t, x, p) dtdxdp +
∫ T

0

∫

Σ+
(vδ(p) · n(x))γ+f dtdσdp = −

∫ T

0

∫

Σ−
(vδ(p) · n(x))g dtdσdp.

(4.2)

Proof. Take the test function ϕ ∈ C1
c (]0, T [×Ω) and by applying the Green formula (f has

compact support in momentum) we deduce that αρ + ∂tρ + ∇x · jδ = 0 in D′. By considering

ϕ(t, x) = θ(t) with θ ∈ C1
c (]0, T [) we have :

α

∫ T

0

θ(t)
∫

Ω

ρ(t, x)dtdx +
∫ T

0

θ(t)
∫

Σ

(vδ(p) · n(x))γfdtdσdp =
∫ T

0

θ′(t)
∫

Ω

ρ(t, x)dtdx,

saying that α
∫
Ω

ρ(t) dx + d
dt

∫
Ω

ρ dx +
∫
Σ+(vδ(p) · n(x))γ+f dσdp = − ∫

Σ−(vδ(p) · n(x))g dσdp in

D′(]0, T [) and the conclusion follows.



16 M. BOSTAN

Proposition 4.2. Under the hypotheses of Proposition 3.3 we have for a.e. t ∈ Rt :

α

∫

Ω

∫

RN
p

f(t, x, p)Eδ(p)dxdp+
d

dt

∫

Ω

∫

RN
p

f(t, x, p)Eδ(p)dxdp +
∫

Σ+
(vδ(p) · n(x))γ+fEδ(p)dσdp

=−
∫

Σ−
(vδ(p) · n(x))gEδ(p)dσdp−

∫

Ω

∇xΦ · jδ(t, x)dx, (4.3)

and :

α

∫ T

0

∫

Ω

∫

RN
p

f(t, x, p)Eδ(p) dtdxdp +
∫ T

0

∫

Σ+
(vδ(p) · n(x))γ+fEδ(p) dtdσdp

=−
∫ T

0

∫

Σ−
(vδ(p) · n(x))gEδ(p) dtdσdp−

∫ T

0

∫

Ω

∇xΦ · jδ(t, x) dtdx. (4.4)

Proof. By using the Green formula with the test function ϕ(t, x) = θ(t)Eδ(p), θ ∈ C1
c (]0, T [)

we deduce :

α

∫ T

0

θ(t)
∫

Ω

∫

RN
p

fEδdtdxdp+
∫ T

0

θ(t)
∫

Σ+
(vδ(p) · n(x))γ+fEδdtdσdp = −

∫ T

0

θ(t)
∫

Σ−
(vδ(p) · n(x))gEδ

+
∫ T

0

θ′(t)
∫

Ω

∫

RN
p

fEδdtdxdp−
∫ T

0

θ(t)
∫

Ω

∇xΦ · jδdtdx. (4.5)

Therefore we obtain

α

∫

Ω

∫

RN
p

fEδdxdp +
d

dt

∫

Ω

∫

RN
p

fEδdxdp +
∫

Σ+
(vδ(p) · n(x))γ+fEδdσdp = −

∫

Σ−
(vδ(p) · n(x))gEδdσdp

−
∫

Ω

∇xΦ · jδ dx,

in D′(]0, T [) and the conclusion follows.

Proposition 4.3. Under the hypotheses of Proposition 3.3 we have :

α

∫

Ω

ρ(t, x)Φs(t, x)dx +
d

dt

∫

Ω

ρ(t, x)Φs(t, x)dx =
∫

Ω

ρ(t)∂tΦsdx +
∫

Ω

jδ(t) · ∇xΦsdx, a.e. t ∈ Rt,

(4.6)

α

∫ T

0

∫

Ω

ρ(t, x)Φs(t, x) dtdx =
∫ T

0

∫

Ω

ρ(t, x)∂tΦs dtdx +
∫ T

0

∫

Ω

jδ(t, x) · ∇xΦs dtdx, (4.7)

and :

α

∫

Ω

ρ(t, x)Φ0(t, x)dx +
d

dt

∫

Ω

ρ(t, x)Φ0(t, x)dx +
∫

Σ+
(vδ(p) · n(x))qγ+fϕ0dσdp

=−
∫

Σ−
(vδ(p) · n(x))qgϕ0dσdp +

∫

Ω

ρ(t, x)∂tΦ0 dx +
∫

Ω

jδ(t, x) · ∇xΦ0 dx, a.e. t ∈ Rt, (4.8)

α

∫ T

0

∫

Ω

ρ(t, x)Φ0(t, x) dtdx+
∫ T

0

∫

Σ+
(vδ(p) · n(x))qγ+fϕ0 dtdσdp =−

∫ T

0

∫

Σ−
(vδ(p) · n(x))qgϕ0 dtdσdp

+
∫ T

0

∫

Ω

ρ(t, x)∂tΦ0 dtdx +
∫ T

0

∫

Ω

jδ(t, x) · ∇xΦ0 dtdx. (4.9)
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Proof. From Proposition 3.3 we know that Φs,Φ0 ∈ W 1,∞(Rt × Ω) and by an easy density

argument we can check that the weak formulation and Green formula still hold for T periodic W 1,∞

test functions. Take the test function qθ(t) · Φs(t, x) ∈ W 1,∞(Rt × Ω × RN
p ) where θ ∈ C1

c (]0, T [)

and we write :

α

∫ T

0

θ(t)
∫

Ω

∫

RN
p

qfΦsdtdxdp=
∫ T

0

θ′(t)
∫

Ω

∫

RN
p

qfΦsdtdxdp +
∫ T

0

θ(t)
∫

Ω

∫

RN
p

qfvδ(p) · ∇xΦsdtdxdp

+
∫ T

0

θ(t)
∫

Ω

∫

RN
p

qf∂tΦsdtdxdp. (4.10)

Thus α
∫
Ω

ρ(t, x)Φs(t, x)dx + d
dt

∫
Ω

ρΦsdx =
∫
Ω
(ρ(t, x)∂tΦs + jδ(t, x) · ∇xΦs)dx in D′(]0, T [). We

deduce also (4.7) by periodicity, after integration of (4.6) on ]0, T [. The equalities (4.8), (4.9) follow

in the same manner.

Let us establish now an estimate for the outgoing kinetic energy
∫ T

0

∫
Ω

∫
RN

p
(vδ(p) · n(x))γ+fEδ(p).

Proposition 4.4. Under the hypotheses of Proposition 3.3 we have :
∫ T

0

∫

Σ+
(vδ(p) · n(x))γ+fEδ(p)dtdσdp ≤ −

∫ T

0

∫

Σ−
(vδ(p) · n(x))g(2|q| · ‖ϕ0‖∞ + Eδ(p))dtdσdp

+ε0 · ‖∂nΦ‖L2(]0,T [×∂Ω) · (α ‖ϕ0‖L2(]0,T [×∂Ω) + ‖∂tϕ0‖L2(]0,T [×∂Ω)). (4.11)

Proof. By adding the equalities (4.3), (4.6), (4.8) we deduce that :

α

∫

Ω

∫

RN
p

fEδ(p)dxdp+α

∫

Ω

ρ(Φs + Φ0)dx +
d

dt

∫

Ω

∫

RN
p

fEδ(p)dxdp +
d

dt

∫

Ω

ρ(Φs + Φ0)dx

+
∫

Σ+
(vδ(p) · n(x))γ+f(Eδ(p) + qϕ0)dσdp

=−
∫

Σ−
(vδ(p) · n(x))g(Eδ(p) + qϕ0)dσdp +

∫

Ω

ρ(∂tΦs + ∂tΦ0)dx. (4.12)

Since ∂tΦ = ∂tΦ0 + ∂tΦs ∈ L∞(Rt;W 1,p(Ω)) and Φ ∈ L∞(Rt; W 2,p(Ω)) we can write :
∫

Ω

∇xΦ · ∇x∂tΦdx−
∫

∂Ω

∂nΦ(t, x)∂tϕ0 dσ =
1
ε0

∫

Ω

ρ(t, x)∂tΦdx.

Since ∇xΦ ∈ L2(]0, T [;L2(Ω)N ), ∂t∇xΦ ∈ L2(]0, T [;L2(Ω)N ) we have for a.e. t ∈ Rt :

1
2

d

dt

∫

Ω

|∇xΦ|2(t, x)dx =
∫

Ω

∇xΦ(t, x) · ∂t∇xΦ(t, x)dx,

and thus we deduce that :
∫

Ω

ρ(t, x)∂tΦdx=ε0

∫

Ω

∇xΦ · ∇x∂tΦ dx− ε0

∫

∂Ω

∂nΦ(t)∂tϕ0 dσ

=
ε0

2
d

dt

∫

Ω

|∇xΦ|2(t, x) dx− ε0

∫

∂Ω

∂nΦ(t)∂tϕ0 dσ. (4.13)
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Note also that :
∫

Ω

ρ(t, x)Φ(t, x) dx = ε0

∫

Ω

|∇xΦ|2(t, x) dx− ε0

∫

∂Ω

∂nΦ(t)ϕ0(t, x) dσ. (4.14)

Finally, by integration of (4.12) on ]0, T [ and by using (4.13), (4.14) we deduce that :

α

∫ T

0

∫

Ω

∫

RN
p

fEδ(p)dtdxdp + αε0

∫ T

0

∫

Ω

|∇xΦ|2dtdx +
∫ T

0

∫

Σ+
(vδ(p) · n(x))γ+f(Eδ(p) + q · ϕ0)dtdσdp

=ε0

∫ T

0

∫

∂Ω

∂nΦ(α ϕ0 − ∂tϕ0) dtdσ −
∫ T

0

∫

Σ−
(vδ(p) · n(x))g(qϕ0 + Eδ)dtdσdp, (4.15)

and therefore :
∫ T

0

∫

Σ+
(vδ(p) · n(x))(Eδ(p)+q · ϕ0)γ+f dtdσdp ≤ −

∫ T

0

∫

Σ−
(vδ(p) · n(x))(Eδ(p) + q · ϕ0)g dtdσdp

−ε0

∫ T

0

∫

∂Ω

∂nΦ · ∂tϕ0 dtdσ + αε0

∫ T

0

∫

∂Ω

∂nΦ · ϕ0(t, x) dtdσ. (4.16)

By using (4.2) we obtain :

∫ T

0

∫

Σ+
(vδ(p) · n(x)) Eδ(p)γ+f dtdσdp ≤ −

∫ T

0

∫

Σ−
(vδ(p) · n(x))g(2|q| · ‖ϕ0‖∞ + Eδ)dtdσdp

+ε0‖∂nΦ‖L2(]0,T [×∂Ω)(α ‖ϕ0‖L2(]0,T [×∂Ω) + ‖∂tϕ0‖L2(]0,T [×∂Ω)). (4.17)

Now we deduce the a priori estimate for the total (kinetic and electric) energy. We use the

following lemma, whose proof is immediate and is left to the reader.

