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Abstract

We study a stationary 1 D Vlasov-Maxwell system which describes the
laser-plasma interaction. Three cases are analyzed : the classical case, the
quasi-relativistic case and the relativistic case. We prove the existence of
stationary solution and we establish estimates for the charge and current

densities.
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1 Introduction

We consider a population of relativistic electrons with mass m > 0 and charge

—e < 0. We denote by £(p), v(p) = V,E(p) the kinetic energy and the velocity
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associated to a given momentum p € R3

p? p
E(p) = me’ ( - 1) ) = ——
my/1+ 125

where ¢ is the speed of light. The electrons move under the action of an electro-
magnetic field verifying the Maxwell equations and their distribution function F' =
F(t,z,p) satisfies the Vlasov equation. Recently a reduced 1D Vlasov-Maxwell sys-
tem was introduced for studying laser-plasma interactions. This model was studied
by Carrillo and Labrunie [5]. We distinguish three cases : the nonrelativistic model
NR, the quasi-relativistic model QR and the original fully relativistic model FR.

After introducing dimensionless unknowns and variables we obtain (see [5] for more

details)
of+ Lo, f— (E(t,:v) + A(t’@axA) a,f =0, (1)
2! 2
6152‘4 - agA = Py (t> $)A(t, 1’), (2)
atE7 = j(twr)? (3)
OB = peai(z) — p(t, 2), (4)

where {p, py,,7}H(t, ) = fR{l,%,%}f(t,x,p) dp, v1 = 72 = 1 in the NR case,
71 = (14 |p|>)"/2, 45 = 1 in the QR case and v, = 75 = (1 + |p|*> + |A(t, 2)|*)"/? in
the FR case. Here pe,: is the density of a background population of ions which are

supposed at rest. We supplement these equations with initial conditions
f(07x7p) = fO(xvp)’ (I,p) € RQ? (E7A7atA>(07x) = <E07A07A1)(I)7 r € R. (5)

In [5] the authors investigated the existence of space periodic solutions and free-
space solutions for the system (1), (2), (3), (4), (5). They studied the existence and
uniqueness of weak solution in the NR and QR cases. The FR case is more delicate.
In this article we concentrate our attention on the stationary solutions of the system
(1), (2), (4) on the slab 0, 1] with boundary conditions. The same method applies
for the NR, QR and FR cases. We use the Schauder fixed point theorem. One of



the key points is to obtain estimates for the charge and current densities. Our main

result is

Theorem 1.1 Assume that gy € L'(]0, +oc[) N L>(]0, +o0[), g1 € L'(] — 00,0[) N
L>(] —00,0[), 90,91 > 0, pear € L>(]0,1]), peat > 0, @0, ¥1, Ao, A1 € R. Then, there
is a stationary solution (f > 0, E, A) € L'(]0, 1[xR)NL>(]0, 1[xR) x W>(]0, 1]) x
W=(10,1]) of

Lo,f (B + A )0, =0, (5.p) 0. 1[R %)
f<x207p>0):go(p)7 f(x:17p<0):gl(p)7 (7)
E'() = pearle) — pla), z €]0,1], / E(z) dz = o1 — o, (8)
_AH(:E) T P, (I)A("E) =0, E]Ov 1[7 A(O) = Ay, A(l) = A, (9)

where (p, py,) = [{1, 712 Yf(-,p) dp. Moreover p belongs to L*°(]0,1]) and we have

Sypond Cp) dp| eqory

hmRH+oo }

The considered system provides particular measure solutions for the Vlasov-Maxwell
system in a very specific geometry, but at the price of nonlinearities that look
stronger. The analysis of the Cauchy problem for the Vlasov-Maxwell system (weak
solutions or classical solutions) can be dealt with by using different methods as done
by DiPerna and Lions [6], Glassey and Schaeffer [8], Glassey and Strauss [9], Klain-
erman and Staffilani [11], Bouchut, Golse and Pallard [4]. For applications (tube
discharges, cold plasma, solar wind, satellite ionization, thruster, ...) boundary con-
ditions have to be taken into account. The Vlasov-Maxwell initial-boundary value
problem was studied by Guo [10]. The three dimensional stationary Vlasov-Maxwell
system was analyzed by Poupaud [12]. Results for the time periodic case can be
found in [3].

The paper is organized as follows. In Section 2 we recall the notion of weak and
mild solutions for the Vlasov problem and several properties of such solutions. Some

technical proofs are postponed to the Appendix. In Section 3 we construct a fixed



point application for the reduced 1 D Vlasov-Maxwell system and the existence of
weak solution follows by Schauder fixed point theorem. We investigate also the

propagation of the impulsion moments.

2 The Vlasov problem

In this section we assume that the fields F = F(z), A = A(x) are given and we
introduce the notions of mild solution (or solution by characteristics) and weak

solution for the stationary Vlasov equation

ﬁazf - (E(m) + MA’(x)) Opf =0, (x,p) €]0,1[xR, (10)
T V2
with the boundary conditions
f(z=0,p>0)=go(p), flz=1p<0)=g(p). (11)

The study of the linear Vlasov problem is motivated by the construction of a fixed
point application at the level of the fields (E, A), see Section 3. We need to estimate
the moments of the particle distribution. The main ingredients for such computa-
tions are the conservation of the particle energy along characteristics and a technical
result on bounds for the impulsion variation along characteristics.

Assume that £ € Wh>(]0,1[), A € W?>(]0,1[) and consider the system of charac-

teristics associated to (10)

X _P() AP o ARG
B o) ds - P - T A X)), (12)

with the conditions
X(O) =, P(O) =P. (13)

Recall that 7, (s) = 72(s) = 1 in the NR case, 71(s) = (1 + |P(s)[?)2,72(s) = 1
in the QR case and 7, (s) = 7a(s) = (1 + |P(s)|2 + |A(s, X (5))[?)2 in the FR case.
Observe that in all cases, under the above regularity hypotheses for E, A, for all
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(x,p) € (]0,1[xR) U ({0} x [0, +00[) U ({1} x] — 00,0]) there is a unique solution
for (12), (13) denoted (X (s), P(s)) = (X(s;2,p), P(s;x,p)). We introduce also the
entry/exit times s;,(z,p) = inf{r <0 : X(s;z,p) €]0,1], Vs €]r,0[}, respectively
Sout(z,p) = sup{T > 0 : X(s;z,p) €]0,1], Vs €]0,7[}. The Vlasov equation
says that f is constant along characteristics, < f(X(s), P(s)) = 0 and therefore we

construct as usual the solution by characteristics.

Definition 2.1 Assume that E € Wh>(]0,1[), A € W2°°(]0,1[). The mild solution

of the stationary Viasov problem (10), (11) is given by
f(x7p> = gk(P<Sln(I7p)ax7p)) Zfszn > —0Q, X(Sln<x)p)7x7p) = ka ke {07 1}7

f(:L‘,p) =0 Zme(ZL‘,p) = —00.

