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Fractional degen convection-diffusion equations

u(z,0) = ug(x)

{ut + f(u)e = (a(u)ug), + bL[u],

f,a: R — R, a> 0 bounded, Lipschitz continuous

b > 0 is a constant, and £ is a nonlocal operator
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Fractional degen convection-diffusion equations

{ut + f(w)e = (a(uw)ug)y + bL],

u(z,0) = ug(x)

f,a: R — R, a> 0 bounded, Lipschitz continuous
b > 0 is a constant, and £ is a nonlocal operator

L is fractional Laplacian:

A

Llu(-,1)](§) = —I€] a(€, 1),
A e (0,1)
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Fractional degen convection-diffusion equations

{ut + f(u)e = (a(u)ug), + bL[u],

u(z,0) = ug(x)

Another way to represent £ (Landkof [72])

u(x + 2,t) — u(x,t)
PER

Clu(z, )] = o /

|z2| >0

dz.
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Fractional degen convection-diffusion equations

wr + f(u), = (alw)u, ), +bLlu

Pseudodifferential operator P with a symbol a(w) > 0:

Po(w) = a(w)v(w)

Lévy-Khintchine formula.

a(w) =tb-w+ q(w) + / (1—e Y —iz-wlj,<1(2)) 7(dz),
R4\{0}

A e (0,1
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Fractional degen convection-diffusion equations

wr + f(u), = (alw)u, ), +bLlu

Pseudodifferential operator P with a symbol a(w) > 0:

Po(w) = a(w)v(w)

Lévy-Khintchine formula.

a(w) =tb-w+ q(w) + / (1—e Y —iz-wlj,<1(2)) 7(dz),
] ] R4\ {0} ! [
drift diffusion jump (Lévy) part Lévy measure

A e (0,1
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Special cases

Fractional diffusion equation
uy = —(—A)7, v € (0,1). Ul—0 = Ug.

Solution given by Greens’ function! Solution is smooth ...
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Conservation laws — u¢ + f(u), =0

Discontinuous solutions, shock waves

Weak solutions, entropy conditions
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Conservation laws — u: + f(u), =0

Discontinuous solutions, shock waves

Weak solutions, entropy conditions

For all convex n with ¢’ = n'f’

om(u) + 0rq(u) <0  weakly
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Mixed hyperbolic-parabolic

ug + f(u)z = (a(u)ug)s-
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Mixed hyperbolic-parabolic

ur + f(u), = (a(u)uy),.

For all convex n with ¢ =n'f’", v’ =1n'a

Oin(u) + Opq(u) < Ozr(u) — 1" (u)a(u)(d,u)®  weakly

Well-posedness theory in L' N L* of existence, uniqueness,

L' contraction of entropy solutions ... (Carillo ...)
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Mixed hyperbolic-parabolic

u L) — (L1,

Entropy solution ala Carrillo
o uc L®(LH)NL>®NCy(LL)

e VA(u) €L’ A:/a

o Oilu— K|+ 0 (sgn(u—k)(f(u) -
—sgn (u — k)0, A(u) <0 weakly

f(k))
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Regularity issues for fractional Burgers equation
Oru + 05 (u?/2) = —(—A)

Subcritical (A > 1/2), critical (A = 1/2) cases:
solutions smooth in ¢ > 0

(Droniou-Gallouet-Vovelle, Kiselev-Nazarov-Shterenberg
Chan-Czubak, Dong-Du-Li, ...)

‘many parallel results quasi-geostrophic equation,

Kiselev et al., Caffarelli-Vasseur, ...]
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Regularity issues for fractional Burgers equation
Oru + 05 (u?/2) = —(—A)

Supercritical case (A < 1/2):
singularities indeed occur

(Alibaud-Droniou-Vovelle, Kiselev-Nazarov-Shterenberg, Dong-Du-Li)

>  Weak (distributional) solutions
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Regularity issues for fractional Burgers equation

Oy + 8, (u2/2) = —(—A)u,

Weak solution: uw € L°°

// udyh + “; 6 —u(—Apldadt =0, Yo e O

+ initial condition ug € L

>  Weak (distributional) solutions
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—Nntropy solutions for fractional PD

Conservation laws

Ut + f(u):c — [’[u]

Clul(t. ) = /R o e+ 2) (e 2) — 2ty a] (@2

Viscosity regularized version

Oruy + Oz f(u,) = Llu,y(t, )] + pAu,, o> 0.