Lemma 4.5. Assume that ∂Ω ∈ C1, u ∈ L2(]0, T [; H1(Ω)) with ∂ui

∂xj
= ∂uj

∂xi
, ∀1 ≤ i, j ≤ N .

Then :

uiuj ∈ L1(]0, T [; W 1,1(Ω)),
∂

∂xk
(uiuj) =

∂ui

∂xk
uj +

∂uj

∂xk
ui, ∀1 ≤ i, j, k ≤ N,

ui∇x · u =
N∑

j=1

∂

∂xj
(uiuj)− 1

2
∂

∂xi
|u|2, ∀1 ≤ i ≤ N,

as functions in L1(]0, T [×Ω). Moreover we have γ1(uiuj) = γ2(ui)γ2(uj), ∀1 ≤ i, j ≤ N where

γ1 : L1(]0, T [; W 1,1(Ω)) → L1(]0, T [×∂Ω) and γ2 : L2(]0, T [;H1(Ω)) → L2(]0, T [×∂Ω) are the

usual trace operators.

We need also to estimate the moments ρ = q
∫
RN

p
fdp, j = q

∫
RN

p
v(p)fdp, jδ = q

∫
RN

p
vδ(p)fdp

by interpolation inequalities. We have the following results :
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Lemma 4.6. The following inequalities hold :

(1) E(p) ≤ p · v(p) ≤ 2E(p), ∀p ∈ RN
p ;

(2) Eδ(p) ≤ p · vδ(p) ≤ (2 + γ) · Eδ(p), ∀p ∈ RN
p ;

(3) |vδ(p)− v(p)| ≤ C(m, c0) · δ · (2 + γ) · |p|λ, ∀p ∈ RN
p , where λ = γ + 1 in the classical case and

λ = γ in the relativistic case;

(4) |(vδ(p)− v(p)) · p | ≤ (2 + γ) · Eδ(p), ∀p ∈ RN
p ;

(5) in the classical case we have :

‖ρ‖
L

N+2
N

≤ C · ‖f‖
2

N+2∞ ·
(∫

Ω

∫

RN
p

fE(p)dxdp

) N
N+2

≤ C · ‖f‖
2

N+2∞ ·
(∫

Ω

∫

RN
p

fEδ(p)dxdp

) N
N+2

,

and in the relativistic case we have :

‖ρ‖
L

N+1
N

≤ C · ‖f‖
1

N+1∞ ·
(∫

Ω

∫

RN
p

f(1 + E)dxdp

) N
N+1

≤ C · ‖f‖
1

N+1∞ ·
(∫

Ω

∫

RN
p

f(1 + Eδ)dxdp

) N
N+1

;

(6) in the classical case we have :

‖j‖
L

N+2
N+1

≤ C · ‖f‖
1

N+2∞ ·
(∫

Ω

∫

RN
p

fE(p)dxdp

)N+1
N+2

≤ C · ‖f‖
1

N+2∞ ·
(∫

Ω

∫

RN
p

fEδ(p)dxdp

)N+1
N+2

,

‖jδ‖
L

N+λ+1
N+λ

≤ C · ‖j‖
L

N+2
N+1

+ C · (δ · ‖f‖∞)
1

N+λ+1 ·
(∫

Ω

∫

RN
p

fEδ(p)dxdp

) N+λ
N+λ+1

,

and in the relativistic case we have ;

‖j‖
L

N+1
N

≤ C · ‖f‖
1

N+1∞ ·
(∫

Ω

∫

RN
p

f(1 + E)dxdp

) N
N+1

≤ C · ‖f‖
1

N+1∞ ·
(∫

Ω

∫

RN
p

f(1 + Eδ)dxdp

) N
N+1

,

‖jδ‖
L

N+λ+1
N+λ

≤ C · ‖j‖
L

N+1
N

+ C · (δ · ‖f‖∞)
1

N+λ+1 ·
(∫

Ω

∫

RN
p

fEδ(p)dxdp

) N+λ
N+λ+1

.

Proof. (1) In the classical case we have (p · v(p)) = |p|2/m = 2E(p) and in the relativistic case

we have (p·v(p)) = E(p)·(1+(1+|p|2/(mc0)2)−1/2) ∈ [E(p), 2E(p)]. Similarly the points (2), (3), (4)

follow by easy computations. For estimating ρ and j use standard interpolation inequalities. In
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order to estimate jδ observe that |jδ(t, x)| ≤ |j(t, x)|+ | ∫RN
p

(vδ(p)− v(p))fdp| and that :
∣∣∣∣∣
∫

RN
p

(vδ(p)− v(p))fdp

∣∣∣∣∣≤
∫

|p|≤R

|vδ(p)− v(p)|fdp +
1
R

∫

|p|>R

|(vδ(p)− v(p)) · p |fdp

≤C

∫

|p|≤R

f · δ · (2 + γ) · |p|λdp +
1
R

∫

|p|>R

f(2 + γ)Eδ(p)dp

≤C · ‖f‖∞ · δ · (2 + γ) ·RN+λ +
2 + γ

R

∫

RN
p

fEδ(p)dp

≤C · (2 + γ) · (δ · ‖f‖∞)
1

N+λ+1 ·
(∫

RN
p

fEδ(p)dp

) N+λ
N+λ+1

,

and we deduce that :
∥∥∥∥∥
∫

RN
p

(vδ(p)− v(p))fdp

∥∥∥∥∥
L

N+λ+1
N+λ

≤ C(δ · ‖f‖∞)
1

N+λ+1 ·
(∫

Ω

∫

RN
p

fEδ(p)dxdp

) N+λ
N+λ+1

.

Since N+1
N ≥ N+2

N+1 ≥ N+λ+1
N+λ (we take λ + 1 > N ≥ 2) the conclusion follows.

Proposition 4.7. Under the hypotheses of Proposition 3.3 (which imply in particular that

∂tϕ0 ∈ L2(]0, T [×∂Ω), ϕ0 ∈ L∞(Rt × ∂Ω) ∩ L2(]0, T [;H1(∂Ω))), and if ∂Ω is strictly star-shaped

with respect to the origin 0 ∈ Ω (i.e., ∃r > 0 such that (n(x) · x) ≥ r, ∀x ∈ ∂Ω) then we have :
∫ T

0

∫

Ω

∫

RN
p

f(1+Eδ(p))dtdxdp +
∫ T

0

∫

Ω

|∇xΦ|2dtdx +
∫ T

0

∫

Σ+
(vδ(p) · n(x))γ+f(1 + Eδ(p))dtdσdp

+
∫ T

0

∫

∂Ω

|∂nΦ|2dtdσ ≤ C(Ω, ‖g‖∞, ‖ϕ0‖∞)Fα,δ(W0), (4.18)

where W0 =
∫ T

0

∫
Σ− |(vδ(p) · n(x))|g(1 + Eδ(p))dtdσdp + ‖ϕ0‖2L2(]0,T [;H1(∂Ω)) + ‖∂tϕ0‖2L2(]0,T [×∂Ω)

and Fα,δ(W ) = 1 + W in the classical case with N ≥ 2 and relativistic case with N > 2 and

Fα,δ(W ) = 1 + W + (1 + α)2 · (1 + W )4/3 + δ2/(λ+3) ·W 2(2+λ)/(3+λ) in the relativistic case with

N = 2.

Proof. The idea is to use also the momentum conservation law. Let us use the Green formula

with the test function θ(t) · pi · xi, 1 ≤ i ≤ N , θ ∈ C1
c (]0, T [) :

α

∫ T

0

θ(t)
∫

Ω

∫

RN
p

fpi · xidtdxdp+
∫ T

0

θ(t)
∫

Σ

(vδ(p) · n(x))γfpi · xidtdσdp =
∫ T

0

θ′(t)
∫

Ω

∫

RN
p

fpi · xidtdxdp

+
∫ T

0

θ(t)
∫

Ω

∫

RN
p

fvi
δ(p) · pidtdxdp−

∫ T

0

θ(t)
∫

Ω

∫

RN
p

f · q · ∂Φ
∂xi

xidtdxdp,

and thus we deduce that for a.e. t ∈ Rt and ∀1 ≤ i ≤ N :

α

∫

Ω

∫

RN
p

fpi · xidxdp+
d

dt

∫

Ω

∫

RN
p

fpi · xidxdp +
∫

Σ

(vδ(p) · n(x))γfpi · xidσdp

=−
∫

Ω

ρ · ∂Φ
∂xi

xidx +
∫

Ω

∫

RN
p

fvi
δ(p) · pidxdp. (4.19)
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Since ϕ0 ∈ L∞(Rt;W 2−1/p,p(∂Ω)), p > N ≥ 2 and ρ ∈ L∞(Rt × Ω) (f is compactly supported in

momentum) we have u = ∇xΦ ∈ L2(]0, T [;H1(Ω)) and we observe that ∂ui

∂xj
= ∂uj

∂xi
. By Lemma

4.5 we can write :

− ∂Φ
∂xi

· ρ

ε0
= ui∇x · u =

N∑

j=1

∂

∂xj
(uiuj)− 1

2
∂

∂xi
|u|2, ∀1 ≤ i ≤ N. (4.20)

By combining (4.19), (4.20) and taking the sum for all 1 ≤ i ≤ N we obtain after integration on

]0, T [ :

α

∫ T

0

∫

Ω

∫

RN
p

f(t, x, p)(p · x)dtdxdp +
∫ T

0

∫

Σ

(vδ(p) · n(x))γf(t, x, p)(p · x)dtdσdp (4.21)

=ε0

∫ T

0

∫

Ω

N∑

i=1




N∑

j=1

∂

∂xj
(uiuj)− 1

2
∂

∂xi
|u|2


 xi dtdx +

∫ T

0

∫

Ω

∫

RN
p

f(vδ(p) · p)dtdxdp.

Let us analyze each term. Observe that |(p · x)| ≤ |p| · |x| ≤ C · (1 + E(p)) ≤ C · (1 + Eδ(p)) and

therefore, by using (4.2) we deduce :

α

∣∣∣∣∣
∫ T

0

∫

Ω

∫

RN
p

f(p · x) dtdxdp

∣∣∣∣∣ ≤ C ·
(

α

∫ T

0

∫

Ω

∫

RN
p

fEδ(p) dtdxdp−
∫ T

0

∫

Σ−
(vδ(p) · n(x))g dtdσdp

)
.

In the same manner we deduce that :

∣∣∣∣∣
∫ T

0

∫

Σ

(vδ(p) · n(x))γf(p · x) dtdσdp

∣∣∣∣∣≤C

∫ T

0

∫

Σ−
|(vδ(p) · n(x))|g(1 + Eδ(p)) dtdσdp

+C

∫ T

0

∫

Σ+
(vδ(p) · n(x))γ+f(1 + Eδ(p)) dtdσdp.