When FE, A are less regular we can introduce the notion of weak solution. For this
observe that in all three cases we have div g p) (%, - <E(:1:) + %A’(m))) =0, and
therefore the Vlasov equation can be written

0, (%f) ~ 0, ((E(a;) + %A'(x)) f) —0, (z,p) €0, 1[xR.
Definition 2.2 Assume that E € L>(]0,1]), A € W'*(]0,1[), go € Li..([0, +0]), g1 €
I

loc

Viasov problem (10), (11) iff

_ /Ol/ﬂéf(g;,p) (%axgo - (E(:E) + %A’(@) apgo) dp dz

_/ ~ 9o(p) #(0,1) dp—/ £ 01(0) (1) dp, (14)

>0 p<0 71

(] = 00,0]). We say that f € Li..([0,1] X R) is a weak solution for the stationary

loc

for any test function ¢ € C1([0,1] x R) satisfying ©(0,p < 0) = p(1,p > 0) = 0.

Unfortunately in general there is no uniqueness for the weak solution because f can
take arbitrary values on the characteristics such that s;,, = —oo. Nevertheless as in
[12] we can define the minimal weak solution which coincides with the mild solution.

The key point here is the following classical comparison result (see [1], [7]).
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Proposition 2.1 Assume that E, A are smooth (for example E € W>°(]0,1[), A €
W2>(10,1[)), @ > 0, S1, 5, € L>(]0, 1[xR). Consider (fi)re1,2) two bounded weak

solutions for

a fr+ % Oufre — (E'(x) + M A’(x)) Opfi = Sk(x,p), (z,p) €]0,1[xR,

V2

satisfying f1(0,p) = f2(0,p) for any p > 0 and fi(1,p) = fa(1,p) for any p < 0. If
S1 < Sy then we have f; < fs.

Remark 2.1 The previous comparison result guarantees the uniqueness of the bounded
weak solution for the problem

A(z)

V2

af—i—ﬁﬁxf—(E(x)—l-

o A’(w)) opf =0, (z,p) €]0,1[xR, (15)

flx=0,p>0)=go(p), flx=1,p<0)=agl(p),

with o > 0. Actually this solution coincides with the solution by characteristics

f(xap) = e sin (@) gk(P(Szn(*Ta]?)amap)) Zfsin > —00, X(s’m(xvp)axap) = k? ke {07 1}7
(16)
f(x,p) =0if sin(x,p) = —o0.

Suppose that E, A are smooth (for example E € Wh>(]0,1[), A € W*>(]0,1]))
and gy € L>(]0,+0[), g1 € L*®(] — 00,0[), go,91 > 0. We construct now the
minimal weak solution for (10), (11). For any a > 0 we denote by f, the unique
bounded weak solution of (15), (11). In view of Remark 2.1 we have 0 < f, <
max{||go|| L=, [|g1]|z=}. A straightforward application of Proposition 2.1 yields f, >
fs for any 0 < a < 8. We denote f(z,p) = limoo fo(Z,p) = sup,sq falZ,p),
V (x,p) € [0,1] x R. Obviously we have 0 < f < max{]|gol|z~, ||g1]lL=} and we
check easily that f is a weak solution for (10), (11). Proposition 2.1 implies easily

Proposition 2.2 The function f satisfies the following minimality property : if h
is a bounded nonnegative weak solution of (10), (11) such that h < f, then h = f.



We call the solution f = sup,.f. the minimal solution of (10), (11). By passing to
the limit for oo\, 0 in (16) we deduce that the minimal solution coincides with the

mild solution.

2.1 Properties of the characteristics

In this section we assume that E, A are smooth such that the solutions (X (s), P(s))
of (12), (13) are well defined. An important property is that the total energy is con-
served along characteristics. As a direct consequence we obtain useful informations
about the geometry of characteristics. At the end of this paragraph we state our
technical lemma concerning the bounds of the impulsion variation along character-

istics.
Proposition 2.3 Assume that E € W'*°(]0,1[), A € W2*(]0,1[). Consider ® a

primitive of E, i.e., ® = E and denote by W the total energy

[A(z)[?
2

_[p?

W(zx,p) = 5 + + ®(z), in the NR case,

_ i, [A@) .
W(z,p) = (1+|p|*)® + 5 T ®(z), in the QR case,

W(x,p) = (1 + Ip* + \A(w)\z)% + ®(x), in the FR case.
Then for any solution (X (s), P(s)) of (12) we have

d

o W(X(s),P(s))} =0, Vsin <8< Sou-

Proof. Compute the derivative of W with respect to s and use (12). The conclusion

follows immediately in all three cases. O

We summarize below several properties of the function W.

Proposition 2.4 With the notations of Proposition 2.3 we have
1) Wz, p1) < Wiz, p2) iff [pr] < |p2| ;



2) For any € > 0 there is § = 0(¢) > 0 such that if W (x,py) — W(z,p1) > € for
some (z,p1,p2) € [0,1] x R? then |po|¥ — |p1]F > 6 with k = 2 in the NR case and
k=1 1in the QR and FR cases.

Proof. The first statement is obvious. We prove the second one. In the NR case
we have [po|? — |p1|?> > 2 & =: §(¢). In the QR and FR cases we obtain
1
p2)? > P+ +2¢e (1+ |puf* +0°)2,
where ae = 0 in the QR case and @ = A(z) in the FR case. In both cases we deduce

1
pal = Il = (I 22 (14 paf)F) "~ Il
e2+2¢(1+|p)>

_ {(<1+|p1|2>%+e)2—1}%+|p1|

2+2¢e(1+|pf?)?

> .
(1+ [p1]?)z + €+ [p]

S 2+ pP)

T e 2(1+ |pf?)?

> 5(1"“101‘2)%

e+ (1+|p[?)2

1
> 5 min{1l, e},
and therefore we can take () := 5 min{1, ¢}. O

In the following we perform a phase plane analysis. We have similar behaviors
in all three cases, due to the conservation of the total energy along characteristics.

We introduce the notations
po :=1inf{p >0 : W(0,p) > W(x,0), Vz € [0,1]}, (17)
p1:=sup{p <0 : W(l,p) >W(z,0), Vzel0,1]}. (18)
By using the continuity of W with respect to p we deduce easily that
W(0,po) > W(x,0), W(l,p)>W(z,0), Vae]l0,1].
The above definitions are motivated by the following result
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Proposition 2.5 Assume that E € W'*°(]0,1]), A € W2*°(]0, 1]).
1) For any 0 < p < pg there is xy €]0,1[, 0 < so < Sout(0,p) < +00 such that

X(s;0,p) < zo, P(s;0,p) >0, V0<s< s, li/m X(s;0,p) = xo, li/m P(s;0,p) = 0.
s /S0 S,/ 80

Moreover, if $,,(0,p) < 400 then

ou 07
S0 = #, X (5;0,p) = X (2s0—s;0,p), P(s;0,p) = —P(2s0—s;0,p), Vs € [0, 2s0).

In particular X (s,u:(0,p);0,p) = 0.

2) For any p > po we have Spu(0,p) < 400, P(s;0,p) >0, V0 < 5 < 5,,(0,p) and
X (8out(0,p);0,p) = 1.

3) For any p1 < p <0 there is x1 €]0,1[, 0 < s1 < Soue(1,p) < +00 such that

X(s;1,p) >z, P(s;1,p) <0, V0 < s < sy, li/m X(s;1,p) = x4, li/m P(s;1,p) = 0.
s,/°81 S/ 81

Moreover, if syu:(1,p) < +00 then

Sout(17p)

5 X(s;1,p) = X(281—s;1,p), P(s;1,p) = —P(2s1—s;1,p),Vs € [0,2s4].

S1 =

In particular X (spu(1,p);1,p) = 1.
4) For any p < p1 we have sy, (1,p) < +00, P(s;1,p) <0, V0 < s < sou(1,p) and
X(Sout(lap); 1ap) = O

Proof. We justify only the first two statements. The other ones follow in similar
manner.