onsdag 19. mai 2010



Fix convex entropy n, entropy-flux ¢ by ¢ = n’ f’. Then
On(up) + 0xq(up) = Ln(uy)| + pAn(up) — vy,

where v, = v} 4+ v2 4 v consists of three parts:
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Fix convex entropy n, entropy-flux ¢ by ¢ = n’ f’. Then
On(up) + 0xq(up) = Ln(uy)| + pAn(up) — vy,
where v, = v} 4+ v2 4 v consists of three parts:

Entropy dissipation term

vy = pAn(u,) — pif (up) Ay = pn’ (up) [Vu,|*
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Fix convex entropy n, entropy-flux ¢ by ¢ = n’ f’. Then
On(up) + 0xq(up) = Ln(uy)| + pAn(up) — vy,
where v, = v} 4+ v2 4 v consists of three parts:

Fractional parabolic dissipation term

3 / (1 2) (up(t, + 2) — up(t, 7)) 7(dz),
R4\ {0}

7 (1 2) = / (1= )" (1 = P)up(t, 2) +Tup(t 2+ 2)) dr
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3

o) since

The commutator L[n(u,)] —n' (u,)L[u,] equals v

n'(a) (b — a)

1 (/01(1 — " (1 = 7)a + 7b) d7> (b—a)”.

Fractional parabolic dissipation term

3 / (1 2) (up(t, + 2) — up(t, 7)) 7(dz),
R4\ {0}

7 (1w 2) = / (L= 7" (1= P)up(t, @) + T (b, + 2)) dr
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Entropy solution  w € L* is an entropy solution if

V convex entropies n, entropy-fluxes ¢, ¢ = 7' f

om(u) + 0rq(u) < Ln(u)] —m*"  weakly

e = / 77 (us 2) (u(t, 2+ 2) — u(t, 2))? 7(dz),
R\{0}
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qb — ¢(t,3§‘) S Cc?o

Can replace the term // (n(u)ﬁ[gp] — m“’") dr dt by
z) — ¢

[fo et

//QT / |>T u(t,z + 2) —u(t,z)] n(dz) dedt, Vr € (0,1),

t,x) — V- z|m(dz)dxdt,

Entropy formulation due to Alibaud (existemce, uniqueness, etc.)
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¢ — ¢(t,£13) S Cc?o

Can replace the term // (n(u)ﬁ[gp] — m“’") dr dt by
z) = ¢

Il f, o

Not all weak solutions are entropy solutions !

t,x) — V- z|m(dz)dxdt,

Alibaud-Andreianov construct

a stationary weak solution

violating Oleinik’s E condition

onsdag 19. mai 2010



Fractional convection-diffusion equations
s + f(u)e = (a(u)ug)e + Llul, a >0

uw € L°° N L' is an entropy solution if

V convex entropies n, entropy-fluxes ¢q,r, ¢ =7n'f, v = n’a

Oin(u) + Ozq(u) < 02r(u) — 0" (wa(u)(9,u)? + L[n(w)] — m™"

min — / (s 2) (ult,x + 2) — u(t, 2))? w(dz),
7\ {0}

(Chen-Perthame, Bendahmane-K, Ulusoy-K)

onsdag 19. mai 2010
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Unigueness, stabllity, continuous dependence (Ulusoy-K) ...

Oru + div f (u)
5’tv -+ lef(”U)

div(a(u)Vu) + Llu], uli—g = ug
div(a(v)Vv) + Lv], v|i=¢ = vy

Llu] = / u(t,x +2) —u(t,x) —z- Vyulp, o] n(dz), w(dz) =m(z)dz

Llv] = / o(t,z+z) —v(t,x) —z- Vvl | T(dz), 7(dz) =m(z)dz

Assume: u € L>(0,T; BV (R?)) entropy solution
with BV data ug € L' N L>° N BV
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Unigueness, stabllity, continuous dependence (Ulusoy-K) ...

Oy u e any t € (0,7,

|lu(t, ) — v(@, )l L1 (ga

< fluo = voll sty + Crt || = |

ewilva- |

Wteo(I);R%)

LOO(I;RdXK)
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1D entropy solutions in BV class

ug + f(u)e = (a(w)ug)z + Llul, a =0
. u(x + z,t) — u(x, t) .
Llu(x,t)] = >\/|z>0 e dz, M€ (0,1)

u € L°°(Qr) is BV entropy solution if (Qr = (0,T) x R)

e ueL>0,T;LY(R))NBV(Qr);

o A(u)eC'2(Qr); A= ["a;

e Kruzkov-type entropy condition

onsdag 19. mai 2010
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1D entropy solutions in BV class

VO < peCPRx[0,T)), Vk € R,

// u — k| o + ge(u)ps + T5(U)Pre

+sgn (u — k) L|u|p dxdt

/|uo—kwo:c>

o Kruzkov-type entropy condition
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1D entropy solutions in BV class