After integration by parts we have :

∫ T

0

∫

Ω

N∑

i=1

(
N∑

j=1

∂

∂xj
(uiuj)−1

2
∂

∂xi
|u|2)xi dtdx =

∫ T

0

∫

∂Ω

N∑

i=1

N∑

j=1

γ1(uiuj)njxi dtdσ

−
∫ T

0

∫

∂Ω

N∑

i=1

1
2
γ1(|u|2)(n · x) dtdσ +

(
N

2
− 1

) ∫ T

0

∫

Ω

|u|2 dtdx.

By splitting the field γ2(u) into its normal and tangential part γ2(u) = (γ2(u) ·n(x)) ·n(x)−n(x)∧
(n(x)∧ γ2(u)) = (γ2(u) ·n(x)) ·n(x) + uτ , with |γ2(u)|2 = |(γ2(u) ·n(x))|2 + |uτ |2 we can write the



22 M. BOSTAN

boundary terms as :

∫ T

0

∫

∂Ω

N∑

i,j=1

γ2(ui)γ2(uj)nj(x)xi dtdσ −
∫ T

0

∫

∂Ω

1
2
|γ2(u)|2(n(x) · x) dtdσ

=
∫ T

0

∫

∂Ω

(γ2(u) · n(x))(γ2(u) · x) dtdσ −
∫ T

0

∫

∂Ω

1
2
|γ2(u)|2(n(x) · x) dtdσ

=
∫ T

0

∫

∂Ω

(γ2(u) · n(x))[(γ2(u) · n(x))(n(x) · x) + (uτ · x)] dtdσ −
∫ T

0

∫

∂Ω

1
2
|γ2(u)|2(n(x) · x) dtdσ

=
1
2

∫ T

0

∫

∂Ω

|(γ2(u) · n(x))|2(n(x) · x) dtdσ +
∫ T

0

∫

∂Ω

(γ2(u) · n(x))(uτ · x) dtdσ

−1
2

∫ T

0

∫

∂Ω

|uτ |2(n(x) · x) dtdσ

≥r

2
‖(γ2(u) · n)‖2L2(]0,T [×∂Ω) − C · {‖(γ2(u) · n)‖L2(]0,T [×∂Ω) + ‖uτ‖L2(]0,T [×∂Ω)} · ‖uτ‖L2(]0,T [×∂Ω).

For the last term in (4.21) observe by Lemma 4.6 that (p · vδ(p)) ≥ Eδ(p) and thus we can write
∫ T

0

∫
Ω

∫
RN

p
f(t, x, p)(p · vδ(p)) dtdxdp ≥ ∫ T

0

∫
Ω

∫
RN

p
f(t, x, p)Eδ(p) dtdxdp. Finally, by collecting all

these partial computations we deduce that :

(1−α · C)
∫ T

0

∫

Ω

∫

RN
p

fEδ(p) dtdxdp + ε0

(
N

2
− 1

) ∫ T

0

∫

Ω

|∇xΦ|2 dtdx +
rε0

2
‖∂nΦ‖2L2(]0,T [×∂Ω)

≤C

∫ T

0

∫

Σ−
|(vδ(p) · n(x))|g(1 + Eδ(p)) dtdσdp + C

∫ T

0

∫

Σ+
(vδ(p) · n(x))γ+fEδ(p) dtdσdp

+C · {‖∂nΦ‖L2(]0,T [×∂Ω) + ‖∂τΦ‖L2(]0,T [×∂Ω)} · ‖∂τΦ‖L2(]0,T [×∂Ω), (4.22)

with ‖∂τΦ‖L2(]0,T [×∂Ω) = ‖uτ‖L2(]0,T [×∂Ω) ≤ C‖ϕ0‖L2(]0,T [;H1(∂Ω)). By combining (4.11), (4.22) we

deduce that :

(1−αC)
∫ T

0

∫

Ω

∫

RN
p

fEδ(p) dtdxdp + ε0

(
N

2
− 1

) ∫ T

0

∫

Ω

|∇xΦ|2 dtdx +
ε0r

2

∫ T

0

∫

∂Ω

|∂nΦ|2 dtdσ

+
∫ T

0

∫

Σ+
(vδ(p) · n(x))(1 + Eδ(p))γ+f dtdσdp

≤C(‖ϕ0‖∞)
∫ T

0

∫

Σ−
|(vδ(p) · n(x))|g(1 + Eδ(p)) dtdσdp + C · ‖ϕ0‖2L2(]0,T [;H1(∂Ω))

+C · ‖∂nΦ‖L2(]0,T [×∂Ω){‖ϕ0‖L2(]0,T [;H1(∂Ω)) + ‖∂tϕ0‖L2(]0,T [×∂Ω)}. (4.23)

If N > 2 it is clear that the previous inequality gives uniform estimates for the total energy, the

outgoing kinetic energy and the normal trace of the electric field if α > 0 is small enough :
∫ T

0

∫

Ω

∫

RN
p

fEδ(p) dtdxdp+
∫ T

0

∫

Σ+
(vδ(p) · n(x))(1 + Eδ(p))γ+f dtdσdp

+
∫ T

0

∫

Ω

|∇xΦ|2 dtdx +
∫ T

0

∫

∂Ω

|∂nΦ|2 dtdσ

≤C(‖ϕ0‖∞)(
∫ T

0

∫

Σ−
|(vδ(p) · n(x))|g(1 + Eδ(p)) dtdσdp

+‖ϕ0‖2L2(]0,T [;H1(∂Ω)) + ‖∂tϕ0‖2L2(]0,T [×∂Ω)).
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The conclusion follows by observing that :

∫ T

0

∫

Ω

∫

RN
p

f(t, x, p) dtdxdp=
∫ T

0

∫

Ω

∫

RN
p

f · 1{|p|≤1} dtdxdp +
∫ T

0

∫

Ω

∫

RN
p

f · 1{|p|>1} dtdxdp

≤C(Ω, ‖g‖∞)

(
1 +

∫ T

0

∫

Ω

∫

RN
p

Eδ(p)f dtdxdp

)
.

Now let us clarify the case N = 2. As before, by using (4.23) we deduce uniform estimates for

the kinetic energy, the outgoing kinetic energy and the normal trace of the electric field (for α > 0

small enough) :

∫ T

0

∫

Ω

∫

RN
p

(1 + Eδ(p))f dtdxdp+
∫ T

0

∫

Σ+
(vδ(p) · n(x))(1 + Eδ(p))γ+f dtdσdp +

∫ T

0

∫

∂Ω

|∂nΦ|2 dtdσ

≤C(Ω, ‖g‖∞, ‖ϕ0‖∞)(1 + W0). (4.24)

In the classical case we can write by using interpolation inequalities :

‖ρ‖L2(]0,T [×Ω) ≤ C‖g‖1/2
∞

(∫ T

0

∫

Ω

∫

RN
p

fE(p) dtdxdp

)1/2

≤ C‖g‖1/2
∞

(∫ T

0

∫

Ω

∫

RN
p

fEδ(p) dtdxdp

)1/2

,

and thus :

‖∇xΦ‖L2(]0,T [×Ω)≤‖∇xΦ0‖L2(]0,T [×Ω) + ‖∇xΦs‖L2(]0,T [×Ω)

≤C · ‖ϕ0‖L2(]0,T [;H1/2(∂Ω)) + C · ‖ρ‖L2(]0,T [×Ω)

≤C · ‖ϕ0‖L2(]0,T [;H1(∂Ω)) + C‖g‖1/2
∞ ·

(∫ T

0

∫

Ω

∫

RN
p

fEδ(p) dtdxdp

)1/2

.(4.25)

Therefore by using (4.24) we deduce an uniform estimate for the electric energy as well :

∫ T

0

∫

Ω

|∇xΦ|2(t, x) dtdx ≤ C(Ω, ‖g‖∞, ‖ϕ0‖∞)(1 + W0).

For the relativistic case we have :

‖ρ‖
L

3
2 (]0,T [×Ω)

≤C‖g‖1/3
∞

(∫ T

0

∫

Ω

∫

RN
p

f(1 + Eδ(p)) dtdxdp

)2/3

.

Note that ‖∇xΦs(t)‖
W 1, 3

2 (Ω)
≤ C‖ρ(t)‖

L
3
2 (Ω)

and thus :

‖∇xΦs‖
L

3
2 (]0,T [;W 1, 3

2 (Ω))
≤ C‖ρ‖

L
3
2 (]0,T [×Ω)

.

We need also to estimate the time derivative ∂tEs. We have :

‖∂tΦs(t)‖W 1,r(Ω)≤C(Ω, r) · ‖∂tρ(t)‖W−1,r(Ω) = C(Ω, r)‖ − αρ−∇x · jδ‖W−1,r(Ω)

≤C(Ω, r)(α · ‖ρ(t)‖Lr(Ω) + ‖jδ(t)‖Lr(Ω)),
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and by using Lemma 4.6 for N = 2 , λ > 1 in the relativistic case with r = (λ + 3)/(λ + 2) we

deduce that :

‖∂tEs‖Lr(]0,T [×Ω)≤C · (α · ‖ρ‖Lr(]0,T [×Ω) + ‖jδ‖Lr(]0,T [×Ω))

≤C · (α + 1) · ‖g‖
1
3∞

(∫ T

0

∫

Ω

∫

RN
p

f(1 + Eδ(p)) dtdxdp

) 2
3

+C · (δ · ‖g‖∞)
1

3+λ

(∫ T

0

∫

Ω

∫

RN
p

fEδ(p) dtdxdp

) 2+λ
3+λ

.

We obtain that :

‖Es‖Lr(]0,T [×Ω)+‖∇xEs‖Lr(]0,T [×Ω) + ‖∂tEs‖Lr(]0,T [×Ω) ≤ C · (α + 1) · ‖g‖
1
3∞

·
(∫ T

0

∫

Ω

∫

RN
p

f(1 + Eδ(p)) dtdxdp

) 2
3

+ C · (δ‖g‖∞)
1

3+λ

(∫ T

0

∫

Ω

∫

RN
p

fEδ(p) dtdxdp

) 2+λ
3+λ

.

