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1) Radiation Hydrodynamics

(joint work with W.-A. Yong, A. Dedner)
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Compressible RHD
A Mathematical Model for Compressible RHD: (simplified, non dimensional)

pt + V- (pv) = 0 \
(pv): + V-(pvvi+pI) = 0 , inR2 % (0,7)
(pe)e + V-(pev+pv) = Pk / (I — B(9))dp
Sd—l /
i+ p- VI = k(B(W) 1) inR? x (0,T) x St
Unknown functions Coefficients

p=p(x,t) >0 : Density = p(p, ) : Pressure
v = v(x,t) € R? : Velocity = k(p, 1)) : Absorption

p
K

e =e(x,t) >0 :Energy B = B(?)) : Planck function
c

I = I(x,t, ) > 0 : Radiation intensity > 0 : Speed of light
4
D — Tref
prefvgef

[TANES
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Compressible RHD
Formal Non-Relativistic Limit for the RHD-System: (P = O(1))

Pt + V- (pv) = 0
(pv)e + V-(pvv'+pI) = 0
(pe)e + V-(pev+pv) = P%/Sd_l (I — B(9Y)) dp
I+ - Vil = k(B(W) 1)
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(pe)e + V-(pev+pv) = P%/Sd_l (I — B(9Y)) dp
n-Vil = k(B -1

i/PAMS RHD — p.6/3



Compressible RHD
Formal Non-Relativistic Limit for the RHD-System: (P = O(1))

pr T V- (pv) = 0
(pv)e + V-(pvv'+pI) = 0
(pe)e + V-(pev+pv) = P%/Sd_l (I — B(9Y)) dp
n-Vil = k(B -1

If ¥ € L° is given we obtain by the characteristic method:

0
I(x,t, ) = / e kB(Y(t,x + su)) ds

— OO

i/PAMS RHD — p.6/3



Compressible RHD
Formal Non-Relativistic Limit for the RHD-System: (P = O(1))

pr T V- (pv) = 0
(pv)e + V-(pvv'+pI) = 0
(pe)e + V-(pev+pv) = P%L?J(I—l%ﬁﬂdu
n-Vil = k(B -1

Integrated intensity:

—k|x—y]
K €
I(x,t,p)dp = — B(vY(t,y)) dy
JRC B e PO
= | Ku(x—y)B(d(ty))dy
R

Weakly singular kernel:

]_ 6—|X|
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Compressible RHD
A Basic Nonlocal Model in Radiation Hydrodynamics: ( P = (’)(1))

Pt + V- (pv) = 0
(pv)e + V-(pvv'+pI) = 0
(pe): + V-(pev+pv) = PL[I(,1)]
Nonlocal convolution operator:
LIJ(,0)](x) = &[KqxB(9(.,1))]/(x) — £B(¥(x,1))
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Radiative Smoothing
A numerical experiment with the RHD-system: (A. Dedner)

The RHD-system in 2D:

Pt + V- (pv) = 0
(pv)e + V- (pvv'+pI) = 0
(pe)s + V-(pev+pv) = PL[I(,1)]

Computation with no radiation, k = 0:

LS, Density at t=0.3 Density at t=1.0 2D p s



Radiative Smoothing
A numerical experiment with the RHD-system: (A. Dedner)

The RHD-system in 2D:

Pt + V- (pv) = 0
(pv)e + V- (pvv'+pI) = 0
(pe)s + V-(pev+pv) = PL[I(,1)]

Computation with radiation, x = 0.5:

LS, Density at t=0.3 Density at t=1.0 oD p s



Radiative Smoothing
A numerical experiment with the RHD-system: (A. Dedner)

The RHD-system in 2D:

Pt + V- (pv) = 0
(pv)e + V- (pvv'+pI) = 0
(pe)s + V-(pev+pv) = PL[I(,1)]

Computation with radiation, kK = 2.0:

LS, Density at t=0.3 Density at t=1.0 oD p s



_ _ Compressible RHD
A Very Old Numerical Result on Threshold Behaviour:

WEAK STRONG
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Fig. 104.6 Dimensionless velocity (solid curves), temperature (dash-dot curves),
and heat flux (dotted curves) as a function of optical depth in shocks of different
strengths and different amounts of radiation. From (H3) by permission.
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Compressible RHD
Related Models I: Equilibrium Diffusion (P = O(k))