V0 < p € CF(R X |0,T)), VEk € R,

// u — k| o + ge(u)ps + T5(U)Pre

+sgn u — k)Llulodxdt

Finite since u is BV / up — k| p(0,2) dx

qr(u) = sgn (u —

o Kruzkov-type entropy condition

onsdag 19. mai 2010
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Numerical approximation

e Vast literature for nonlocal linear equations
(finance applications)

e Nonlinear convection of compressible radiating fluids
(Dedner-Rohde)

¢ Fractional conservation laws (Droniou)

— convergence of monotone F'V method

e Fractional conservation laws / convection-diffusion

(Cifani-Jakobsen-K)

— discontinuous Galerkin methods

onsdag 19. mai 2010
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Discontinuous Galerkin (DG) methods

e Well established for the pure conservation law

675% - 6xf(u) — () Mainfeatures‘

(COCkburIl—ShU. _I_ IIlaIly Other HameS) Stability High-accuracy

e Aim is to extend to fractional CL / conv-diff

Results
: High-order Error estimate of
Nonlinear
- accuracy for order 1/2 for BV
stability : :
linear eqs entropy solutions
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A semi-discrete DG method

e Spatial grid x; = 1Az, 1 € Z; I; = (x;,T;11)
e P*(I;) polynomials of degree k

Orthogonal basis - Legendre polynomials

{‘700,2'7 25 WX SOk,i},

pi; € PI(L;)j=0,...,k
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e Multiply us + f(u)s = Llu] by a ¢ € P*(I;),
| over the interval I; and integrate by parts

Replace f by (consistent, monotone) numerical flux F

/utso /f )z + F(uit1)p(@ ) — F(ui)p(z;")

:/1- ufep.

{2

® Determine u(x,t) LL Uy i(t)op.il

1€ p=0
such that equation holds Vo € P*(I;), i € Z.

onsdag 19. mai 2010

16



M . . a - n / \ ~Tr T = “1/./1-\

(1) The Godunov flux:

f 4 min f(u), if a<b
G a<u<b
 b) =
Rep /@, b) {max f(w), otherwise
b<u<a

I’il

fEO(a, b) = Job min( f'(s), 0) ds+J0a max( f'(s), 0) ds+ £(0)

(1) The Lax—Friedrichs flux:

f(a, b) =L[f(a)+ f(B)—C(b—a)]

C=_ ooy DX o £ ()]
miu (x)sssssupu (x
® [ei

such that equation holds Vo € P*(I;), i € Z.
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e Multiply us + f(u)s = Llu] by a ¢ € P*(I;),
| over the interval I; and integrate by parts

Replace f by (consistent, monotone) numerical flux F

/utso /f )z + F(uit1)p(@ ) — F(ui)p(z;")

:/1- ufep.

{2

® Determine u(x,t) LL Uy i(t)op.il

1€ p=0
such that equation holds Vo € P*(I;), i € Z.

onsdag 19. mai 2010

16



IRV LAINEIPMES [ cnma: For ¢, ¢ € L'(R) N BV (R).

| over the int / oL[6]ds — / Ll da
Replace f by ( 0 F

I; I;

® Determine u(x,t) LL Up.i

1€, p=0
such that equation holds Vo € P*(1;), i € Z.

onsdag 19. mai 2010
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e Multiply us + f(u)s = Llu] by a ¢ € P*(I;),
| over the interval I; and integrate by parts

Replace f by (consistent, monotone) numerical flux F

/utso /f )z + F(uit1)p(@ ) — F(ui)p(z;")

:/1- ufep.

{2

® Determine u(x,t) LL Uy i(t)op.il

1€ p=0
such that equation holds Vo € P*(I;), i € Z.

onsdag 19. mai 2010
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Properties of Legendre polynomials —
Vgq=0,...,k and 1 € Z,

Ax d
) zl 1)4F ~z' _FNZ'
i iV = [ ) as + (CDEE) — Fien)

T /I ’C[/&]gpq,ia

(2

2q + 1
03i(0) = 2= [ wo(w)pyila)de.

7

Time discretizations: Explicit, Runge—Kutta methods
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Existence/uniqueness of solutions

Properties of | . CL([0,T]; VF N L?(R))

Vg=0,...,k by Picard-Cauchy-Lipschitz theorem.

Ax d
) zl 1)4F ~z' _FNZ'
i Ve = [ ) as + (D) — Fiien)

T /I ’C[/&]gpq,ia

(2

2q + 1
03i(0) = 2= [ wo(w)pyila)de.