Finally, by using Sobolev imbeddings one gets that :

‖Es‖Ls(]0,T [×Ω)≤C · ‖Es‖W 1,r(]0,T [×Ω) ≤ C1(α) ·
(∫ T

0

∫

Ω

∫

RN
p

(1 + Eδ(p))f dtdxdp

) 2
3

+C2(δ) ·
(∫ T

0

∫

Ω

∫

RN
p

Eδ(p)f dtdxdp

) 2+λ
3+λ

,

where C1(α) = C · (α + 1) · ‖g‖1/3
∞ , C2(δ) = C · (δ · ‖g‖∞)1/(λ+3), for all s ≤ s? such that

1
s? = 1

r − 1
3 = λ+2

λ+3 − 1
3 . In particular if we take λ > 1, close enough to 1 ( which is possible, since

all previous proofs require only λ + 1 > N = 2), we have 1
s? ↘ 3

4 − 1
3 = 5

12 or s? ↗ 12
5 and thus is

possible to take s = 2, which implies :

‖∇xΦ‖L2(]0,T [×Ω)≤‖∇xΦs‖L2(]0,T [×Ω) + ‖∇xΦ0‖L2(]0,T [×Ω) ≤ C1(α)

(∫ T

0

∫

Ω

∫

RN
p

(1 + Eδ(p))f dtdxdp

) 2
3

+C2(δ)

(∫ T

0

∫

Ω

∫

RN
p

Eδ(p)f dtdxdp

) 2+λ
3+λ

+ C · ‖ϕ0‖L2(]0,T [;H1(∂Ω)).

Now, by using (4.24) we can deduce the estimate for the relativistic case with N = 2.

Actually we can show that the total energy is bounded uniformly with respect to t ∈ Rt. For

the details of proof see the Appendix.

Proposition 4.8. Assume that the hypotheses of Proposition 3.3 hold, ∂Ω is strictly star-

shaped and ϕ0 ∈ L∞(Rt; H1/2(∂Ω)). Then the solution (f, Φ) constructed in Proposition 3.3 has

total energy uniformly bounded with respect to t ∈ Rt.
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5. Passing to the limit. Existence for the periodic Vlasov-Poisson system.

Now we are ready to prove the existence of T periodic weak solution for the Vlasov-Poisson system.

Proof. (of Theorem 1.1) Take γ such that γ + 2 > N in the classical case and γ + 1 > N in

the relativistic case, with γ close enough to 1 if N = 2, in the relativistic case. Consider (αk)k

a sequence which converges to 0, αk > 0, δk = αk, ∀k and the T periodic boundary conditions

gR, ϕ0k such that gR = g · 1{|p|≤R} for some fixed R > 0,

ϕ0k ∈ L∞(Rt; W 2−1/p,p(∂Ω)), ∂tϕ0k ∈ L∞(Rt;W 1−1/p,p(∂Ω)) for some p > N,

‖ϕ0k‖L∞(Rt×∂Ω) ≤ ‖ϕ0‖L∞(Rt×∂Ω), ∀ k,

lim
k→+∞

ϕ0k = ϕ0 in L2(]0, T [;H1(∂Ω)),

lim
k→+∞

∂tϕ0k = ∂tϕ0 in L2(]0, T [×∂Ω).

Denote by (fk, Φk) the corresponding T periodic solutions constructed in Proposition 3.3 and by

(γ+fk, ∂nΦk) the associated traces. We suppose that ∂Ω is strictly star-shaped with respect to

0 ∈ Ω. By Proposition 4.7 we deduce that :

Wk =
∫ T

0

∫

Ω

∫

RN
p

fk(t, x, p)(1 + Ek(p)) dtdxdp +
∫ T

0

∫

Ω

|∇xΦk|2 dtdx

+
∫ T

0

∫

Σ+
(vk(p) · n(x))γ+fk(t, x, p)(1 + Ek(p)) dtdσdp +

∫ T

0

∫

∂Ω

|∂nΦk|2 dtdσ

≤C(Ω, ‖gR‖∞, ‖ϕ0k‖∞)Fk(W0k) ≤ C(Ω, ‖g‖∞, ‖ϕ0‖∞)Fk(W0k),

where we have used the notations Ek(p) = Eδk
(p), vk(p) = vδk

(p), Fk = Fαk,δk
and :

W0k =
∫ T

0

∫

Σ−
|(vk(p) · n(x))|(1 + Ek(p))gR dtdσdp + ‖ϕ0k‖2L2(]0,T [;H1(∂Ω)) + ‖∂tϕ0k‖2L2(]0,T [×∂Ω).

Since Ek(p) → E(p), vk(p) → v(p) uniformly for |p| ≤ R we deduce that :

lim
k→+∞

∫ T

0

∫

Σ−
|(vk(p) · n(x))|(1 + Ek(p))gR dtdσdp=

∫ T

0

∫

Σ−
|(v(p) · n(x))|(1 + E(p))gR dtdσdp

≤
∫ T

0

∫

Σ−
|(v(p) · n(x))|(1 + E(p))g(t, x, p) dtdσdp,

and thus we have limk→+∞W0k ≤ W0 which implies that supk Wk ≤ C · supk Fk(W0k) < +∞.

By using Lemma 4.6 we deduce also that supk ‖ρk‖Lµ(]0,T [×Ω) < +∞, supk ‖jk‖Lν(]0,T [×Ω) < +∞
where µ = N+2

N , ν = N+γ+2
N+γ+1 in the classical case and µ = N+1

N , ν = N+γ+1
N+γ in the relativistic

case, 2 ≥ µ > ν > 1 (here ρk = q
∫
RN

p
fk dp and jk = q

∫
RN

p
vk(p)fk dp). As usual we can prove

that (Esk)k is uniformly bounded in W 1,ν(]0, T [×Ω). Since ϕ0k → ϕ0 in L2(]0, T [; H1(∂Ω)) we
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have Φ0k → Φ0 in L2(]0, T [; H1(Ω)), implying that E0k → E0 in L2(]0, T [×Ω) and also E0k → E0

in Lν(]0, T [×Ω). We can extract subsequences (still denoted by fk, Φk) such that the following

convergences hold as k goes to +∞ : fk ⇀ f weakly ? in L∞(Rt×Ω×RN
p ), γ+fk ⇀ γ+f weakly

? in L∞(Rt × Σ+), Φk → Φ strongly in Lν(]0, T [×Ω), Ek = −∇xΦk → −∇xΦ = E strongly in

Lν(]0, T [×Ω), ∂nΦk ⇀ ∂nΦ weakly in L2(]0, T [×∂Ω), Ek ⇀ E weakly in L2(]0, T [×Ω). In order

to prove that f is T periodic weak solution of the Vlasov problem associated to the electric field

E, take ϕ ∈ C1(Rt × Ω× RN
p ), T periodic, compactly supported in momentum and write :

αk

∫ T

0

∫

Ω

∫

RN
p

fkϕ dtdxdp+
∫ T

0

∫

Σ−
(vk(p) · n(x))gRϕ dtdσdp +

∫ T

0

∫

Σ+
(vk(p) · n(x))γ+fkϕ dtdσdp

=
∫ T

0

∫

Ω

∫

RN
p

fk(∂tϕ + vk(p) · ∇xϕ + qEk · ∇pϕ) dtdxdp. (5.1)

We check easily that :

lim
k→+∞

αk

∫ T

0

∫

Ω

∫

RN
p

fkϕ dtdxdp = 0,

lim
k→+∞

∫ T

0

∫

Σ−
(vk(p) · n(x))gRϕ dtdσdp =

∫ T

0

∫

Σ−
(v(p) · n(x))gRϕ dtdσdp,

lim
k→+∞

∫ T

0

∫

Σ+
(vk(p) · n(x))γ+fkϕ dtdσdp =

∫ T

0

∫

Σ+
(v(p) · n(x))γ+fϕ dtdσdp,

lim
k→+∞

∫ T

0

∫

Ω

∫

RN
p

fk(∂tϕ + vk(p) · ∇xϕ) dtdxdp =
∫ T

0

∫

Ω

∫

RN
p

f(∂tϕ + v(p) · ∇xϕ) dtdxdp.

By combining strong and weak convergences we prove also that limk→∞
∫ T

0

∫
Ω

∫
RN

p
fkqEk ·∇pϕdtdxdp

=
∫ T

0

∫
Ω

∫
RN

p
fqE · ∇pϕ dtdxdp and thus by passing to the limit for k → +∞ in (5.1) we deduce

that f is a T periodic weak solution for the Vlasov problem associated to the field E, with trace

γ+f . Obviously, by weak ? convergence we have ‖f‖∞ ≤ lim infk→+∞ ‖fk‖∞ ≤ ‖gR‖∞ ≤ ‖g‖∞
and ‖γ+f‖∞ ≤ lim infk→+∞ ‖γ+fk‖∞ ≤ ‖gR‖∞ ≤ ‖g‖∞. Now, in order to pass to the limit in the

Poisson equation, take θ ∈ C1(Ω), η ∈ C([0, T ]) and write :

∫ T

0

∫

Ω

η(t)∇xΦsk · ∇xθ dtdx =
1
ε0

∫ T

0

∫

Ω

η(t)ρk(t, x)θ(x) dtdx.

Clearly we have limk→+∞
∫ T

0

∫
Ω

η(t)∇xΦsk · ∇xθ dtdx =
∫ T

0

∫
Ω

η(t)∇xΦs · ∇xθ dtdx. For the right

hand term observe that :
∫ T

0

∫

Ω

ρkη(t)θ(x) dtdx=
∫ T

0

∫

Ω

∫

RN
p

fkqη(t)θ(x) dtdxdp

=
∫ T

0

∫

Ω

∫

RN
p

fkqη(t)θ(x)1{|p|<S} dtdxdp +
∫ T

0

∫

Ω

∫

RN
p

fkqη(t)θ(x)1{|p|>S} dtdxdp.
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But for S large enough we have :
∣∣∣∣∣
∫ T

0

∫

Ω

∫

RN
p

fkη(t)θ(x)1{|p|>S} dtdxdp

∣∣∣∣∣≤‖η‖∞ · ‖θ‖∞ · S−1

∫ T

0

∫

Ω

∫

RN
p

fk|p| dtdxdp

≤C‖η‖∞ · ‖θ‖∞ · S−1 ·
∫ T

0

∫

Ω

∫

RN
p

fk(1 + Ek(p)) dtdxdp

≤C‖η‖∞ · ‖θ‖∞ · S−1 ·Wk → 0,

as S → +∞ and since fk ⇀ f weakly ? in L∞(Rt × Ω × RN
p ) as k goes to +∞ we have also for

fixed S > 0 :
∫ T

0

∫

Ω

∫

RN
p

fkη(t)θ(x)1{|p|<S} dtdxdp →
∫ T

0

∫

Ω

∫

RN
p

fη(t)θ(x)1{|p|<S} dtdxdp.