Pt + V- (pv) = 0
(pv)e + V-(pvv'+pI) = 0
(pe)e + V-(pev+pv) = PklK;xB(J)— rB(J)]

We consider the situation d = 1 (for simplicity):

Ko BO)=BW) = [ S (B0() - Bow)dy

Q

I Z 2?
[ 5 FUBO@), = + BO@).. 5y

_ # </R — || 2dz) (B(0(2))) 4

For P = O(k) (and d > 1) the energy balance becomes

(pe)t +V - (pev + pv) = CAB(V)
AN
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Compressible RHD
Related Models II: Hyperbolic-Elliptic Model:

pt T V- (pV)a = 0
(pv)e + V-(pvv'+pI) = 0
(pe)t + V-(pev+pv) = /f/sdl (I — B(9))dp
pe Vil — K“(B(ﬁ)_l)
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Compressible RHD
Related Models 1I: Hyperbolic-Elliptic Model: (  d = 11)

Pt T+ PUx = 0
(pv)e + (pv*+p), = 0
(pe)e + (pe+pv), = k(I —=BW)+I —B(0))
+1* = K (BW) —I7%)
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Compressible RHD
Related Models 1I: Hyperbolic-Elliptic Model: (  d = 11)

pr  + PV = 0

(pv)e + (pv*+p), = 0
(pe)e + (pe+pv), = —(I] —1,)
+1* = k(BW)—I7%)
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Compressible RHD
Related Models 1I: Hyperbolic-Elliptic Model: (  d = 11)

pr  + PV = 0
(pv)e + (pv*+p), = 0
(pe)e + (pe+pv), = —a
+1* = k(BW)—I7%)

We define ¢ := I — I~ and get for the radiation equation

gz =2BW)—(I"+17 )= —qu. — (It +17), =2B(Y)

T*

—q
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Compressible RHD
Related Models 1I: Hyperbolic-Elliptic Model: (  d = 11)

pt  + PUz = 0
(pv)e + (pv*+p), = 0
(pe): + (pe+pv), = —a

~Qex +q = 2B(9),

We define ¢ := I — I~ and get for the radiation equation

gz =2BW)—(I"+17 )= —qu. — (It +17), =2B(Y)

—q

T*

Note: Hamer '71, Kawashima et al. '85, Serre et al. '03,...
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2) Radiation Hydrodynamics
A Model Problem
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Model Problem
Cauchy Problem for Relativistic Model System:

Letf € C%(R,R%) and B € C*(R) with B, B’ > 0.
For ¢ > 0 find u® = u®(x,t) and I¢ = I¢(x, t, u) with

uy +V-f(u®) = /Sd_llc(.,,u)—B(uc)d,u in R% x (0, 00),

lre 4 y.VIe = B(uf)—I° nRY x (0, 00) x S&1, (P.)

uc(.,0) =ug, I°(.,0,u) = Io(.,p).
Theorem: [R&Yong08]

Let a, b € R such that (ug(x), Io(x, 1)) € [a,b] x [B(a), B(b)].
For each ¢ > 0 there is an entropy solution (u€, I¢) of (P.) with

() (u(x,t),I°(x,t, 1)) € |a,b] x [B(a), B(b)] ae.

. St
@) |u(.,2)| gy < |uolpy + %953 sup,esa-1|Lo(., 1) gy

Proof: (Almost) standard via finite-volume scheme on Cartesian mesh.

i/HAM:f RHD - p.12/3



Model Problem
Classical Solutions for Small Amplitude Data:

Theorem: [R.&Tiemann&Yong06]
Letuw > 0and d = 2.
For all initial data (ug, Io(+, 1)) sufficiently close to (u, B(u)) with

wo — U, Io(., p) — B(w) € H*(R?), p € S*,

there is a unique classical solution (u¢, I¢(., u)) € C(0, co; H>(IR?)) of (P,).

Proof. Use theory of W.-A. Yong for relaxation systems.
Numerical Experiment:  (d = 2)

filw) = folu) =w?/2 .

00000 | ’,,.,,
1.5:]x — (0,5,0.5)T] == "':/".::' og,‘& N
- L T N\ " N
o (X) 1 : elsewhere - N /”""‘*“““““““‘0"0'1

IO(X7 :u) = 1.0
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Model Problem
The Nonrelativistic Limit;

Theorem: [R.&Yong 06]
Let {(u®, I€)} .~ be a family of entropy solutions for ().