7

Time discretizations: Explicit, Runge—Kutta methods
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Nonlinear stability

¥ = {u:ul;, € P*(I;) for all i € Z} piecewise polynomials

H?*/2(R) fractional Sobolev space

lullznsz @y = llullzzm) + |u|%w2 Ry < 00
(R) (R)

.CE‘
|u|H>\/2(R) —// Z—:E‘H')‘ dzd:zz.

onsdag 19. mai 2010
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Nonlinear stability

¥ = {u:ul;, € P*(I;) for all i € Z} piecewise polynomials

H?*/2(R) fractional Sobolev space

lullznsz @y = llullzzm) + |U|%w2 Ry < 00
(R) (R)

x
|u|H>\/2(R) —// Z—:E‘H'A dzd:v.

VFN L?(R) € HM*(R)
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Nonlinear stability

VF i={u:u|;, € P*(I;) for all i € Z} piecewise polynomials

H?*/2(R) fractional Sobolev space

2
[KOIFAVE | ¢ € VN L?(R), then for all X € (0,1),

2 C
ulasz A o S A—x\\¢||2L2(R)-

onsdag 19. mai 2010
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Nonlinear stability

VF i={u:u|;, € P*(I;) for all i € Z} piecewise polynomials

Theorem (Stability). ua, numerical solution.

T
lune (s T)[72m®) + C/\/O U (5 t) a2 mydt < ol T2 ).

onsdag 19. mai 2010
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Nonlinear stability

Proof.

Choose test function ¢ = ua.(-,t) in the DG scheme

| Sum over 1 € Z, rearrange terms + integrate in time
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Nonlinear stability




Nonlinear stability

Proof.

Choose test function ¢ = ua.(-,t) in the DG scheme

j oum: “Integration-by-parts”

| //(7 /R // Z_wﬁf/\ " dxda

for o € L}(R) N BV (R

F(w) = Fuag(z7), uns(: + / / L[]

onsdag 19. mai 2010



Higher-order accuracy (linear equations)

Exists a unique H*"1(Q7) solution to the linear equation

O + cOpu = L[u], u(0,2) =ug € H*(R), (k> 0)

Theorem (error estimate). For any 7' > 0,

|u(-, T) — uA:E('pT)HLZ(]R) < ck,TA:Uk+§.

onsdag 19. mai 2010
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Proof. e Errore:=u—up, € H)‘/Q(]R) obeys
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Proof. e Errore:=u—up, € H)‘/Q(]R) obeys

Blep)i= [ e+ 3 [Flealar) - (at)) - [ ce]
T = [e=0

e Let u be L?-projection of v into V"
and set e := u — ua, € HY?(R). Then

/OT/Rete:/OT/R(u—u)te_/OTZ {F(ei)(e(xi)—e(aﬁj))—/li cee,]

N /OT Z {F((u —u);)(e(x;) — e(x:_)) — /I c(u — u)ex}

+/OT/Rg[e]e—/OT/Rg[e—e]e.




Proof. e Errore:=u—up, € H)‘/Q(]R) obeys

Blep) = [ e+ 3 [Fled(elar) = plal)) = [ cepd]

1E7, l

/IR Bounded by by ¢y 7 Az?Ft!
e Let u be L*projection of u into .

and set e := u — ua, € HY?(R). Then

/T/ :/ T/ (1w~ / TZ Fled)(e(z;) - e()) - / cee;
L

1E€7,

+/O /Rg[e]e—/o /Rg[e—e]e.
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Proof. e Errore:=u—up, € H)‘/Q(]R) obeys

B(e, /61590—%2{

1EZ

e Let u be L?-projection of v into V"
and set e := u — ua, € HY?(R). Then

T
/ / e;e — Remains to estimate this term )(e(z;) —e(z])) — / cee,)]
0 JR I;

Y N—

> P (e(e;) —e(@) = [ clu—ue,|
) J

1E€7 I;

[ Lo T
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Proof. e Errore:=u—up, € H)‘/Q(]R) obeys

e /()T/Rg[e]e—/oT/Rg[e—e]e
Q/!/ ele + = / X e__/ [ sle e -0

_ZZMu—m<>mpmmﬁ

T
/ and moreover
0

H(u IR u)('vt)H?{k/Q(R) < C/cHu('yt)”%{k+1(R)AZE2k+2_)\.

< CpAz?FTite c:=1-X€(0,1).

+/OT/Rg[e]e—/OT/Rg[e—e]e
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Convergence / error estimate in nonlinear case

e Restrict to piecewise constant elements (k = 0):

{00105 Criy ={¢0:i}, ©os =1y,

e Implicit-explicit method

Ut =U — AtD_F(U, U" ) + AtLU™),,

1
po = 1 d
i T Ag /I uo(x)dx
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Convergence / error estimate in nonlinear case
e Implicit-explicit method
UMt =U — AtD_F(U", UM ) + AtL{U™ ),

1
U} = -— d
| Az/ﬁwyf:) .

e Nonlocal operator

| JEL
G; Z:/I ,C[l[j]d$

LU™),

onsdag 19. mai 2010 19



Lemma.