Finally we have proved that limk→+∞
∫ T

0

∫
Ω

η(t)ρk(t, x)θ(x) dtdx =
∫ T

0

∫
Ω

η(t)ρ(t, x)θ(x) dtdx, with

ρ(t, x) = q
∫
RN

p
fdp (note that

∫ T

0

∫
Ω

∫
RN

p
f1{|p|<R1} dtdxdp = limk→+∞

∫ T

0

∫
Ω

∫
RN

p
fk1{|p|<R1} dtdxdp

≤ supk Wk and thus f ∈ L1(]0, T [×Ω × RN
p ), ρ ∈ L1(]0, T [×Ω)). Therefore we have for all

η ∈ C([0, T ]), θ ∈ C1(Ω) :

∫ T

0

∫

Ω

η(t)∇xΦs · ∇xθ dtdx =
1
ε0

∫ T

0

∫

Ω

η(t)ρ(t, x)θ(x) dtdx,

implying that :
∫

Ω

∇xΦs(t) · ∇xθ dx =
1
ε0

∫

Ω

ρ(t, x)θ(x) dx, a.e. t ∈ Rt,

and thus Φ = Φs +Φ0 solves in distributions the Poisson problem −∆xΦ = 1
ε0

ρ with Φ|Rt×∂Ω = ϕ0.

Moreover, if η ∈ C([0, T ]), θ ∈ C1(Ω) we have :

∫ T

0

∫

Ω

η(t)∇xΦk · ∇xθ dtdx−
∫ T

0

∫

∂Ω

η(t)∂nΦkθ(x) dtdσ =
1
ε0

∫ T

0

∫

Ω

η(t)ρk(t, x)θ(x) dtdx,

and by passing to the limit for k → +∞ we find that :
∫ T

0

∫

Ω

η(t)∇xΦ · ∇xθ dtdx−
∫ T

0

∫

∂Ω

η(t)∂nΦθ(x) dtdσ =
1
ε0

∫ T

0

∫

Ω

η(t)ρ(t, x)θ(x) dtdx,

which yields :
∫

Ω

∇xΦ(t) · ∇xθ dx−
∫

∂Ω

∂nΦ(t) · θ(x) dσ =
1
ε0

∫

Ω

ρ(t, x)θ(x) dx, a. e. t ∈ Rt,

and thus ∂nΦ is the normal trace of ∇Φ. By weak convergence we have :
∫ T

0

∫

Ω

∫

RN
p

f(1+E(p)) · 1{|p|<S} dtdxdp +
∫ T

0

∫

Σ+
(v(p) · n(x))γ+f(1 + E(p))1{|p|<S} dtdσdp

+‖∇xΦ‖2L2(]0,T [×Ω) + ‖∂nΦ‖2L2(]0,T [×∂Ω) ≤ lim inf
k→+∞

Wk

≤lim inf
k→+∞

C(Ω, ‖gR‖∞, ‖ϕ0k‖∞)Fk(W0k) ≤ C(Ω, ‖g‖∞, ‖ϕ0‖∞)F (W0),
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with F (W ) = limk→+∞ Fk(W ) and the inequality (1.8) follows by letting S → +∞. By using :

αk

∫ T

0

∫

Ω

∫

RN
p

fk dtdxdp+
∫ T

0

∫

Σ+
(vk(p)·n(x))γ+fk dtdσdp = −

∫ T

0

∫

Σ−
(vk(p)·n(x))gR dtdσdp, (5.2)

and by taking into account that supk

∫ T

0

∫
Ω

∫
RN

p
fk dtdxdp < +∞ and supk

∫ T

0

∫
Σ+(vk(p) · n(x))(1 +

Ek(p))γ+fk dtdσdp < +∞ we deduce easily, by passing to the limit for k → +∞ in (5.2) that
∫ T

0

∫
Σ+(v(p) · n(x))γ+f dtdσdp = − ∫ T

0

∫
Σ−(v(p) · n(x))gR dtdσdp. By combining the strong conver-

gence of ϕ0k in L2(]0, T [×∂Ω) with the weak ? convergence of γ+fk in L∞(Rt×Σ+) and by using

(4.16) we have :

∫ T

0

∫

Σ+
(v(p) · n(x))E(p)1{|p|<S}γ+f dtdσdp +

∫ T

0

∫

Σ+
(v(p) · n(x))qϕ0γ

+f dtdσdp

= lim
k→+∞

∫ T

0

∫

Σ+
(vk(p) · n(x))Ek(p)1{|p|<S}γ+fk dtdσdp +

∫ T

0

∫

Σ+
(v(p) · n(x))qϕ0γ

+f dtdσdp

≤lim inf
k→+∞

∫ T

0

∫

Σ+
(vk(p) · n(x))Ek(p)γ+fk dtdσdp +

∫ T

0

∫

Σ+
(v(p) · n(x))qϕ0γ

+f dtdσdp

=lim inf
k→+∞

∫ T

0

∫

Σ+
(vk(p) · n(x))(Ek(p) + qϕ0k)γ+fk dtdσdp

≤lim inf
k→+∞

(−
∫ T

0

∫

Σ−
(vk(p) · n(x))(Ek(p) + qϕ0k)gR dtdσdp− ε0

∫ T

0

∫

∂Ω

∂nΦk · ∂tϕ0k dtdσ

+αkε0

∫ T

0

∫

∂Ω

∂nΦk · ϕ0k dtdσ)

=−
∫ T

0

∫

Σ−
(v(p) · n(x))(E(p) + qϕ0)gR dtdσdp− ε0

∫ T

0

∫

∂Ω

∂nΦ · ∂tϕ0 dtdσ,

and the inequality (1.10) follows by letting S → +∞. At this point we have proved the existence

of T periodic weak solution for the Vlasov-Poisson system with the boundary conditions (gR, ϕ0).

The moment estimates follow by Lemma 4.6. A second passing to the limit for R → +∞ allows

us to remove the compact support in momentum hypothesis on g, the proof being basically the

same.

If in addition ϕ0 ∈ L∞(Rt; H1/2(∂Ω)), then the total energy is uniformly bounded in time.

Indeed, it is sufficient to check this for the boundary conditions (gR, ϕ0), ∀R > 0. The general

case follows easily by standard arguments. Suppose also that the regularized boundary potentials

verify lim supk→+∞ ‖ϕ0k‖L∞(Rt;H1/2(∂Ω)) ≤ ‖ϕ0‖L∞(Rt;H1/2(∂Ω)). For S > 0, η ∈ C([0, T ]), η ≥ 0
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we have by Proposition 4.8 :

∫ T

0

∫

Ω

∫

RN
p

η(t)(1 + E(p))1{|p|<S}f dtdxdp +
∫ T

0

∫

Ω

η(t)|∇xΦ|2(t, x) dtdx

≤ lim
k→+∞

∫ T

0

∫

Ω

∫

RN
p

η(t)(1 + Ek(p))1{|p|<S}fk dtdxdp + lim inf
k→+∞

∫ T

0

∫

Ω

η(t)|∇xΦk|2(t, x) dtdx

=lim inf
k→+∞

(∫ T

0

∫

Ω

∫

RN
p

η(t)(1 + Ek(p))1{|p|<S}fk dtdxdp +
∫ T

0

∫

Ω

η(t)|∇xΦk|2(t, x) dtdx

)

≤lim inf
k→+∞

(
C1(Ω, ‖gR‖∞, ‖ϕ0k‖∞)(Fk(W0k) + ‖ϕ0k‖2L∞(Rt;H1/2(∂Ω)))

) ∫ T

0

η(t)dt

≤C1(Ω, ‖g‖∞, ‖ϕ0‖∞)(F (W0) + ‖ϕ0‖2L∞(Rt;H1/2(∂Ω)))
∫ T

0

η(t)dt,

and thus we deduce that :

∫

Ω

∫

RN
p

(1 + E(p))1{|p|<S}f(t, x, p) dxdp+
∫

Ω

|∇xΦ|2(t, x) dx

≤C1(Ω, ‖g‖∞, ‖ϕ0‖∞)(F (W0) + ‖ϕ0‖2L∞(Rt;H1/2(∂Ω))).

Our statement follows by letting S → +∞.

6. The Vlasov-Poisson system with specular boundary condition.

In this section we analyze the time periodic Vlasov-Poisson system with the boundary condition :

f(t, x, p) = g(t, x, p) + a(t, x, p)f(t, x, R(x)p), (t, x, p) ∈ Rt × Σ−, (6.1)

where R(x) : RN
p → RN

p , R(x)p = p − 2(p · n(x))n(x), ∀ (x, p) ∈ Σ and a is a T periodic function

satisfying 0 ≤ a(t, x, p) ≤ a0 < 1, ∀ (t, x, p) ∈ Rt × Σ−. Let us give the exact definition for T

periodic weak solution for the Vlasov problem in this case. For this we introduce the space of test

functions :

T spec
w ={ϕ ∈ C1(Rt × Ω× RN

p )|ϕ(·+ T ) = ϕ(·), ϕ(t, x, Rp) = a(t, x, p)ϕ(t, x, p), ∀(t, x, p) ∈ Rt × Σ−,

∃R > 0 : ϕ = ϕ · 1{|p|≤R}}. (6.2)

Definition 6.1. Assume that E, g are T periodic such that E ∈ L∞(Rt × Ω)N and (v(p) ·
n(x))g ∈ L1

loc(Rt × Σ−). We say that f ∈ L1
loc(Rt × Ω × RN

p ) is T periodic weak solution for the

Vlasov equation (2.3) with the boundary condition (6.1) iff for all test function ϕ ∈ T spec
w we have :

∫ T

0

∫

Ω

∫

RN
p

f(t, x, p)(−αϕ+∂tϕ+v(p) ·∇xϕ+qE(t, x) ·∇pϕ) dtdxdp =
∫ T

0

∫

Σ−
(v(p) ·n(x))gϕ dtdσdp.
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Proposition 6.2. Assume that α > 0, 0 ≤ a(t, x, p) ≤ a0 < 1, ∀(t, x, p) ∈ Rt × Σ−,

E ∈ L∞(Rt × Ω)N , g ∈ L∞(Rt×Σ−) and a are T periodic. Then there is a T periodic weak solution

for the problem (2.3), (6.1) which verifies ‖f‖∞ ≤ ‖g‖∞/(1 − a0). Moreover f has traces γ±f ∈
L∞(Rt×Σ±), ‖γ±f‖∞ ≤ ‖g‖∞/(1−a0), γ−f(t, x, p) = g(t, x, p)+a(t, x, p)γ+f(t, x, Rp), ∀ (t, x, p)

∈ Rt × Σ−, such that the following Green formula holds for all function ϕ ∈ C1(Rt × Ω× RN
p ), T

periodic with compact support in momentum :

−
∫ T

0

∫

Ω

∫

RN
p

f(−αϕ+∂tϕ + v(p) · ∇xϕ + qE(t, x) · ∇pϕ) dtdxdp +
∫ T

0

∫

Σ−
(v(p) · n(x))gϕ dtdσdp

=−
∫ T

0

∫

Σ−
(v(p) · n(x))γ+f(t, x,Rp)(a(t, x, p) · ϕ(t, x, p)− ϕ(t, x, Rp)) dtdσdp.