Then there exists a function v = u(x, t) such that
() lime oo [Ju — uHLllOC(Rdx(O,oo)) =0,

(i) u is the (unique) entropy solution of

us + V - f(u) K x B(u) — B(u) inR? x (0, 00),
u(x,0) = wug in RY,

i.e. for all entropies 7 € C?(R) with associated entropy-flux q € C?(R, R?) holds

n(u), + V-q(u) < n'(u)(K * B(u) — B(u)) in D'(RY x [0, 00)).

Note 1: No strong but weak compactness for { ¢} .~ ¢ is needed.
Note 2: The rate of convergence with respect to ¢ is not known.
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Model Problem
Limit Problem and Smoothing Effectfor d = 1 (Dedner):

—a : x>0

uo(ac)—{ @ <O ) — w22

i/HAM:f RHD — p.15/3



Model Problem

Limit Problem and Smoothing Effectfor d = 1 (Dedner):

a Tr < O 2
uo(x) = : f(u) = u*/2.
—a x>0
2 radiation  + radiation  +
Diffusion 04 L Diffusion
U ’ U
15 ¢ Uy Uy
1 |-
0.2 +
05
0 0
-05
-0.2 +
_1 .
-15 +
04
2 ¢ 1 I I ! ! I
-10 -5 0 5 10 -10 -5 0 5 10
a =2 a=0.9

[TASS)
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Model Problem
Finite Volume Scheme for the Homogeneous Case:

us +V-f(u) = 0 inR?x (0,00),
u(z,0) = wg inRY,

Define uy, : R? x [0,T] — R iteratively by

1
uw) = — [ wo(x)dx,
Tl Jr,
At
u?—'_l — ”LL:"—| | Z FZl(”??”?)
Y eN ()
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Model Problem
Discretization of the Convolution Operator

Llw](x) := . K(x —y)(B(w(y)) — B(w(x))) dy

Definition: [Discrete Convolution]
For a compact subset  of R? we define Lq 5, for x € T} by

La,n[w] (x) Y ITi| Kn(wj — wi)(B(w(w;)) — B(w(w;))

1£]

Thereby we used K (x —y) = exp(—|x —y|)/(|x — y| + h).
This implies for w € L™= (R?) N L1 (R?)

(i) 3C=C(lwllp~)
(i) supp(Lg,n[w]) C Q.

ww]ldx < C|T;|h1n |k,

[TANES)
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Model Problem
The Fully-Discrete Finite Volume Scheme:

Define uq p, : R? x [0,T] — R iteratively by

i),
u) = uo(X) dx,
75| J,
At
up ™t = u?—‘ [ Y Fu(u},u}) + AtLg plug n(- t™")](ws).
Y eN ()
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Model Problem
Theorem: [Dedner&Rohde '04]
Letug € L' N L>® N BV with compact support.
For an appropriate CFL-condition we have for { & [O, T] the estimate

essinf{ug(x)} < uq n(x,t) < esssup{ug(x)}.
XER2 XeRQ

Furthermore we have for C' > (

v —uqnll; < C’(\Q\hi + [Q|hIn |h| + esssup/ \L[u(,t)”)
te[0,T] JR2\Q

The choice |2] = O(In |h|) leads to the estimate
Ju— ugnll, < CHY4 ()]

(provided the exact solutions decays exponentially for |X| — 0Q)

[TANES)
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3) Compressible Liquid-Vapour Flow
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Liquid-Vapour Flow
Dynamic Local Diffuse Interface Model (Navier-Stokes-Kor  teweg)

A |
potdv(pv) =0 '/
(pv), + div(pvvl 4+ p(p)T) = ediv(T) + |
t |
: P
0= p(x, t) > (0 : Density u:z .
v =v(x,t) € R? : Velocity Van-der-Waals pressure

p(p) = pW'(p) — W(p).
Dlsocal [:0] — €2Ap

Energy inequality

d 1, £ 5
a@ - = dx ) <
dt( y Wip) + 5plv[" + 5 [Vol X) <0

W PINASy RHD - p.21/3



Liquid-Vapour Flow
Dynamic Nonlocal Diffuse Interface Model |

pt + div(pv) =0

(pv), + div(pvvT + p(p)I) = ediv(r) +

p=p(x,t) >0 : Density
v = v(x,t) € R? : Velocity

Van-der-Waals pressure
sioballd] = Ko xp—p, K. (x) = e K (x/e)