For all (¢,7) € Z X Z,

Y |Gl <o, Y Gp=0, Gi=Gl, GH=aG

kEZ kEZ

Moreover, G; > 0 whenever 7 # 5, while

- dz dz
G! = —d\Az' ", where dy := cy / | / > 0.
1z|<1 2| |z|>1 =

e Nonlocal operator
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Convergence / error estimate in nonlinear case
e Implicit-explicit method
UMt =U — AtD_F(U", UM ) + AtL{U™ ),

1
U} = -— d
| Az/ﬁwyf:) .

e Nonlocal operator

| JEL
G; Z:/I ,C[l[j]d$

LU™),
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Lemma. Suppose ug € L'(R) N BV (R).

Let ua, be piecewise constant numerical solution.

Then for all t > 0,

1) [luaz( )L < luollzes®),
i) Juas ()l L@ < lluollr @),

1) |uaz(-,t)| By @) < |uo| By (R)-

iv) ||€L(7 S) T a('vt)HLl(R) < C(‘S _ t‘ T AZE)

onsdag 19. mai 2010
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Theorem (convergence/error estimate).

Suppose ug € L'(R) N BV (R).
Let u be BV entropy solution of fractional CL.

Let uan, be numerical solution.

The there exists a constant C'7 > 0 such that

|lu(-,T) = une(T)||Lr ) < CrV AT

onsdag 19. mai 2010
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Proof based on adaption of Kuznetsov’s lemma

Lemma (Kuznetsov)

Let u be the exact BV entropy solution

Let w be an approximate solution

For any e > 0,0 <0 < T,

lu(-, T) — (-, T r) < cle+ 6+ Az) — A o[, u).

Kruzkov form:

://]u—k\gpt qr(u) . + sgn (u — k) Llu|pdxdt
/\uo k!gpaz()daz—/]u:cT) klo(x,T)dx

onsdag 19. mai 2010
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Proof based on adaption of Kuznetsov’s lemma

Lemma (Kuznetsov)

qe(u) = sgn (u — k)(f(u) = f(k))

o(z,y,t,5) = we(x — y)ws(t — 5)

Afu, @, k] = / = k| o1+ qu(u)on + sen (u — k) C[ul pdadt

+ [ fuofa) = kl pla,0)do /R (. T) — k| o(x, T)da
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Convection / diffusion / fractional diffusion

e DG for diffusion equation u; — uyy = 0

/I UpV +/I UV dr — (um)J.Jrl/QQJ]._H/2 + (ux)j_l/Qv
j j

u, v plecewise polynomials

with respect to cells I; = (z;_1/2,2;11/2)

- _
j—1/2 —

0,

onsdag 19. mai 2010
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Convection / diffusion / fractional diffusion

e DG for diffusion equation wu; — uyy =0

/uthr/ U Vpdx —
I I

u, v plecewise polynomial

with respect to cells I; = (

e —

(uw)j+1/2

Vit172 T

e ——

(ux)j—l/z

—1/2, 4 +1/2)

Numerical fluxes
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Convection / diffusion / fractional diffusion

e DG for diffusion equation wu; — uyy =0

/I UpV +/I UV dr — (uw)J.Jrl/QQJ]._H/2 + (ux)j_l/Qv
j j

u, v plecewise polynomials
with respect to cells IJ — ([Ej_l/g, ZCj_|_1/2)

Nalve choice does not work
(Nnot consistent):

+ _
j—1/2

0,

onsdag 19. mai 2010
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C ONVE( solid line: exact solution d | ffu S | Oon

0.7 &% symbol circle: numerical flux without [u]

o DG {i = (
/ U1 (ux)]—l/ij—l/Q
I
U,V [
. Liu-Yan. Subtle inconsistency (Shu |
with B ] Y (Shu) j—|-1/2)

Nalve choice does not work
(Nnot consistent):

A

(ux)jju_1/2 = ((Ua?);+1/2 T (ux_)j+1/2)/2
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e | ocal DG method (LDG) of Cockburn & Shu

Rewrite heat equation u; — u,, = 0 as 1st order system

Ut — Gz = 0, q— Uy = 0.
Apply DG method to system.

So both solution v and flux ¢ are evolved in each cell !

onsdag 19. mai 2010
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e | ocal DG method (LDG) of Cockburn & Shu

Rewrite heat equation u; — u,, = 0 as 1st order system

Ut — Gz = 0, q— Uy = 0.
Apply DG method to system.