Proof. Consider the sequence (fk)k≥0 of T periodic weak solutions for :

αf0 + ∂tf0 + v(p) · ∇xf0 + qE · ∇pf0 = 0, (t, x, p) ∈ Rt × Ω× RN
p ,

f0(t, x, p) = g(t, x, p), (t, x, p) ∈ Rt × Σ−,

and for k ≥ 1 :

αfk + ∂tfk + v(p) · ∇xfk + qE · ∇pfk = 0, (t, x, p) ∈ Rt × Ω× RN
p ,

fk(t, x, p) = g(t, x, p) + a(t, x, p) · γ+fk−1(t, x, Rp), (t, x, p) ∈ Rt × Σ−.

It is easy to show that (fk)k, (γ±fk)k converge in L∞(Rt ×Ω×RN
p ) respectively L∞(Rt ×Σ±) to

f, γ±f which is a T periodic weak solution for the Vlasov problem with the boundary condition

(6.1).

Remark 6.3. Assume that E, g, a are T periodic such that E ∈ L∞(Rt; W 1,∞(Ω))N , 0 ≤
a(t, x, p) ≤ a0 < 1, ∀(t, x, p) ∈ Rt × Σ−, g ∈ L∞(Rt × Σ−). Then the perturbed Vlasov problem

(2.3), (6.1) has a unique T periodic bounded weak solution.

Proof. Assume that f1,2 ∈ L∞(Rt × Ω × RN
p ) are T periodic weak solutions for the problem

(2.3), (6.1). Denote by f the difference f = f1 − f2. We have ∂tf + v(p) · ∇xf + F (t, x) · ∇pf =

−αf ∈ L∞(Rt ×Ω×RN
p ) and γ−f(t, x, p) = a(t, x, p)γ+f(t, x, Rp), (t, x, p) ∈ Rt ×Σ−. Therefore

(cf. [5], [15]) we obtain :

1
2
· (∂tf

2 + v(p) · ∇xf2 + F · ∇pf
2) = −αf2.

After integration on ]0, T [×Ω× RN
p we deduce that :

α

∫ T

0

∫

Ω

∫

RN
p

f2(t, x, p) dtdxdp +
1
2

∫ T

0

∫

Σ+
(v(p) · n(x))(1− a2(t, x,Rp))(γ+f)2(t, x, p) dtdσdp = 0.
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Since α > 0 and 1−a2(t, x,Rp) ≥ 1−a2
0 > 0, ∀(t, x, p) ∈ Rt×Σ+ we deduce that f = 0, γ±f = 0.

The existence of T periodic solution for the Vlasov-Poisson system with boundary condition (6.1)

follows by the same method as previous, with minor changes. At the beginning we assume that g

and a has compact support in momentum. We start by analyzing the perturbed Vlasov problem :

αf + ∂tf + vδ(p) · ∇xf + qE · ∇pf = 0, (t, x, p) ∈ Rt × Ω× RN
p ,

γ−f(t, x, p) = g(t, x, p) + a(t, x, p)γ+f(t, x, Rp), (t, x, p) ∈ Rt × Σ−.

Note that if E ∈ L∞(Rt; W 1,∞(Ω))N , g = g · 1{|p|≤R}, a = a · 1{|p|≤R}, then γ−f = γ−f · 1{|p|≤R},

f = f · 1{|p|≤R+2Dδ}, γ+f = γ+f · 1{|p|≤R+2Dδ}, with Dδ =
(

3(λ+1)·diam(Ω)·|q|·‖E‖∞
Cδ·(1−2−(λ+1))

) 1
λ+1

. Indeed,

it is sufficient to observe that the sequence (fk)k≥0 constructed in the proof of Proposition 6.2

verifies γ−fk = γ−fk · 1{|p|≤R}, fk = fk · 1{|p|≤R+2Dδ}, γ+fk = γ+fk · 1{|p|≤R+2Dδ},∀k ≥ 0. The

existence for the regularized Vlasov-Poisson system (3.1), (6.1), (1.6), (1.7) is obtained by using the

Schauder fixed point theorem, as before. The passing to the limit for ε ↘ 0 follows in the same

manner and therefore we deduce the existence of T periodic solution for (3.3), (6.1), (1.6), (1.7).

The a priori estimates follow by similar computations. For example, by using equality (4.2) we

find :

α

∫ T

0

∫

Ω

∫

RN
p

f(t, x, p) dtdxdp+
∫ T

0

∫

Σ+
(vδ(p) · n(x))γ+f dtdσdp=−

∫ T

0

∫

Σ−
(vδ(p) · n(x))g dtdσdp

−
∫ T

0

∫

Σ−
(vδ(p) · n(x))a(t, x, p)γ+f(t, x, Rp) dtdσdp,

and after using the boundary condition (6.1) we deduce that :

α

∫ T

0

∫

Ω

∫

RN
p

f dtdxdp+
∫ T

0

∫

Σ+
(vδ(p) · n(x))(1− a(Rp))γ+f dtdσdp = −

∫ T

0

∫

Σ−
(vδ(p) · n(x))g dtdσdp.

Since a(t, x, p) ≤ a0 < 1, ∀(t, x, p) ∈ Rt × Σ−, one gets :
∫ T

0

∫

Σ±
|(vδ(p) · n(x))|γ±f(t, x, p) dtdσdp ≤ 1

1− a0

∫ T

0

∫

Σ−
|(vδ(p) · n(x))|g(t, x, p) dtdσdp.

Similarly, by using equality (4.15) we deduce that :
∫ T

0

∫

Σ+
(vδ(p) · n(x))(1−a(Rp))(Eδ(p) + q · ϕ0(t, x))γ+f dtdσdp ≤ ε0

∫ T

0

∫

∂Ω

∂nΦ(αϕ0(t, x)− ∂tϕ0) dtdσ

−
∫ T

0

∫

Σ−
(vδ(p) · n(x))(Eδ(p) + q · ϕ0(t, x))g dtdσdp,

which implies that :

(1− a0)
∫ T

0

∫

Σ±
|(vδ(p) · n(x))|Eδ(p)γ±f dtdσdp≤ε0‖∂nΦ‖L2(α ‖ϕ0‖L2 + ‖∂tϕ0‖L2)

−
∫ T

0

∫

Σ−
(vδ(p) · n(x))

(
Eδ(p) +

(
1 +

1
1− a0

)
|q| ‖ϕ0‖∞

)
g dtdσdp.
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From this point the computations follow exactly as in the case of absorbing boundary conditions.

Finally we obtain the existence result :

Theorem 6.4. Consider an open bounded set Ω of RN
x , N ≥ 2 with the boundary strictly star-

shaped with respect to some point of Ω. Assume that (g ≥ 0, ϕ0) ∈ L∞(Rt × Σ−)× L∞(Rt × ∂Ω)

are T periodic, such that :

W0 =
∫ T

0

∫

Σ−
|(v(p)·n(x))|(1+E(p))g(t, x, p) dtdσdp+‖ϕ0‖2L2(]0,T [;H1(∂Ω))+‖∂tϕ0‖2L2(]0,T [×∂Ω) < ∞.

Then there is a T periodic weak solution (f, Φ) ∈ L∞(Rt×Ω×RN
p )×L2(]0, T [;H1(Ω))for the Vlasov-

Poisson system (2.1), (1.6), (6.1), (1.7) (classical or relativistic case) with traces (γ±f, ∂nΦ) ∈
L∞(Rt × Σ±)× L2(]0, T [×∂Ω), ‖f‖∞ ≤ (1− a0)−1‖g‖∞, ‖γ±f‖∞ ≤ (1− a0)−1‖g‖∞, such that :

∫ T

0

∫

Ω

∫

RN
p

f(t, x, p)(1 + E(p)) dtdxdp +
∫ T

0

∫

Ω

|∇xΦ|2(t, x) dtdx +
∫ T

0

∫

∂Ω

|∂nΦ|2(t, x) dtdσ

+
∫ T

0

∫

Σ

|(v(p) · n(x))|γf(t, x, p)(1 + E(p)) dtdσdp ≤ C(Ω, ‖g‖∞, ‖ϕ0‖∞, a0)F (W0).

Moreover the solution verifies :
∫ T

0

∫

Σ+
(1− a(t, x, Rp))(v(p) · n(x))γ+f(t, x, p) dtdσdp = −

∫ T

0

∫

Σ−
(v(p) · n(x))g(t, x, p) dtdσdp,

and :
∫ T

0

∫

Σ+
(1−a(t, x,Rp))(v(p) · n(x))(E(p) + q ϕ0(t, x))γ+f dtdσdp≤− ε0

∫ T

0

∫

∂Ω

∂nΦ ∂tϕ0 dtdσ

−
∫ T

0

∫

Σ−
(v(p) · n(x))(E(p) + q ϕ0(t, x))g dtdσdp.

Remark 6.5. All these arguments apply for the Vlasov-Poisson system with several species of

particles.

7. A priori estimates for the time periodic Vlasov-Poisson-Fokker-Planck system.

We end this paper by presenting a priori estimates for T periodic solutions for the Vlasov-

Poisson-Fokker-Planck system (classical case) obtained by formal computations (details for this

system can be found in [7], [12]). The system is given by :

∂tf+v(p)·∇xf−q∇xΦ·∇pf = σ∆pf+∇p·(βv(p)f) = ∇p·(σ∇pf+βv(p)f), (t, x, p) ∈ Rt×Ω×RN
p ,

−∆xΦ =
1
ε0

ρ, (t, x) ∈ Rt × Ω,
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with the boundary conditions f(t, x, p) = g(t, x, p), (t, x, p) ∈ Rt × Σ− and ϕ(t, x) = ϕ0(t, x),

(t, x) ∈ Rt × ∂Ω. The parameters σ, β satisfy σ > 0, β ≥ 0. We suppose that g ∈ L∞(Rt × Σ−),

g ≥ 0 such that
∫ T

0

∫
Σ− |(v(p) · n(x))|g(t, x, p)E(p) dtdσdp < +∞ and in order to simplify we take

ϕ0 = 0. Suppose that (f, Φ) is a regular T periodic solution. Multiplying the Vlasov equation by

1 yields after integration :

∫ T

0

∫

Σ+
(v(p) · n(x))γ+f dtdσdp = −

∫ T

0

∫

Σ−
(v(p) · n(x))g dtdσdp. (7.1)

After multiplication by E(p) + q · Φ(t, x) we obtain :

∫ T

0

∫

Σ+
(v(p) · n(x))γ+fE(p) dtdσdp =

∫ T

0

∫

Ω

∫

RN
p

qf(t, x, p)∂tΦ dtdxdp

−
∫ T

0

∫

Ω

∫

RN
p

(σ∇pf + βv(p)f) · v(p) dtdxdp−
∫ T

0

∫

Σ−
(v(p) · n(x))E(p)g dtdσdp,

and thus, since
∫ T

0

∫
Ω

ρ∂tΦ dtdx = −ε0

∫ T

0

∫
Ω

∆xΦ∂tΦ dtdx = ε0
2

∫ T

0
d
dt

(∫
Ω
|∇xΦ|2 dx

)
dt = 0 and

∇p · v(p) = N
m , we deduce that :