1) Assume that py > 0 and consider p €]0, py[. By the definition of py we deduce that
there is & € [0, 1] such that W (0,p) < W(z,0). Actually, by the continuity of W we
can suppose that & €]0,1[. We claim that X (s;0,p) € [0, Z[ for any s € [0, $4u:(0, p)[.
Indeed, if there is § such that X(5;0,p) > & > 0 = X(0;0,p) then there is § €0, §]
such that X(5;0,p) = Z and by the conservation of the total energy one gets a

contradiction



We introduce now the notations sy = sup{0 < 7 < s,,4(0,p) : P(s;0,p) >0, Vs €
0, 7}, and zg = lim, 5, X (s;0,p). Since for any s €]0, so[ we have 0 < X (s;0,p) <
z and X (+;0,p) is strictly increasing on |0, so[ we deduce that 0 < zp < & < 1 and
X(s;0,p) < xy V s €0, 50[. By construction we have P(s;0,p) > 0V s €]0, so[. We
have W (X (s), P(s)) = W(0, p) for any s €]0, so[ and therefore P(s;0,p) has a finite
limit as s tends to so : limg 5, P(s;0,p) = n > 0. We claim that = 0. Indeed,
in the case sy = +o0, if n > 0 then for s large enough we have P(s;0,p) > 1,
YV s > s;. Taking into account that % > C(n), ¥s > 51 where C(n) = 7 in the
NR case, C(n) = 2(1+ (2)?)~2 in the QR case and C(n) = 2(1 4+ ()2 + ||A|2~) "2
in the FR case, we obtain immediately a contradiction since 1 > X(s) — X (s1) >
C(n) (s —s1), Vs > s1. In the case so < 400 if n > 0 then P(s¢) = lim, 5, P(s) =
n > 0 and there is § > s such that P(r) > 0 for any 7 € [sg, So] which is in
contradiction with the definition of sy. Therefore in both cases lim, 5, P(s) = 0.
Notice also that in the case sy < 400, (X*(s), P£(s)) := (X (so & s), +P(so £ 5))
verify (12) and the condition (X*(0), P£(0)) = (x¢,0). By the uniqueness of the
characteristics we deduce that (X*, PT) = (X, P7) saying that s, = 2so and
X(s;0,p) = X(2s9 — 5;0,p), P(s;0,p) = —P(2s¢ — s;0,p) for any s € [0, 250].

2) Take now p > py and let ¢ = W(0,p) — W(0,po) > 0. By Proposition 2.4 there
is 6 = d(g) > 0 such that [ps|* — [p1|* > § for any (x,p1, p2) € [0, 1] x R? satisfying
W(z,ps) — W(x,p1) > &, where k = 2 in the NR case and k£ = 1 in the QR and FR

cases. Observe that

W(X(s),P(s)) =W(0,p) =e+W(0,py) > e+ W(X(s),0), Vs €0, 5ul(0,p)],
and therefore |P(s)|* > § for any s € [0, 5,u,:(0,p)[. In particular we deduce that
Sout(0,p) < 400, P(s) > 0 for any s € [0, $ou:(0,p)] and X (s0u(0,p);0,p) = 1.

We call pg, p1 introduced in (17), (18) the critical impulsion of the left, respec-
tively right boundary.
Another important property is that the variation of the impulsion p along any

characteristic is bounded by some constant depending on the fields E, A. It holds
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also true for nonstationary fields with basically the same proof, and thus, for the
sake of generality, we state this result for time dependent fields E, A. This can be
useful when studying the time periodic case (see for example [2]). We introduce the

notations

(NI

Dyg = (2 [|Ellpe + 2 | Al [|0:A]2=)?, (19)
Dar = (Bor(1+ Bor))? s Bor =4 (|E|ls= + | Allz= 8.4 1), (20)
D i= meax { =, (B (e + (14 [4]1309) . (21)

where Brr = 8 V2 (|| E||z + ||0:Al|l~ + ||0:A| ).
We have the following results in the NR, QR and FR cases (the details of the
proof can be found in the Appendix).

Lemma 2.1 Assume that E € L>(R; W'*°(]0,1[)), A € L>(R; W?**>(]0,1])), D =
Dyg in the NR case, D = Dggr in the QR case, D = Dppr in the FR case. In
the FR case we suppose moreover that 0;A belongs to L>*(Rx]0,1[). Consider
(X (), P(5)), Sin < 8 < Sour an arbitrary solution of (12). Then

1) if there is t € [Sin, Sout] Such that |P(t)| > D, therefore we have

Sout — Sin < 4 ”E((;))l, |P(3)—P(t)| < D,

D
< tavsinSSSSout;

P(s) P(t)‘
7(s)  ml(t)

2) for any s < 51 < 53 < Sou we have |P(s1) — P(s2)| <2 D.

Remark 2.2 When (E,A) € WbH(]0,1[) x W2>(]0,1]) are stationary fields the

previous lemma holds with

=

DNR = (2 ||E||L°° +2 HA“LOO HA,HLOO) )

NI

Do = (Bor(1+ Ban)?, fan = 4 (1Elle + 1A= [|A"]l1),

1

D i= max { [ Al (e (Ben-+ (1 1AIED)" o Gen =8 VE (1BlL=+]4"] ).
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2.2 Properties of the mild solution

In this paragraph we give some properties of the mild solution of the linear problem
(10), (11). We recall the formulation by characteristics and we estimate the moments
of f by using the geometry of characteristics. One of the key points for establishing

L% bounds is to use duality computations involving L! test functions.

Proposition 2.6 Assume that E € Wh>(]0,1[), A € W2*(]0,1]), go € L=.([0, +00),
g1 € L2 (] — 00,0]). Denote by f the mild solution of (10), (11). Then
1) if go, g1 are nonnegative, f is nonnegative ;
2) f belongs to L2.([0,1] x R) ; moreover if go € L*°(]0,+00[), g1 € L*°(] — 00, 0])
then f € L0, 1[xR) and |f [z < max{lgollz, grllo=} ;
3) for any test function ¢ € C2([0,1] x R) we have
|p‘ sout (k,p)
//f z,p)i(z, p) dp dx Z/ 1/}( (s:k.p), P(s:k,p)) ds dp ;
)kp>0 71
4) if go € L'(]0,+0]),g1 € L(] — o0,0]) then f € L'(]0,1[xR) and fR]f p)| dp
belongs to L>°(]0,1]) ;
5) if go € L1(]0, +00[), g1 € L(]=00,0]) then limp. 1 |
0.

Sl FCop)l d

7|
L=(0,1)

Proof of 1) and 2) The first statement and the last part of the second one follow
immediately by the definition of the mild solution. Take R > 0 and consider C' =
C(R,D) > 0 such that |go(p)| < C, |g1(—p)| < C for any 0 < p < R + 2D where
D = Dypg in the NR case, D = Dgpg in the QR case and D = Dppg in the FR case.
For any (z,p) € [0,1] x [-R, R] such that s;,(z,p) > —oo we have (cf. Lemma 2.1)
|P(sin(x,p);z,p) — p| < 2D, and therefore we obtain |P(s;,(z,p);z,p)| < R+ 2D.
We deduce that || f||ze(o1(x]-r,z) < C saying that f is locally bounded.