So both solution v and flux ¢ are evolved in each cell !

e Direct DG method (DDG) of Liu & Yan

Based on the standard weak formulation

+ convenient choice of numerical flux.
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e | ocal DG method (LDG) of Cockburn & Shu

Rewrite heat equation u; — u,, = 0 as 1st order system

Ut — Gz = 0, q— Uy = 0.
Apply DG method to system.

So both solution v and flux ¢ are evolved in each cell !

e Direct DG method (DDG) of Liu & Yan

Based on the standard weak formulation

+ convenient choice of numerical flux.

/I' ULV + /I U:Bvxdﬂf — (/sz)j_|_1/2vj__|_1/2 + (Ux)j_1/2’l];—_1/2 — ()
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o | ocal pimmiiaataas
Piecewise constant approximation (k = 0):

Rewri Sstem

P Uy — U—
Gy = Az

yields standard central differencing.

Appl

So both SOolutior INd 1UX g are evolved 11 N cell !

e Direct DG method (DDG) of Liu & Yan

Based on the standard weak formulation

+ convenient choice of numerical flux.

/I UV + /I UV dX — (ugc)].Jrl/ij_Jrl/2 + (ux)j_l/Qv;T_l/Q — 0
j j
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e | ocal DG method (LDG) of Cockburn & Shu

Rewrite heat equation u; — u,, = 0 as 1st order system

Ut — Gz = 0, q— Uy = 0.
Apply DG method to system.

So both solution v and flux ¢ are evolved in each cell !

e Direct DG method (DDG) of Liu & Yan

Based on the standard weak formulation

+ convenient choice of numerical flux.

/I' ULV + /I U:Bvxdﬂf — (/sz)j_|_1/2vj__|_1/2 + (Ux)j_1/2’l];—_1/2 — ()

onsdag 19. mai 2010

24



* | OCaigmiamitaaans
Piecewise linear approximation (k = 1):

Rewr system

Uy — U_ 1 _
iz = =7 5 ()" +(u)7).

Appl

yields a second order approximation.

So both Ssolutior INd 1UX g are evolved 11 cell !

e Direct DG method (DDG) of Liu & Yan

Based on the standard weak formulation

+ convenient choice of numerical flux.

/I UV + /I UV dX — (ugc)].Jrl/ij_Jrl/2 + (ux)j_l/Qv;T_l/Q — 0
j j
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P Uy — U—

Uy

Ax

solid line: exact solution
symbol circle: numerical flux without [u]

0.7
0.6
0.5
0.4
0.3
0.2
0.1

-0.1
-0.2
-0.3
-0.4
-0.5
-0.6
-0.7

+ % ((uz)™ 4 (uz) 7).

solid line: exact solution

symbol circle: numerical flux with [u]

2 3 4 5 6
X
S

a]] !
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e | ¢ Solution of heat equation

) o (@)%/(4) 1 (1 \
with data ¢ having a discontinuity at x = 0.
A
Formula for gradient of solution to heat equation:
S (Liu-Yan)

m—1

*Di u,(0,6)=Y" (2; ot [ VAT Z tmagmﬂg
B 1 \[ ) -

/I UV + /I Uy Vpdx — (ugc)].Jrl/ij_Jrl/2 + (U:B)j_1/27];r_1/2 =0

J J

——
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e | ¢ Solution of heat equation

Ri u(z,t) \/ﬂ e~ =W g (y)dy

with data ¢ having a discontinuity at x = 0.

A

Formula for gradient of solution to heat equation:
S (Liu-Yan)

m—1

*Di u,(0,6)=Y" (2; ot [ VAT Z tmagmﬂg

B. 1 ,
— N g H 09 + \/; [ﬁxg} + t02g +

T -

o + _
/ UV -+ / Efump ]_|_1/2/U +1/2 + (U:c)j—l/QUj_l/Q = (
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e | ¢ Solution of heat equation

) o (@)%/(4) 1 (1 \
with data ¢ having a discontinuity at x = 0.
A
Formula for gradient of solution to heat equation:
S (Liu-Yan)

m—1

*Di u,(0,6)=Y" (2; ot [ VAT Z tmagmﬂg

oy

— — 2 3
N \/Tm[ch?ngﬂL\/; 02g] +td3g+ -,

Average
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Local Discontinuous Galerkin (LDG) method

u(t,x + z) — u(t, )

\z|1+>‘ dz

Oru + 0, f(u) = 0z (a(u)0ru) + ¢ /

|z|>0

Rewrite as a system

ut—l— — Vv a C] —b£
q—g(u)z =0, g—/\/_

Apply DG method
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Local Discontinuous Galerkin (LDG) method