Energy inequality

4
dt Jpa

1

(W) + oIvE + 7 [ Kelxy)o(y,t) = plx,1))” dy dx) <0

Examples for K: Gauss- or Newton kernels, fractional Laplacian.
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Liquid Vapour Flow
Dynamic Nonlocal Diffuse Interface Model I

pt + div(pv) =0 | |
(pv), + div(pvv" +p(p)Z) = ediv(T) + "/
2 |

0 = 7_—2Ac —c+p i :

p=p(x,t) >0 : Density
d _ Van-der-Waals pressure
v =v(x,t) € R* : Velocity

e

orderlP] = m(p—c)

Energy inequality

d 1 T2
—( Wip) + 5olvI* + 5

2
9 , € 2
_ — |\ d><
dt Rd 2(,0 C)+2| C‘ x) <0
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Liquid-Vapour Flow

Numerical Experiment: (Rising bubble at boundary, Haink '0 9)

t =200
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Liquid-Vapour Flow

Numerical Experiment: (Two bubbles at one boundary, Haink’ 09)

t =100
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Liquid-Vapour Flow

Numerical Experiment: (Rising centered bubbles, Haink '09 )

t = 300
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4) Compressible Liguid-Vapour Flow
A Model Problem
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Model Problem

The Nonlocal Model Problem
For € > 0 find u° with

ui+ (), = ey +y(Kexus—u), nRx(0,00),
(F)
u(.,0) = g in R.

Theorem: [R’06]

Let K € C*°(R) and ug € L (R?) N L?(R?) with 7o, = ||ug|| ;.- - Then there
exists a number ry = ra(7oo) > 0 such that for ||ug|| ;- < r2 there exists a unique
classical solution € of (P.) in R? x [0, T'] which satisfies for t € [0, T'] the estimate

1

1w )2 + el Vus|l g ma o, = [luoll e

Note: See Schonbek, Shearer et al., LeFloch et al.,... for local version.

[TANES)
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Model Problem
The Vanishing Diffusion-Dispersion Limit
Theorem: [R '06]
Let {u®}.~q be a sequence of classical solutions for (P.) for f(u) = u>.

Then there exists a function © € L*(R) and a subsequence {u€}.~ such that

w® = uin L _(RYx [0,T]) (r€[l,4)).

loc

Moreover u is a weak solution of

ut + f(u), = 0.

15¢

0 0.2 0.4 0.6 0.8 1

[TANES) ”
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Model Problem

Proof:. (with compensated compactness)
A-priori estimates:

luCo Ol + ()l s + Velluzll: <€ (8> 0).
Estimates of entropy dissipation:

n(u®), + q(u®), C compactsetin W~12(K)

i/HAMT RHD — p.30/3



Model Problem

Proof:. (with compensated compactness)
A-priori estimates:

1w (Bl g2 + 1w (Bl s + Vellugll. <O (2> 0).

Estimates of entropy dissipation:

n(u), +qu), = en(u),, —en’(u)(ug)*

+aln (u®)(ge * u® —u’)], —an” (u)ug (e * u —u®).
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Model Problem

Proof: (with compensated compactness)
A-priori estimates:

luCo Ol + ()l s + Velluzll: <€ (8> 0).
Estimates of entropy dissipation:
n(us), +qu®), = en(u),, —en’(u)(us)’

+aln (u®)(ge * u® —u’)], —an” (u)ug (e * u —u®).

o [ [ xolw) - ] o] < Caloe s~ wr o,
K xr
< Cas”“i”zHQHWL%K)

— 0.
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Model Problem

Generalities on Local-Discontinuous-Galerkin(LDG) Sche mes (Cockburn&Shu98)
Let {;} be a partition of the interval 1.

We seek an approximation up(.,t) : I — R in the space

VP := {én | ¢nl1, is a polynomial of degree < p forall j € Z }.