Proof of 3) In order to prove the third statement we assume for the moment that
go,g1 > 0. We obtain the equality (22) for any ¢ € C9([0,1] x R), ¥» > 0 by
performing the change of variables (s,p) — (X(s;0,p), P(s;0,p)) for p > 0,5 €
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10, Sout (0, p) [, respectively (s,p) — (X(s;1,p), P(s;1,p)) for p < 0,5 €0, Soue(1,p)[
and by taking into account that f is constant along characteristics. Notice that we
have the equalities
‘det (5(X(8;k7p),P(8;k,p))>' _Inl
d(s,p) ga!
Since f is nonnegative and locally bounded we deduce that for any v € C2([0, 1] x
R), ¥» > 0, the functions p — —go( ) S”“t(OP)i/J(X(s;O,p),P(s;O,p)) ds and p —
——g () J, sout (1, p)¢(X(s; 1,p), P(s;1,p)) ds are integrable on ]0, +oo], respectively

, (=1)*p >0, 5 €]0, s0u(k,p)[, k € {0,1}.

| — 00,0[. Actually by using the decomposition into positive and negative parts
Y =T — 1)~ we obtain that formula (22) holds for any 1 € C%([0,1] x R) (in fact
for any ¢ compactly supported in [0, 1] x R and integrable). The general case follows
by decomposing go1 = gaf 1 — 901 and by observing that f* are the mild solutions
corresponding to the boundary conditions g;, g7

Proof of 4) Suppose now that gy, g1 are integrable on |0, +00[, respectively | — oo, 0].
We have

1 1 1
//fi dp dr = //filﬂp,gw} dp dz + //fi1{|p|>3D} dp dz =: I} + I3
0JR 0JR 0JR

We know that f is locally bounded and we have

11| 2o qoa1x1-3p,30p < max (||gol| e qo,s0p 191/l g—5p0p) -

Therefore I;F + I; < 6D | fllzo=qo,1[x]-3D,3pp- In order to estimate I we use the

formula (22) with the function ¢ (x,p) = lsp<|pj<r,}, for By > 3D. We obtain

|p| :t Sout(kyp)
//f 1sp<ipl<ry} dp dx = Z/ )/1{3D<P(s;k,p)|<R1} ds dp.(22)
0

1)kp>0 71

By applying Lemma 2.1 we deduce that |P(s;0,p) — p| < 2D for any p > 0 and
|P(s;1,p) —p| < 2D for any p < 0. In particular if 0 < p < D we have |P(s;0,p)| <
3D and therefore

sout(o p)
/ Lisp<ip(sop)<riy ds =0, 0 <p < D. (23)
0

13



Similarly we obtain

Sout(17p)
/ Lisp<ip(siip)<riy ds =0, =D < p <0. (24)
0

Using one more time Lemma 2.1 we deduce that

71

Sout(oap) = Sout(07p) - Sln(07p) S 4?7 p > D7 (25)
and
SMOm%=wALM—&ALMS—4%,p<—D- (26)

Combining (22), (23), (24), (25), (26) yields

1 1 Sout(kvp)
p
/ / Flapapieny dpde = Y /( ugif(p) /0 L(aD<|P(sik,p)| <Ry} dS dp
0JR _

=0 kp>D 71

;/ ﬁﬁ@mmam@—/‘ P ot (p) o1, p) dp
P

>D V1 p<—D V1

5;4/ ﬁuo@+4/ GE(p) dp, ¥V Ry > 3D, (27)
p>0 p<0

After letting R, — 400 one gets IF < 4fp>0g3[ (p) dp+4 fp<0gli (p) dp, and therefore

1 1
//fi(x,p) dp dwé//fi(x,p)lﬂpgw} dp dw+4/ 9 (p) dp+4/ g5 (p) dp.
0JR 0JR p>0

p<0

Finally one gets

1
L/ﬂﬂ%@ﬁm@f§1?+ﬁ+4/ %@N@+4/ ()] dp
0JR p>0

p<0
< g/|%@n@+4/ (p)] dp
p>0 p<0

+ 6 D max (|lgoll o500 |91l Lo =5p,00)) - (28)

In order to estimate the L norm of [|f(-,p)| dp we write for any nonnegative

function ¢ € L*(]0, 1)

1 1 1
//fjE odpdr = //fil{p|§4p}<p dp dx + //fi1{|p>4D}30 dp dv =: IF + Ii.
0JR 0JR 0JR

We know that f is locally bounded and

||f||L°o(]0,1[x]—4D,4D[) < maX{“QOHLOO(]o,st[), ||gl||L°°(]—6D,O[)}-

14



Therefore we have
1
Bty = [ [ifep e dpd
0JR
< 8D max{||gol|L=qo,6np- |91l L-6p.0p} ll©llL1- (29)

In order to estimate I" we use formula (22) with the function ¢(z,p) = L{p>ap}
(actually we have to consider first ¥g, (2,p) = l{p<ipj<r,} for any R; > 4D and

then let Ry — 400, but we skip these arguments). We obtain

Ipl Sout(ko7)
//f Lijp|>4D}p dp dw—Z/ )/ L p(sikp)>40yP(X (53 k, p)) ds dp.
0

1)kp>0 ’71

(30)

By Lemma 2.1 we deduce that | P(s;0,p)—p| < 2D for any p > 0 and | P(s;1,p)—p| <
2D for any p < 0. In particular if 0 < p < 2D we have |P(s;0,p)| < 4D for any
s €]0, Sout(0, p)| and therefore

sout(0,p)
/ L p(s0p)>40)P(X (5;0,p)) ds = 0, V0 <p < 2D. (31)
0

Similarly we obtain

Sout(1,p)
/ 1{psp)>apy0(X(s:1,p)) ds =0, V —2D < p < 0. (32)
0

Notice also that by Lemma 2.1 we have

P(s;0 D
‘M P < —, P(s;0,p) >p—D>0,Vp>2D, 0<5 < 5,u(0,p),
71(5) gi! o
respectively
P(s;1 D
‘M L < —, P(s;1,p)<p+D<0,Vp<—2D, 0<s < Sou(l,p).
71(8) gi! ot

In particular s,,:(0,p) < 400, X (Sout(0,D); 0,p) = 1, Soue(1,p) < 400, X (Sout(1,p); 1,p) =

0. We deduce that for any p > 2D, s € [0, S0, (0, p)] we have

D D

71 71 _ p
<P <7T_D=,-p=?