Apply DG method




Local Discontinuous Galerkin (LDG) method

Variational form For all v,,v, € P*(I;)

/ O Uy, —/ w(W)O0z 0y + Ny (Wi 1)V, 10 — hu(Wi)vuy

/ qUq — / xvq T h U’L-l—l) q i+1
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Local Discontinuous Galerkin (L

DG) method

Variational form For all vy, v, € P*(I;)

Replace h,, h, by numerical fluxes ala Cockburn & Shu.
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Local Discontinuous Galerkin (LDG) method

hixr) — Wi a) — / h
Local DG method

/ atuvu / u( )aazvu + iLu(
/ qQUg — / )02 Vg + hg (Ui ) Vo i1 —

for all v,,v, € P*(I;), 1 € Z
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Theorem (nonlinear stability).

Let w = (u, q) be a solution of LDG method. Then
| T2y + 20720y + 207(W)

T
tex [ 1A, )5z my dt < lluollze ).
. (R)

where

Or(w] = / S [wil'Cwi] (> 0).

1EL

(the matrix C is semipositive definite)
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Theorem (error estimate linear eqs).

Let w = (u, ) be a solution of LDG method.

With e, = v —u and e; = q — ¢,

/Rei(x,T)Jr/OT/Re?]Jr@T[e]

—|—C)\/ |€u‘?{>‘/2(R) — O(l)Agﬂk
0

NB! Error estimate is optimal without fractional diffusion.
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Direct Discontinuous Galerkin (LDG) method

u(t,x + z) — u(t, )

\z|1+>‘ dz

Oru + 0, f(u) = 0z (a(u)0ru) + ¢ /

|z|>0

For an arbitrary v € P* (£;),

/utv —/ f(u f(uivi)viyy — fui)of
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Direct Discontinuous Galerkin (LDG) method

u(t,z + 2) — ul(t, )

\z|1+>‘ dz

Oru + 0, f(u) = 0z (a(u)0ru) + ¢ /

|z|>0

For an arbitrary v € P* (1;),

Numerical fluxes

/utv —/ f(u fwit1)piig —f(uz')'@zTF

—|—/ a(u uxvx h(ui—l—laux,i—l-l)vi_—l—l +h(ui7ul’»i)w;r
I

7

Numerical fluxes

:/I Llulv, (h(u,uz) = a(u)uy)

7
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Direct Discontinuous Galerkin (LDG) method

For convection, choose any

Oru + O f (u) consistent and monotone Hux z) — u(t, x)

dz

flui) = fu(z;), u(x;

For an arbi

Numerical fluxes

/1- wv — [ fw)ve +|f (wip )y —|f (wivi’

I;

+/ a(WugVe —|h(Uis1, Uz it Vg R(U, U 0
1

7

Numerical fluxes

:/I Llulv, (h(u,uz) = a(u)uy)

7
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Direct Discontinuous Galerkin (LDG) method

u(t,z + 2) — ul(t, )

\z|1+>‘ dz

Oru + 0, f(u) = 0z (a(u)0ru) + ¢ /

|z|>0

For an arbitrary v € P* (1;),

Numerical fluxes

/utv —/ f(u fwit1)piig —f(uz')'@zTF

—|—/ a(u uxvx h(ui—l—laux,i—l-l)vi_—l—l +h(ui7ul’»i)w;r
I

7

Numerical fluxes

:/I Llulv, (h(u,uz) = a(u)uy)

7
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For diffusion flux h = a(u)u, = A(u),, we follow Liu-Yan

hu)) = h(u(z)),...,0%u(x),ulzh),...,0%u(z]))

(4 X (

| k/2]

m=1
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For diffusion flux h = a(u)u, = A(u),, we follow Liu-Yan

hu)) = h(u(z)),...,0%u(x),ulzh),...,0%u(z]))

(4 X (

(Auy) Stptone flyx — o
= B~ + Alui)e + D B AP HOI™ A(us)),
m=1

1Bos -+, B|k/2) t satisfy for some v € (0,1) and a > 0

S hfud 20y S ) -2 Y [ atw)(w)?

€2 1EL 1EL
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For diffusion flux h = a(u)u, = A(u),, we follow Liu-Yan

R For example, if K =0 and 5y = 1,
| ; 1 A(u(zi)) — A(u(z;))

1

() = 3= [A@w)] = -

Az

af; /
m=1

1Bos -+, B|k/2) t satisfy for some v € (0,1) and a > 0

S hfud 20y S ) -2 Y [ atw)(w)?