β

∫ T

0

∫

Ω

∫

RN
p

f(t, x, p)|v(p)|2 dtdxdp +
∫ T

0

∫

Σ+
(v(p) · n(x))γ+f(t, x, p)E(p) dtdσdp =

−
∫ T

0

∫

Σ−
(v(p) · n(x))g(t, x, p)E(p) dtdσdp + σ

∫ T

0

∫

Ω

∫

RN
p

f(t, x, p)∇p · v(p) dtdxdp

=−
∫ T

0

∫

Σ−
(v(p) · n(x))g(t, x, p)E(p) dtdσdp +

N

m
σ

∫ T

0

∫

Ω

∫

RN
p

f(t, x, p) dtdxdp. (7.2)

After multiplication by (p · x) one gets :

∫ T

0

∫

Σ

(v(p) · n(x))γf(t, x, p)(p · x) dtdσdp=
∫ T

0

∫

Ω

∫

RN
p

f(t, x, p)((v(p) · p) + qE(t, x) · x) dtdxdp

−
∫ T

0

∫

Ω

∫

RN
p

(σ∇pf + βf(t, x, p)v(p)) · x dtdxdp,

and thus :

∫ T

0

∫

Ω

∫

RN
p

f(t, x, p)(v(p) · p) dtdxdp + ε0

∫ T

0

∫

Ω

N∑

i=1




N∑

j=1

∂

∂xj
(EiEj)− 1

2
∂

∂xi
|E|2


 xi dtdx

=
∫ T

0

∫

Σ

(v(p) · n(x))γf(p · x) dtdσdp + β

∫ T

0

∫

Ω

∫

RN
p

f(t, x, p)(v(p) · x) dtdxdp. (7.3)

As before if Ω is bounded, Ω ⊂ B(0, R), and ∂Ω is strictly star-shaped with respect to 0 ∈ Ω, since
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(v(p) · p) ≥ E(p) we have by (7.3), (7.2), (7.1) :

∫ T

0

∫

Ω

∫

RN
p

f(t, x, p)E(p) dtdxdp +
ε0 · r

2

∫ T

0

∫

∂Ω

|∂nΦ|2 dtdσ + ε0

(
N

2
− 1

) ∫ T

0

∫

Ω

|∇xΦ|2 dtdx

≤CR

∫ T

0

∫

Σ−
|(v(p) · n(x))|g(1 + E(p)) dtdσdp + CR

∫ T

0

∫

Σ+
(v(p) · n(x))γ+f(1 + E(p)) dtdσdp

+βR

∫ T

0

∫

Ω

∫

RN
p

f(t, x, p)(1 + |v(p)|2) dtdxdp,

≤(2CR + R)
∫ T

0

∫

Σ−
|(v(p) · n(x))|(1 + E(p))g dtdσdp +

(
CR

N

m
σ + βR + R

N

m
σ

) ∫ T

0

∫

Ω

∫

RN
p

f.

We have obtained :
∫ T

0

∫

Ω

∫

RN
p

(1 + E(p))f dtdxdp + ε0

(
N

2
− 1

) ∫ T

0

∫

Ω

|∇xΦ|2 dtdx +
ε0 · r

2

∫ T

0

∫

∂Ω

|∂nΦ|2 dtdσ

+
∫ T

0

∫

Σ+
(v(p) · n(x))(1 + E(p))γ+f dtdσdp

≤C1

∫ T

0

∫

Σ−
|(v(p) · n(x))|(1 + E(p))g dtdσdp + C2

∫ T

0

∫

Ω

∫

RN
p

f dtdxdp, (7.4)

where C1 = 2CR + R + 1, C2 = N
mσ(CR + R + 1) + βR + 1. If C3 is a constant such that

1 + E(p) ≥ C3|p|, ∀p ∈ RN
p , we have :

∫ T

0

∫

Ω

∫

RN
p

f dtdxdp=
∫ T

0

∫

Ω

∫

RN
p

f · 1{|p|≤R1} dtdxdp +
∫ T

0

∫

Ω

∫

RN
p

f · 1{|p|>R1} dtdxdp

≤‖g‖∞T ·meas(Ω) ·RN
1 ·meas(BRN

p
(0, 1)) +

1
R1

∫ T

0

∫

Ω

∫

RN
p

|p|f dtdxdp

≤‖g‖∞T ·meas(Ω) ·RN
1 ·meas(BRN

p
(0, 1)) +

1
C3R1

∫ T

0

∫

Ω

∫

RN
p

(1 + E(p))f dtdxdp.

By taking R1 large enough (such that C2
C3·R1

< 1), from (7.4) we deduce that :

(1− C2

C3R1
)

∫ T

0

∫

Ω

∫

RN
p

(1 + E(p))f dtdxdp + ε0

(
N

2
− 1

) ∫ T

0

∫

Ω

|∇xΦ|2 dtdx +
ε0r

2

∫ T

0

∫

∂Ω

|∂nΦ|2 dtdσ

+
∫ T

0

∫

Σ+
(v(p) · n(x))(1 + E(p))γ+f dtdσdp

≤C1

∫ T

0

∫

Σ−
|(v(p) · n(x))|(1 + E(p))g dtdσdp + C2T ·meas(Ω)RN

1 meas(BRN
p

(0, 1))‖g‖∞,

which gives uniform estimates for the kinetic energy, the outgoing kinetic energy and the normal

trace of the electric field, when N ≥ 2 and also for the electric energy if N > 2. The case N = 2

can be analyzed as well as it was done in the proof of Proposition 4.7. Notice also that these

estimates are uniform with respect to β ∈ [0, β0], ∀ β0 ≥ 0. In particular we can take β = 0.
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8. Appendix.

We detail here the proof of the momentum change lemma

Proof. (of Lemma 2.9) (1) We have P (s) = P (t) +
∫ s

t
q ·E(τ, X(τ))dτ, ∀sin ≤ s ≤ sout, which

implies that |P (s)| ≥ |P (t)| − |q| · |s − t| · ‖E‖∞, ∀sin ≤ s ≤ sout. Consider r1 = max{sin, t −
|P (t)|

2|q|·‖E‖∞ }, r2 = min{sout, t + |P (t)|
2|q|·‖E‖∞ }. By using the monotonicity of w we deduce that :

w(|P (s)|) ≥ w(|P (t)| − |q| · |s− t| · ‖E‖∞), ∀r1 ≤ s ≤ r2.

Notice that we have :
(

P (s)
|P (s)| ,

P (t)
|P (t)|

)
=

1
|P (s)| ·

(
P (s),

P (t)
|P (t)|

)
≥ |P (t)| − |q| · |s− t| · ‖E‖∞
|P (t)|+ |q| · |s− t| · ‖E‖∞ ≥ 1

3
, r1 ≤ s ≤ r2.

By combining with the equation dX
ds = v(P (s)) we find that :

(
P (t)
|P (t)| ,

dX

ds

)
=

(
P (t)
|P (t)| ,

P (s)
|P (s)|

)
w(|P (s)|)

≥1
3
· w(|P (t)| − |q| · |s− t| · ‖E‖∞), r1 ≤ s ≤ r2. (8.1)

After integration of (8.1) we deduce that :

diam(Ω)≥
∣∣∣∣
(

P (t)
|P (t)| , X(s)−X(t)

)∣∣∣∣ =
∣∣∣∣
∫ s

t

(
P (t)
|P (t)| , v(P (τ))

)
dτ

∣∣∣∣

≥1
3
·
∣∣∣∣
∫ s

t

w(|P (t)| − |q| · |τ − t| · ‖E‖∞)dτ

∣∣∣∣

=
1

3 · |q| · ‖E‖∞

∫
w(u) · 1{|P (t)|−|q|·|s−t|·‖E‖∞<u<|P (t)|}du, r1 ≤ s ≤ r2.

Suppose now that sout ≥ t + |P (t)|
2|q|·‖E‖∞ or sin ≤ t− |P (t)|

2|q|·‖E‖∞ . Thus we can take s = t + |P (t)|
2|q|·‖E‖∞

or s = t− |P (t)|
2|q|·‖E‖∞ in the previous inequality and we obtain :

diam(Ω) ≥ 1
3|q| · ‖E‖∞

∫ |P (t)|

|P (t)|/2

C · uλdu =
C · |P (t)|λ+1 · (1− 2−(λ+1))

3|q| · ‖E‖∞ · (λ + 1)
.

We deduce that |P (t)| ≤ D which contradicts our hypothesis. Therefore we must have r1 = sin,

r2 = sout. In particular we have :

3 · diam(Ω) · |q| · ‖E‖∞≥
∫

C · uλ · 1{|P (t)|−|q|·|s−t|·‖E‖∞<u<|P (t)|}du

=
C

λ + 1
(|P (t)|λ+1 − (|P (t)| − |q| · |s− t| · ‖E‖∞)λ+1

)
, ∀sin ≤ s ≤ sout,

saying that F (s) ≥ 0, ∀sin ≤ s ≤ sout with F : [t− |P (t)|
|q|·‖E‖∞ , t + |P (t)|

|q|·‖E‖∞ ] → R given by :

F (s) = (|P (t)| − |q| · |s− t| · ‖E‖∞)λ+1 − |P (t)|λ+1 +
3 · (λ + 1) · diam(Ω) · |q| · ‖E‖∞

C
.

We observe that F is strictly increasing on [t− |P (t)|
|q|·‖E‖∞ , t] and strictly decreasing on [t, t+ |P (t)|

|q|·‖E‖∞ ]

and that F (t) > 0. Moreover, by the hypothesis we have F (t ± |P (t)|
2|q|·‖E‖∞ ) < 0 and thus there is
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a unique root u1 for F on the interval [t − |P (t)|
|q|·‖E‖∞ , t] and a unique root u2 for F on the interval

[t, t + |P (t)|
|q|·‖E‖∞ ]. We have the inequalities :

t− |P (t)|
2|q| · ‖E‖∞ < u1 ≤ sin ≤ t ≤ sout ≤ u2 < t +

|P (t)|
2|q| · ‖E‖∞ .

Indeed, if sin < u1 we can take s1 ∈]sin, u1[ with F (s1) < F (u1) = 0 (F is strictly increasing on

[t− |P (t)|
|q|·‖E‖∞ , t] ) which is in contradiction with F (s) ≥ 0, ∀sin ≤ s ≤ sout. Similarly we prove that

sout ≤ u2. Now we only need to estimate the roots u1,2. We have :

|P (t)|λ+1 − (|P (t)| − |q| · |ui − t| · ‖E‖∞)λ+1 =
3(λ + 1) · diam(Ω) · |q| · ‖E‖∞

C
.