71(s) 71 71



and for any p < —2D, s € [0, spu(1,p)] we have

p p

o I 4
< mmsZ7 - 5,-p=?
v1(s) 71 71
One gets for any p > 2D
Sout(oyp) Sout(ovp)
P P 1 dX
— 1p(s X(s:0, ds < — ——(X(s;0,p))— ds
/s {1P(s0p)|>401P(X (570, D)) " pifkosj)p)@( (s:0,p)) ds
sout(0,p) dX
< 2/ P(X(s;0,p))—— ds
0 s
= 2[[ellzrgoap- (33)
Similarly we obtain for any p < —2D
Sout lp)
- 1{|P(s 1Lp)>40yP(X (5;1,p)) ds < 2|1 0,1p- (34)
Combining (30), (31), (32), (33), (34) yields
e 2( [ el [ awld) ey, 69)
p>0 p<0

and thus (29), (35) imply

1
//\f(x,p)kp(x) dpdr < 8D maX{“QOHLOO(]O,(SD[)a HglHLOO(]fGD,O[)}HSOHLl(]O,l[)
0JR

T 2(/ wo)ldp+ [ |gl<p>|dp) 1o,
p>0 p<0

for any nonnegative function ¢ € L*(]0,1[). We deduce that

s dp

< 8D max{||go|l=qo,6pp: |91 ||L>-6D.0p }
Le°(]0,1])

o2 ( [ mtodos [ oo dp> )

Proof of 5) Take now R > 4D and denote p5(z) = Jporf (@, p) dp, x € [0,1].

We have for any nonnegative function » € L'(]0, 1[)

1

1 Sout(kvp)
p
/ )o@ dr = 3 /( ) Ly / L iptosaio (X (51 k. p)) ds dp.
0 1 0

k=0 p>0 P)/]-

16



As before observe that for any 0 < p < R — 2D we have |P(s;0,p)| <p+2D <R
and thus fos‘””(o’p) 1{p(s;0.)>ry(X (5;0,p)) ds = 0. Similarly, for any —R + 2D <

out

p < 0 we have [ Le) 1{p(s;1p)>ry(X (55 1,p)) ds = 0. Notice also that for any

p>R—2D > 2D we have,
’P(S;O,p) p
71(s) M

and therefore

Sout Op) sout(op
—/ 1psop)>r1e(X(5;0,p)) ds < —/ (5:0,p) pr— ( p ds

D
< —, P(s;0,p) >p—D > 0,80t < +00, X(Seut;0,p) =1
84!

Sout(0,p) P dXx
< / E_Qsomsop))—ds

ds
Y1 Y1
< 2lellzrqoap-

Similarly one gets for any p < —R + 2D that

Sout(lvp)

o Lypsap>rye(X(s;1,p)) ds < 2@l L1go.1p-
0

Finally we obtain

1
/p?%(l’)so(x) dr <2 </ 95 (p) dp +/ 9i (p) dp) el ziqoaps
0 p>R—-2D p<—R+2D

which implies that

fH(z,p) dp <2 (/ 9 (p) dp+/ 91 (p) dp) , a.e. z €]0,1[.
[p|>R p>R—2D p<—R+2D

Therefore we deduce that

[ veona] <2 wwlas [ awla). 61
|p|>R L°2(]0,1[) p>R—2D p<—R+2D

Remark 2.3 Under the hypotheses of Proposition 2.6 denote by f, the unique solu-
tion of (15), (11) and let f be the mild solution of (10), (11). Since we have |fo| < |f|
for any o > 0, we deduce that the statements 1),2),4),5) of Proposition 2.6 hold

also for f,. Moreover, by change of variables, we obtain the analogous formula (see

1

1 pl e
| [rvavas =3 [ Pl [ i i), Plsikp) ds dp
0JR o J (1) 0

—1)kp>0 71

for any function ¢ € C°([0, 1] x R).
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We estimate now the current densities j= fR - f(x,p) dp where p* = max(0, £p).

The interesting point is that these estimates do not depend on the fields F, A.

Proposition 2.7 Assume that E € W1>(]0,1[), A € W>(]0,1[), go, 91 > 0 and

Gy = / £90(17) dp —/ £91(10) dp < +o0.
p>071 p<0 71
Denote by f the mild solution of (10), (11). Then for a.a. x €]0,1] we have
| _
—f(x,p) dp = j* () + 5 (z) < 2G1.
R 71

Proof. We use the formula (22) with ¢(x,p) = I;—lcp( x), where p € L'(]0,1]), ¢ > 0.
We obtain

[t v = //f:vp D dp

-y /( el () /Os”t(k’p)(w)%ms;k,p» ds dp

o/ (=1)kp>0 71 71(5)

We introduce now pg the critical impulsion corresponding to the left boundary x =
0. By Proposition 2.5 we know that for any p > py we have s,,(0,p) < 400,
P(s;0,p) > 0 for any s € [0, Sout (0, )], X (50ut(0,p); 0,p) = 1. In this case we obtain

sout(0,p) P(S‘O p))+ sout (0,9) ] X
— ] o(X(s;0,p)) ds = / — (X (5;0,p)) ds
[P e e X si0.p)

_ /0 o) du. (39)

Consider now 0 < p < pg. If $,4:(0,p) = 400 we know by Proposition 2.5 that there
is x¢ €]0, 1] such that lim,_, X(s;0,p) = x, P(s;0,p) > 0, V¥ s > 0 and therefore

we find as above that

/ S‘”“(O’p)(%y X0 ds = [ T o (s50.p) s
_ /Owogp(u) du. (40)

18



It remains to analyze the case 0 < p < po, Sout(0,p) < +00. We know that there is
xo €]0, 1] such that X (s, (0,p)/2;0,p) = xo, P(s;0,p) > 0,V s € [0, S0ut(0,p) /2],
P(S0ut(0,p)/2;0,p) = 0, P(s;0,p) < 0, Vs €]50u:(0,0)/2, Sout (0, p)]. We find easily
that

sout(0:p) / P $;0,p + sout(0,0)/2 x
[ pxsomas = [T R 0.) s
0 0

M(s)
= /0 o(u) du. (41)

Combining (39), (40), (41) yields Iy < p>0%go(p) dp [l¢llLrqo,p- Similarly, by
introducing the critical impulsion p; corresponding to the right boundary z = 1
and by using Proposition 2.5 we deduce that Iy < — [ _>g:(p) dp llell Loy, and
finally (38) implies f01j+(x)g0(x) dr < Gi||¢| 1oy, for any nonnegative function
¢ € L']0,1[). Therefore ||57]|1=qo1p < Gi. By similar computations we obtain
15 llz=qo.ap < Gh and thus [ 2 f (2, p) dp < 2G,, for a.a. 2 €]0,1[. =

Remark 2.4 Under the hypotheses of Proposition 2.7 we have the estimate

Mfa(%p) dp < 2Gq, ae. x €]0,1[, Va > 0,

RN

where fo is the solution of (15), (11).

3 Fixed point application for the Vlasov-Maxwell

equations

We intend to apply the Schauder fixed point theorem. We will construct a fixed
point application (E, A) — (E, A) =: F(E, A) for (E, A) in some compact subset of
C°([0,1]) x C'([0,1]). The estimates obtained in the previous section allows us to
construct such a subset which is left invariant by 7. We need to study the continuity
of F with respect to the topology of C°([0,1]) x C*(]0,1]). Let us start by analyzing

the equation satisfied by A for a given density n.
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Proposition 3.1 Assume that n € L*(]0,1[), n > 0, Ag, Ay € R. Then there is a
unique solution A € W2*(]0,1[) for the problem

—A"(z) +n(z) A(z) =0, = €]0,1], (42)
A(0) = Ag, A1) = Ay, (43)
satisfying the estimates
[l oo go.1p < max{[Ao|, [Aul}, [[A"|zoeo.1p < [Ar—Ao|+[[7l| Lo 0,1 max{| Ao, [Ar]},
A [ qop < lnllpe oy max{]Aol, [A:]}-

Proof. By performing the change of unknown A(z) = A(z) + (1 — )4y + zA;,
x € [0, 1] the problem (42), (43) becomes

—A"(x) +n(x) A(z) = —n(x) [(1 — 2)Ag + zA4,] =: F(x), = €]0,1], (44)

A(0) =0, A(1)=o0. (45)

Since n is nonnegative and bounded there is a unique solution A € HE(]0,1[) for

(44), (45). Observe also that the function z — £|A(z)|? is convex since dd—;%|A|2 > 0.