Legendre-polynomial ansatz:

Idea: Derive an equivalent first-order enlarged system for (P.) and discretize the weak
formulation.

i/HAM:f RHD - p.31/3



Model Problem
Source-Like LDG-Scheme for the Model Problem

us + (f(u) —eq), =AYy (Poxqg—q) =0, g—uy, =0

i/PAM:f RHD — p.32/3



Model Problem
Source-Like LDG-Scheme for the Model Problem

/Iutsodw—/(f(U)—aJ)somder[[f(u)—aJ]]—/v(q)s*q—Q)dw:O

I I

Find up(.,t) : I — R with

/1 (wn,e = V([Ke * qn] — qn)) én d — / (f(un) — eqn) Pn,» da

J g
— —f]+1/2¢h($j__|_1/2) + fj—1/2¢h(x;_—1/2)

tedip1/20n(T, ) — 5%—1/2%(«’1/’;1/2)7

/I qnon dz -1-/ Un@Ph,z AT = ﬂj+1/2¢h($;+1/2) — aj—1/2¢h(33j_1/2)
- I

J J

forall ¢pp, € V}, j € Z.
ANES
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Model Problem
Flux-Like LDG-Scheme for the Model Problem

Ut—F(f(’U,)—é‘q—)\’y((I)e*’U,—’LL))w:0, q— uz = 0.

Find up (., t), qn(.,t) € VF such that

[ wniondo— [ (#un) = ean = Mz ] = un) 0 do
I; I;
— _fj+1/2¢h(x;+1/2) T fj—1/2¢h(x;__1/2)
+5qvj+1/2¢h(37;+1/2) — 5qvj—1/2¢h(37j_1/2)

+'Y[K€ * uh](xj+1/2)¢h(xj_+1/2) - 'Y[Ks * Uh](xj—1/2)¢h(xj+_1/2)

—YUj41/200(T 1 o) +VUj—1/200(T] ) )5),

/ qnon dx +/ UhPh,a AT = TUji1)20n(T,, ) /p) — aj—l/%bh(x;__l/z)
I, I

J J

for a cVP jeZ
g P € Vi J D 0535



Model Problem

Theorem for the Flux-Like Version [Haink&R.09] ~
Let up, € V}IL) be the solution of the flux-like LDG-scheme with central flux ¢ and a

monotone flux f. Then there are functions

gj+1/2 = g(uh (LIZJ-__|_1/2, t)a Up (33;_4_1/27 t)a dh (QZJ-__|_1/2, t)a Qh(x;':_l/ga t))

with g(w, w,0,0) = f(w)w — F(w), F' = f, such that uj, satisfies

d up 2
p ) dr + gjy1/2 — gj—1/2 < —€ qp, d
I I

- </I K. * uh]uh,a: dr + [K. * uh](-??j—l/2) <uh($;r_1/2) - uh(-??jl/2)>>

J

for all 3 € Z. Adding up yields

W PINASy RHD - p.34/3



Numerical Experiment with the Two Variants:

1.5;

0 0.2 0.4 0.6 0.8
X

0 ups € Vy.

0 ups € V5.

[TANES)

0 0.2 0.4 0.6 0.8 1

(Shock-Shock)

1.51

Model Problem

151 151
1 \ 1 ‘
0.5 0.5
o || o
-0.5¢ |‘ ';’\/-—-—- -0.5/ k
! \ J !
0 0.2 0.4 0:6 0‘8 1 0 0:2 014 0:6 0:8 1

0 uns € V.

1t \ l ‘
|
0.5 0.5l
of ol
-0.5¢ | -0.5
| —— \
_1— _1,
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

0 upns € V7.
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Numerical Experiment with the Two Variants: (Shock-Rarefa

1.5

0 0.2 0.4 0.6 0.8 1
X

0 uns € VY.

0 0.2 0.4 0.6 0.8 1

0 ups € Vy.

[TANES)

1.51

0.5r

-0.5¢

0.5
o
-0.5r |
1}
0 02 0.4 0.6 08 1

0 ups € Vi

1.51

0.5r

-0.5¢

1.5p

0.5¢

-0.5F

Model Problem
ction)

0.2 0.4 0.6 0.8 1

0 ups € V7.
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Some Conclusions:

(i) Atleast some theory on the level of model problems available...

(i) Nonlocal Modelling leads to less severe time-step restrictions (but of course has a
sampling problem)

(i) Not much known for strongly singular kernels

(iv) Nonlocal approach leads to more general models (nondefininite, anisotropic kernels)

W PINASy RHD - p.37/3
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