By using the inequality xα − yα ≥ xα−1(x − y), ∀x ≥ y > 0,∀α ≥ 1 with x = |P (t)|, y =

|P (t)| − |q| · |ui − t| · ‖E‖∞, α = λ + 1, we find that |ui − t| ≤ 3(λ + 1) · diam(Ω)/(C · |P (t)|λ) and

therefore one gets :

max{t− sin, sout − t} ≤ max{t− u1, u2 − t} ≤ 3(λ + 1) · diam(Ω)
C · |P (t)|λ ,

and also :

sout − sin ≤ 6(λ + 1) · diam(Ω)
C · |P (t)|λ .

By direct computation we find for sin ≤ s ≤ sout that :

|P (s)− P (t)|≤|q| · ‖E‖∞ · |s− t| ≤ |q| · ‖E‖∞ · 3(λ + 1) · diam(Ω)
C · |P (t)|λ ≤ Dλ+1

|P (t)|λ ≤ D.

(2) If |P (si)| ≤ D for i = 1, 2, then we have |P (s1)−P (s2)| ≤ 2D. If |P (s1)| > D we can apply the

previous point with t = s1 and we deduce that |P (s1)− P (s2)| ≤ D ≤ 2D, ∀sin ≤ s1 ≤ s2 ≤ sout.

If |P (s2)| > D we apply the previous point with t = s2.

We justify now the boundedness of the total energy, uniformly with respect to the time.

Proof. (of Proposition 4.8) Indeed, by Proposition 4.7 we deduce that there is t0 ∈]0, T [ such

that :
∫

Ω

∫

RN
p

f(t0, x, p)(1+Eδ(p)) dxdp +
∫

Ω

|∇xΦ|2(t0, x) dx ≤ 1
T

∫ T

0

∫

Ω

∫

RN
p

(1 + Eδ(p))f dtdxdp

+
1
T

∫ T

0

∫

Ω

|∇xΦ|2 dtdx ≤ C · Fα,δ(W0). (8.2)

Now, by using (4.1), after integration on ]t0, t[ with t0 ≤ t ≤ t0 + T we deduce that :

α

∫ t

t0

ds

∫

Ω

∫

RN
p

f(s, x, p) dxdp+
∫

Ω

∫

RN
p

f(t, x, p) dxdp +
∫ t

t0

ds

∫

Σ+
(vδ(p) · n(x))γ+f dσdp

=
∫

Ω

∫

RN
p

f(t0, x, p) dxdp−
∫ t

t0

ds

∫

Σ−
(vδ(p) · n(x))g(s, x, p) dσdp,
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and thus, by periodicity we obtain for all t ∈ Rt :
∫

Ω

∫

RN
p

f(t, x, p) dxdp≤
∫

Ω

∫

RN
p

f(t0, x, p) dxdp +
∫ T

0

∫

Σ−
|(vδ(p) · n(x))|g dtdσdp

≤C · Fα,δ(W0) +
∫ T

0

∫

Σ−
|(vδ(p) · n(x))|g dtdσdp.

Observe that for any t ∈ Rt we have :

∣∣∣∣
∫

Ω

ρ(t, x)Φ0(t, x) dx

∣∣∣∣=
∣∣∣∣∣
∫

Ω

∫

RN
p

qf(t, x, p)Φ0(t, x) dxdp

∣∣∣∣∣ ≤
∫

Ω

∫

RN
p

f(t, x, p) · |q| · |Φ0(t, x)| dxdp

≤|q| · ‖ϕ0‖∞
∫

Ω

∫

RN
p

f(t, x, p) dxdp ≤ |q| · ‖ϕ0‖∞(C · Fα,δ(W0)

+
∫ T

0

∫

Σ−
|(vδ(p) · n(x))|g dtdσdp). (8.3)

Note also that :
∫

Ω

ρ(t, x)Φ(t, x) dx=
∫

Ω

ρ(t, x)Φ0(t, x) dx +
∫

Ω

ρ(t, x)Φs(t, x) dx

=
∫

Ω

ρ(t, x)Φ0(t, x) dx + ε0

∫

Ω

|∇xΦs|2(t, x) dx. (8.4)

From (4.12) we deduce that :

α

∫

Ω

∫

RN
p

f(t, x, p) · Eδ(p) dxdp + α

∫

Ω

ρ(t, x)Φ(t, x) dx +
d

dt

∫

Ω

∫

RN
p

f(t, x, p)Eδ(p) dxdp (8.5)

+
d

dt

∫

Ω

ρ(t, x)Φ(t, x) dx +
∫

Σ+
(vδ(p) · n(x))γ+f(Eδ(p) + q · ϕ0(t, x)) dσdp

=−
∫

Σ−
(vδ(p) · n(x))g(t, x, p)(Eδ(p) + q · ϕ0(t, x)) dσdp +

∫

Ω

ρ(t, x)∂tΦ dx.

After integration on ]t0, t[ with t ∈]t0, t0 + T [, by using (4.13), (4.14), (8.4) we obtain :

α

∫ t

t0

ds

∫

Ω

∫

RN
p

f(s, x, p) · Eδ(p) dxdp + α · ε0

∫ t

t0

ds

∫

Ω

|∇xΦ|2 dx− α · ε0

∫ t

t0

ds

∫

∂Ω

∂nΦ · ϕ0(s, x) dσ

+
∫

Ω

∫

RN
p

f(s, x, p)Eδ(p) dxdp|s=t
s=t0 +

∫

Ω

ρ(s, x)Φ0(s, x) dx|s=t
s=t0 + ε0

∫

Ω

|∇xΦs|2(s, x) dx|s=t
s=t0

+
∫ t

t0

ds

∫

Σ+
(vδ(p) · n(x))(Eδ(p) + q · ϕ0(s, x))γ+f dσdp

=−
∫ t

t0

ds

∫

Σ−
(vδ(p) · n(x))(Eδ(p) + q · ϕ0(s, x))g dσdp +

ε0

2

∫

Ω

|∇xΦ|2(s, x) dx|s=t
s=t0

−ε0

∫ t

t0

ds

∫

∂Ω

∂nΦ · ∂tϕ0 dσ. (8.6)

Let us analyze each term in the previous equality. We have α
∫ t

t0
ds

∫
Ω

∫
RN

p
f(s)Eδ(p) dxdp ≥ 0 and

also α · ε0

∫ t

t0
ds

∫
Ω
|∇xΦ|2(s, x) dx ≥ 0. For the third term we write :

∣∣∣∣α · ε0

∫ t

t0

ds

∫

∂Ω

∂nΦ · ϕ0 dσ

∣∣∣∣ ≤ α · ε0‖∂nΦ‖L2(]0,T [×∂Ω) · ‖ϕ0‖L2(]0,T [×∂Ω).
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By using (8.3) we have :

∣∣∣∣
∫

Ω

ρ(s, x)Φ0(s, x) dx|s=t
s=t0

∣∣∣∣ ≤ 2|q| · ‖ϕ0‖∞
(

C · Fα,δ(W0) +
∫ T

0

∫

Σ−
|(vδ(p) · n(x))|g dtdσdp

)
.

We can write :

ε0

∫

Ω

|∇xΦs|2 dx−ε0

2

∫

Ω

|∇xΦ|2 dx ≥ ε0

(‖∇xΦ(t)‖L2(Ω) − ‖∇xΦ0(t)‖L2(Ω)

)2 − ε0

2
‖∇xΦ(t)‖2L2(Ω)

=
ε0

2
(‖∇xΦ(t)‖L2(Ω) − 2‖∇xΦ0(t)‖L2(Ω)

)2 − ε0‖∇xΦ0(t)‖2L2(Ω),

and also :

ε0

∫

Ω

|∇xΦs|2(t0, x) dx− ε0

2

∫

Ω

|∇xΦ|2(t0, x) dx ≤ 2ε0

(
‖∇xΦ(t0)‖2L2(Ω) + ‖∇xΦ0(t0)‖2L2(Ω)

)
.

For the last term in (8.6) we write :
∣∣∣∣ε0

∫ t

t0

ds

∫

∂Ω

∂nΦ · ∂tϕ0 dσ

∣∣∣∣ ≤ ε0‖∂nΦ‖L2(]0,T [×∂Ω) · ‖∂tϕ0‖L2(]0,T [×∂Ω).

By using all these computations, the equality (8.6) implies :
∫

Ω

∫

RN
p

f(t, x, p)Eδ(p) dxdp +
ε0

2
(‖∇xΦ(t)‖L2 − 2 · ‖∇xΦ0(t)‖L2)2 ≤

∫

Ω

∫

RN
p

f(t0, x, p)Eδ(p) dxdp

+2ε0

(‖∇xΦ(t0)‖2L2 + ‖∇xΦ0(t0)‖2L2

)
+ α · ε0‖∂nΦ‖L2(]0,T [×∂Ω) · ‖ϕ0‖L2(]0,T [×∂Ω)

+2|q| · ‖ϕ0‖∞
(

C · Fα,δ(W0) +
∫ T

0

∫

Σ−
|(vδ(p) · n(x))|g dtdσdp

)
+ ε0‖∇xΦ0(t)‖2L2(Ω)

+
∫ T

0

∫

Σ−
|(vδ(p) · n(x))|(Eδ(p) + 2 · |q| · ‖ϕ0‖∞)g dtdσdp

+ε0‖∂nΦ‖L2(]0,T [×∂Ω) · ‖∂tϕ0‖L2(]0,T [×∂Ω).

Finally, by using that ‖Φ0‖L∞(Rt;H1(Ω)) ≤ C(Ω) · ‖ϕ0‖L∞(Rt;H1/2(∂Ω)), the inequality (8.2) and

Lemma 4.7, we deduce that the total energy is uniformly bounded (for α > 0 small enough) with

respect to t ∈ Rt :
∫

Ω

∫

RN
p

f(t, x, p)(1+Eδ(p)) dxdp +
∫

Ω

|∇xΦ|2(t, x) dx

≤C1(Ω, ‖g‖∞, ‖ϕ0‖∞) ·
(
Fα,δ(W0) + ‖ϕ0‖2L∞(Rt;H1/2(∂Ω))

)
.
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[3] Aubin J.-P. Un théorème de compacité, C. R. Acad. Sci. Paris, Ser. I Math., 256(1963) 5042-5044.

[4] Batt J. Global symmetric solutions of the initial value problem of stellar dynamics, J. Differential Equations,

25(1977) 342-364.

[5] Bardos C. Problèmes aux limites pour les équations aux dérivées partielles du premier ordre, Ann. Sci. Ecole

Norm. Sup., 3(1969) 185-233.

[6] Bardos C., Degond P. Global existence for the Vlasov-Poisson equation in three space variables with small

initial data, Ann. Inst. H. Poincaré, Anal. Nonlin. 2(1985) 101-118.
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