Therefore one gets || Al o1y < max{|Ao|,|A:1|} and we deduce also that

A" |z go.1p < 7l Loego.apy max{|Aol, [Ar]}.

Taking into account that fol A'(z) de = Ay — Ay we deduce that there is zy € [0, 1]
such that A’'(xg) = A; — Ap and we obtain

A ()| < [A'(wo)| +

/ A'(y) dy\ < Ay = Ao| + [l qoy max{|Ao], [ 41]}.

xo
]

We define now the fixed point application. Since there is no uniqueness result for the

weak solution of (10), (11) it is convenient to use the problem (15), (11). Therefore,
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for any a > 0 consider Fo(E, A) = (E, A) where E € W>(]0,1[), A € W2>(]0, 1]),
fo is the unique solution of (15), (11) and

/foc ,p) dp, p(-) = /vg‘lf(-,p) dp,
R
E = CI),7 q)” = Pext — P, @(O) = Yo, CI)(l) = ¥1,

— A"+ p,A=0, A0) = Ay, A(1) = A,.

Proposition 3.2 Assume that gy € L'(]0, +00[)NL>(]0, +00[), g1 € L'(]—00,0[)N
LOO(] - 0070[)7 Jo, g1 > 0; Pext € LOO(]()?lD? Pext > 0: 8007(10171407‘41 € R. For any

R > 0 we consider the set

Dr = { (E,A) € W"(]0,1]) x W>*(]0,1[) : [|E||lz=qoap + [| 4] z=qo,1p < R,
| All Lo qoap < max{|Aol, |A1|}}. (46)

Then there are Ry > 0 and Cy > 0 such that ]:"a(f)Ro) C f)RO and

sup~ maX{HE /”LO"(]O,l[); ||A””L°°(}O,1[)} S C().
(E,A)€Dg,

Proof. Since fo ) dz = ¢1 — @9 we deduce that there is zy € [0, 1] such that
E(x0) = ¢1 — @o. Therefore one gets

1E]| 2oy < 1E (o) + 1Bl qoap < 1 + llpllzqo.p; (47)
where ¢1 1= [p1 — @o| + || pext|| 2 j0,1p- By Proposition 3.1 we have
||121||L°°(]O,1[) < ¢, HA/”LOO(]OJ[) < e+ ¢ [Py llreqoip < c3 4 c2 ||pllLeqoap,  (48)

where ¢y := max{|Ay|, | 41|}, ¢35 := |A1 — Ap|. By Proposition 2.6 (see formula (36))

and Remark 2.3 we know that in the NR case we have
ol Lo o,1p < 2Go + 8G o Dnr, (49)

where Go := [|gol| 1o, +00) + 191121 (-00.0p5 Goo := max{||gol|Le, |91~} and

N

Dyr = QUIE| = + [ All= [ Allz=))* < V2 Ellz= + 2l A'llz=)?
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for any A satisfying ||A||p~ < ¢o. Combining (47), (48), (49) implies

Bl + |42 < e tes+ (14 ca)llpll s

< e+ (L4 6) {260 + 8Gay/2(1+ @) (1B + [ 4']11=)% }
ca(|| Bl oo + [ A'|| ) + cs, (50)

where ¢4 = 8Goo(14¢2) 00/ 2(1 + ¢2) and ¢5 = ¢1+¢34+2Go(1+c2). We deduce easily
that if | Ell + | 4'll1 < (¢ + y/&)? then we have | Ellos + [ 4]l < (cs + /35
and therefore in the NR case we can take Ry = (¢4 + 1/G5)%. Now if (E, A) € Dg,

we have

~ 1
1E NlLee < lpeatllroe + lpllee < llpeatlloe + 2Go + 8G oo/ 2(1 + c2) ([|E|poe + [|A']| L)
< lpeatllzoe + 2Go + 8Goo/2(1 + ¢2) (4 + /C5).

By Proposition 3.1 we have also for any (E, A) € Dg,

[A" |1 < callpllree < 2{ 2G04+ 8Goov/2(1 + €2) (ca +1/C5)}, (51)

and finally we proved that sup g 45, max{||E || zeqo.1p, | A" || Lo qoap } < +o0. Let

us analyze now the QR and FR cases. We will use Proposition 2.7. Observe that
1

in both cases for any [p| > <%) * and A verifying ||Al|z~ < ¢, we have the

inequality L%' > % Therefore by Proposition 2.7 we deduce
plr) = fa vp)dp<2(2F Lt lelT)? Goo + ZMf (@,0) 1, a2 1oy AP
3 R 71 {Ip|>(—52-)1/?}

1+ |ca)? :
2(%) Goo+4(/ L 4o(p) dp—/ L) dp)
p>071 p<0 1

1
1+ [oof?) 2
2(#) G + 4G, =

IA

IA

We obtain from (47), (48) that || E| 1~ < ¢1 + ¢, ||A'||z < ¢5 + cacg, and in these
cases we can take Ry = ¢; + ¢3 + c(1 + ¢2). We check easily that we have also

SUP(E,A)eDg, maX{||E'|L°oG071[)7 ||A"||L°°(]o,1[)} < +00. |
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Remark 3.1 We introduce now the set

D = {(E,A)eC%0,1]) x CY([0,1]) : [|E||zee + [[A ]|z < Ro, [[All < ¢,
|E(z) — E(y)| < Co |z —yl, [A(x) - A'(y)] < Co v —y|,¥V z,y €[0,1]}.

The previous proposition implies that ]}Q(D) C D and we check easily by using
Arzela-Ascoli theorem that D is a compact set in CY([0,1]) x C1([0, 1]).

Proposition 3.3 Under the hypotheses of Proposition 3.2 and with the notations
of Remark 3.1 for any a > 0 consider F, = .7}&|D. Then F, is a continuous map

with respect to the topology of C°([0,1]) x C'([0,1]).

Proof. The arguments are standard. The uniqueness of the weak solution for (15),
(11) is crucial here. Take (E,, A,), C D converging towards (F, A) in C°([0,1]) x
C*(]0,1]). Denote by (fa.n)n the sequence of mild solutions of (15), (11) associated
to (En, A,) and by f, the mild solution of (15), (11) associated to (E, A). Since
0 < fan < max{||gollr=, [|g1]|z=} We can extract a subsequence (f,n, )r converging
weakly x in L towards some function f satisfying 0 < f < max{||go||z=, ||g1]lz=}-
We check immediately that f is weak solution for (15), (11) and by the uniqueness
of the weak solution we deduce that f = f,. Actually all the sequence (fu.n)n
converges towards f, weakly x in L>°(]0, 1[xR). For any n > 1 consider D,, given by
(19), (20), (21) in the NR, QR, respectively FR case, corresponding to the stationary
fields (E,, A,,). Obviously the sequence (D,,), is bounded. By Proposition 2.6 (see
formula (36)) and Remark 2.3 we have

/R Foon11) dp

< 2/ go(p) dp + 2/ g1(p) dp, ¥ n.
Lo p>R—2D», p<—R+2D»

Jipisrfan(p) deLw = 0, uniformly

S 8DnGoo + 2G0, A n,
Lo

ol = \

and (see formula (37))

Therefore (||pn]| = )n is bounded and limg_, 4 o ‘

fa,n('ap) dp

lp|>R

with respect to n. We deduce easily that (p,), converges towards p := [ fa(-,p) dp
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weakly * in L>(]0,1[). Since lim,_; A, = A in C°([0,1]) we obtain also that in

the FR case we have

Jan(,

S /¢1+|p|2+|A I 4/¢1+|p|2+|,4 T
weakly * in L°°(]0, 1[). Then in all three cases we have lim,,_, s p, » = p, Weakly %
in L>°(]0, 1[). Since (E,, A,) = Fa(E,, A,) remains in a compact set of C°([0,1]) x
C([0,1]) we can extract a subsequence (E,, , A, ), such that limy_ o0 (Ep,, Ap,) =
(e,a) in C°([0,1]) x C([0,1]). In order to identify the limit we can pass to the limit

in distribution sense in the equations

En,k(x) = peact(x) - pnk('x)v _A” ( )+p72 nk( )A k( ) =0, G]O’ 1['

We obtain
e'(z) = pent(r) — p(z), —a"(z) + py,(2)a(z) =0, z €]0,1],

and since fo ) dr = limg_ 4 o fo nk( ) dz = @1 — ¢o, a(0) = limy_, o flnk(O) =
A, a(1) = lim_ ;o0 A, (1) = Ay, we deduce that (e,a) = Fo(E, A). Actually all
the sequence (E,, A,) converges towards F,(E, A) in C°([0,1]) x C*([0, 1]), saying

that F, is continuous. O

We obtain now the existence result for the stationary solution of the reduced 1

D Vlasov-Maxwell system (NR, QR and FR cases) as stated in Theorem 1.1.

Proof. (of Theorem 1.1) Consider (), a real sequence of positive numbers de-
creasing to 0. Observe that for any n > 1 the map F,, : D — D satisfies the
hypotheses of Schauder fixed point theorem and therefore there are (E,, A,) € D
such that F,, (E., A,) = (Fn, A,). Denote also by f, the mild solution of (15),
(11) associated to (E,, A,). As in the proof of Proposition 3.3 we can extract
subsequences (fy, )k, (Fn)k, (An, )k such that f, — f weakly x in L>(]0, 1[xR),
(En,, An,) — (E,A) € D in C°[0,1]) x C*([0,1]) and we deduce that (f, F, A)
solves (6), (7), (8), (9). Note that f is only weak solution. The other estimates for

f follow by passing to the limit for £ — +o0 in the analogous estimates for f,,. —
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We can prove that the solution constructed above propagates the impulsion
moments. The computations are very similar to those in the proof of 4) and 5),

Proposition 2.6 and they are left to the reader.

Proposition 3.4 Assume that the hypotheses of Theorem 1.1 hold. Moreover sup-
pose that for some m > 2 we have
p|" p"
[ g+ [ g0 ap <o
p>0 N p<0
and denote by (f, E, A) the solution of (6), (7), (8), (9) constructed in Theorem 1.1.
Then fR%f(-,p) dp belongs to L*>(]0,1[) and

lim H/ o™ p) dp —0.

L>=(]0,1])

4 Appendix

We give here the proof of the impulsion variation lemma for the QR and FR cases.

The NR case was analyzed in [2]. We have the following easy results, cf. [2]

Lemma 4.1 Consider the quadratic function F': R — R given by F(s) = %a(s —
s1)> — b(s — s1) + ¢, with a,b,c > 0,A = b* — 2ac > 0 and s; < sy such that
F(s) > 0Vsy <5< sy. Then we have s, — s, < (b—v/A)/a < 2¢/b.

Remark 4.1 If a =0 we still have the inequalities sy — s1 < ¢/b < 2¢/b.

Corollary 4.1 Consider the function Fy : R — R given by Fi(s) = 1a(s — t)* —
bls — t| + ¢ with a > 0,b,¢c > 0,A = b> —2ac > 0 and s1 < t < sy such that

Fi(s) > 0Vs; < s < sy. Then we have max{t—sq,s9—t} < 2¢/b and sa—s1 < 4c¢/b.

For checking the impulsion variation lemma in the QR and FR cases we will use the

following immediate results
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Lemma 4.2 1) Denote by v : R — R the function v(p) = —=2 Then we have

V1+Hpl2'

|p1 - p2| |p1 |

‘U(p1> - U(p2)| S 2—7 vpl>p2 S R? |p1 _p2’ < —.
V1t p? 2

2) Denote by w : R* — R the function w(p,a) = m. Then we have
» a
2\/§

(Ipr=pa|+|ar—as|), ¥ (p1,a1), (2, a2) € RQ,

|w(p1,a1)—w(p2,a2)

| <

V1 2+ faa?
satisfying |py — pa| < @, lar| < [pa].
Proof. 1) We write

dr

[v(p1) — v(p2)| =

! (p1 —p2)d7' !
e < ’pl _p2| o
o (I+|mp1+ (1 —7)p2f?)2 o (I+|rp1+ (1 —7)p2f?)2

Notice that for any 7 € [0, 1] we have

p
71+ (1= el 2 il — (1= 7)lps — ol = Il Iy — o] 2 22,

and therefore
|P1 —p2| < 2|p1 —p2|

1_1_@_ Vit

2) With the notation (p,,a,) = 7(p1,a1) + (1 — 7)(p2, az) for any 7 € [0, 1], we have

[v(p1) — v(p2)| <

[0 =250 + - 5 )} i

w(p1, a1) — w(ps, az)| = (52)

As before we have |p,| > @ for any 7 € [0,1] and by taking into account that

|p1| > |a1| we can write

Ow 1 1 2v2
‘a_(pT’aT) = 2)1 < lp1|?2y1 < 2 2\1"’ (53)
p T+lp-2)2> (A +55) A+ [p P+ af?)?
and
Ow 1 2v2
| s e &
a (T +1p-2)2 (L4 [pa? + |aa?)
The conclusion follows by combining (52), (53), (54). O
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Proof. (Lemma 2.1, QR case)

1) By using the equation %€ = —(E(s, X (s)) + A(s, X (s))0,A(s, X (s))) we obtain

P P
[P(s) — P(O)] < |s — t] |F|lz= < EOL for any s € [sin, Sow] N [t — giail.t +

2|||§” | if ||F||p > 0 and s € [Sin, Sout] if ||F||z~ = 0, where F(t,z) = —E(t,x) —

A(t,x)0,A(t, z), V (t,z) € Rx]0,1[. By Lemma 4.2 we have

w(P(s) — o) < 22O = POl _ols =t [ Flli

, Vs € [r,m], (55)

l P
(1+|1D(1ﬁ)|2)2 (1+|P()| )2
where r; = max{s;,,t — d?ﬁt” b, ro = min{spu, t + 2|‘|1;|(|t)| Fif ||F|lp~ > 0 and
71 = Sin, T2 = Sout if |F||r= = 0. By using the equation % = % = v(P(s)) and
(55) we find for any 1 < s <1y
1 > [X(s) = X(¥)| = [s = t] [o(P(1)] — /{U —v(P(t)) }dr
[ £ ]|
> s =t/ o(PA)] = |s =t ——=—.
(L4 [P(t)[?)z

We consider the function

1 2(||E|| 00 Al| oo ||0: Al 1o Pt

i) = Lo 20l = DA [0 AlLe) PO
2 (L+[P(t)]?)z (L4 [P(t)]?)z

By the above computations we have Fi(s) > 0 for any s € [ry,rs]. Moreover,
the condition A > 0 is equivalent to |P()]* > 4(||E| = + | Allp<||0- Al L=)(1 +
|P(t)|?)2, which can be written (|P(t)[2 — 32/2)° > 32+3*/4, where 3 = 4(|| E|| 1~ +
| Al| o< ||0z Al ). By the hypothesis we have

5 PP
POP -5 >60+0) -2 =5+,

2\ 2 4
<|P(t)2—7) >62(1+§> > 32 4 ﬁ

Therefore the condition A > 0 is satisfied. By Corollary 4.1 we deduce that

and thus

N[
—~
[
D
~—

(L+ [P

max{t —ry,ro — t} <

2
1P(t)]
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Suppose that ||F||f~ > 0 and t + ‘|‘ |(| I~ Sout, OF T9 =t + ﬁ” . By using (56)

we have
P _ 2
2| Fllp~ — |P(2)]

N

(L+[P®)7)*,

which is equivalent to |P(t)|* < 4| F||z= (1 + ]P(t)\Q)% ,and thus |P(t)]? < 4(||E|| g~ +
| Al < || 0 Al L) (1 + |P(zf)|2)%7 saying that A < 0. But we have already proved

that A > 0 and finally we deduce that s.,, <t + 2|||];|(|t)‘ and similarly we have

Sin >t — 2‘11;””' if ||F||p~ > 0. It follows that r; = s, 79 = Seur and
2 2\ 3 4 L
max{t — Sin, Sout — t} < m(l—HP(t)] )2, Sout — Sin < 0] (1+[P@)*)2.

We check easily that if |P(t)| > Dor = /(1 + ) then

oy —1 B(1+ )
|P(t)] (1+ |P(t)] ) > 1+ﬁ(1+ﬁ).
We obtain that
max{t — Sin, Sout — t} < L+ 60+ 6).
B+ p)

Finally we find for any s € [s;, Seu] that

[P(s) = P(t)] < §v1;£i;f _2\/6(1+ﬁ)—%DQR§DQR.

By using (55) we deduce also that for any s € S, Sour] We have

2 t}g< 6 VI+B+5) _ Dor
M(t) “ ) /BA+B) %()

2) If |P(s1)| < Dggr and |P(s2)| < Dgr we have |P(s;) — P(s2)| < 2Dggr. If

P(s) P
71(8) 71(75)' :

max{t — Sin, Sout —

|P(s1)| > Dgg, by applying the previous point with ¢ = s; one gets |P(s2) —P(s1)] <
Dor < 2Dgg. If |P(s2)| > Dgr we apply the previous point with ¢ = s,.
Q Q Q [

The proof in the FR case is very similar to those of the QR case. For the sake

of completeness we give some details.
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Proof. (Lemma 2.1, FR case)
1) Consider 3 = 8v2 (| Ell1= + [|0;Al| = + [[9zA| ). By using the equation 47 =
- <E(S,X(s)) + A(fy;)(i()s))(?mA(s, X(s))) we obtain

8v2 2
for any s € [Sin, Sout) N [t — 4‘[‘P( I 4\['P(t ] if >0 and s € [Sin, Soue] if 5 =0.
Since |P(t)| > Dpr > ||Al|~ we have \P( )| > |A(t, X(t))| and therefore Lemma

[P(s) = P(t)] < |s —t| (1Bl + [[0:A]l L) <[5 = (57)

4.2 implies

P(s) P(t)’ L 22

— =~ ([P(s) = P(&)] + [A(s, X(s)) = AL, X (1))])

nis) )| = n)
< 2v2 (Is = tl (|1E[ e + [0z Al L) + |5 — ¢ ([[Os Al 2o + ([0 Al L))

71 (t)

5]
< 271(i)|s—t|, Vs € [ry,re, (58)

where 1 = max{s;,,t — %}, ro = min{ Sy, t + %} if 3> 0and r; = s;,,
r9 = Sout if B = 0. Notice that in the second line of the above formula we used

the inequality | X (s) — X (t)] < |s —t|, V s € [Sin, Sout]. By using now the equation

dX _ P(s)
ds — 7(s)

ki

We consider the function Fi(s) = 3]s — t|22

we find for any s € [rq, 7]

‘(P() P IO
/t{mm %(t)} ‘ =10 2 e

\PI

—ls =I5

+ 1. By the above
computations we have Fi(s) > 0 for any s € [7“1,7’2]. Moreover, the condition
A > 0 is equivalent to |P(t)|2 > B(1+|P(t)[2+ |A(t, X ())|?)2 which can be written
<|P(t)|2 - %2)2 > B2(1+ |A(t, X(t))|2) + £. By the hypothesis we have |P(t)[? >

B(B+ /1+|A(t, X (t))]?) and therefore

54

(1p0F =2 > (£ 4 6y TRTAGXOE) 2 90+ 4 X)) +

2

which says that the condition A > 0 is satisfied. By Corollary 4.1 we deduce that

2n(t) 2
[P(t)]  |P(t)]

[N

max{t — ry,ry —t} < (14 |P()* + |A(t, X (1))]*)2. (59)
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Suppose that 3 > 0 and ¢ + M|P( t)] < Sout, Or T2 =t + %5|P(t)|. The inequality

(59) implies %ﬂP( )| < 271(” and we deduce that

N

2 B
PO < 37

saying that A < 0. But we have already proved that A > 0 and finally we deduce

t) < B+ PO +|AE X)), (60)

that sp < t+ %5|P(t)\ and similarly we have s;, > t — %]P(tﬂ if >0 It

follows that r1 = s;,, 9 = S and

20 (1) An(t)
maX{t — Siny Sout — y Sout — Sin S . (61)
—|P()] |P(t)]
Since the function p — —£—— is nondecreasing with respect to p for any a € R

and |P(t)]> > B(3 + /1 + |A(t, X (t))|?) we have

o) VLHAGXOF + 36+ VTG X))
POI ~ VB0 + VT+TAG X))
< BB+ VITIAGXE)P)

< \/ﬁ(ﬁ+\/1+llAll2m) < Dyn. (62)

Combining (57), (61), (62) yields for any s € [sin, Sout]

B 71(t) < Drgr

WATPW] = 2y =P

[P(s) = P(8)] <

We deduce from (58), (61), (62)

P(s)  P(t) B () _ Drg el
71(s) ’Yl(t)‘ = < , V' 5 € [Sin, Sout)-

(@) [P@)] ~ ()

2) The second statement follows as in the QR case. O
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