€2 1EL 1€4
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For diffusion flux h = a(u)u, = A(u),, we follow Liu-Yan

W )
| k/2] )and a > 0

Z ﬁmAme—l[aimA(uz)]
m=1 Z/

— B A0 A(u,)] =

= BrAzfa (u;)(Dpui)? + alu;)Ozui).
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Theorem (nonlinear stability).

Let ©w be DDG solution. Then

T
(-, T) |22 g + 207 (] + e / () 2 < o]l

Crfu] = (1-7) | T% [ at@)?+a | T% A g
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Theorem (error estimate for linear eqs).

Let u € H*™1(Q7) be a solution of IPDE.
Let @ be a DDG solution.

With e = u — a,
e’ x, 1) |C‘/ e; (1 —~ / /ex
[ e+ | > el
T 2
[ez‘]
o 0 ZAw
1E€7
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Convergence of DDG method in nonlinear case

u(t,x + z) — u(t, )
PER

Oru + 0, f(u) = 0z (a(u)0ru) + ¢ / dz

|z|>0

Piecewise constant elements (k = 0):

d A .
AZIZ%Uz‘Ff(UzaU’L—I—l) f( 1—15 )

A(U; 1)]
st =2 [

J1EL
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Convergence of DDG method in nonlinear case

u(t,x + z) — u(t, )

\z|1+>‘ dz

Oru + 0, f(u) = 0z (a(u)0ru) + ¢ /

|z|>0

Explicit method

n—+1 n

Fa) = DL A(UD)| = L"),
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Lemma (a priori estimates).
1) [[UM[Lr@) < [lwollor gy,
i) [|U"|Loz) < lluollLe=(®);

wt) U gy (z) < |uolpv(w)-
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Lemma (a priori estimates).

1) UM L1z) < [luollzrw),

1) U ||z (z) < luoll=(®),

wt) U gy (z) < |uolpv(w)-

Moreover,

f(Un z—l—l)

f(uR,u

VAN

O—I—)

D, AU

DL AUY) —

k=—o0 jEZ

Z Z szUO

k=—o0 jEZ

Leo(Z)

Leo(Z)
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Lemma (a priori estimates).

1) UM L1z) < [luollzrw),

1) U ||z (z) < luoll=(®),

wt) U gy (z) < |uolpv(w)-

Moreover,

VA

FUP UL, ) -

f(Un z—l—l) o D—I-A Un

DL AUY) —

k=—o0 j€Z

Z ZGkUO

k=—o0 €%

BV (Z)

BV (Z)
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Lemma (a priori estimates).
1) [[UM[Lr@) < [lwollor gy,
i) [|U"|Loz) < lluollLe=(®);

wt) U gy (z) < |uolpv(w)-

Consequently,

At
Z\Um Ul <cC x|m—n\

A

1E€Z
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Lemma (a priori estimates).
1) [[UM[Lr@) < [lwollor gy,
i) [|U"|Loz) < lluollLe=(®);

wt) U gy (z) < |uolpv(w)-

Consequently,
Z v —-U"| < |m — nl.
1€7

This implies strong compactness / convergence

of DDG solution ua.,.
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Lemma (diffusion term)

There holds

J

AU = AU = O1) [[i — j|Az + /[m = n]At|

Consequently, the limit obeys A(u) € CY21(Qr).
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Lemma (cell entropy inequality)

T =+ AtD_QF

~AtD_D|A(UM) — A(k)| < Aty (UMTHLOU™),,

Q" = f(UV kU, VE)— f({U" Nk, UM, Ak)
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Theorem (convergence).

Suppose ug € L1 N BV is s.t. | f(ug) — 9, A(ug)| By < 0.

Let ua, be explicit DGG solution.

1

Then {tia;}Az>0 converges in L; .

to the BV entropy solution of the IPDE.
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Numerical examples

e Implemented in the cases £ =0, 1, 2.

e Set our numerical solutions to zero outside the region

Q= {(z,t): |z| <3/2,t > 0.

Example. Pure fractional equation 0,u = L|u]

Cio()] = e / plz+z) — o)

RS £ bt
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Numeri

e Imple

“ds 0.6 0.4 0z 1] 0.z 0.4 06 n.s

(a) T=0.5
15
1
ﬁ_\\
0&} !
D L
st .
\\\—\—\——
RRs
15 ' ' ' ' ' ' '
b8 06 04 02 0 02 04 06 08
(c) T =0.5

“ds 0.6 0.4 0z o 0z 0.4 06 0.8

aslk \

1.4

(b) T =1.3

oF

At

1 1 1 1 1 1 1
0.8 RN 0.4 -0.2 1] 0.2 0.4 08 0.8

(d) T =13

FIGURE 1. Initial data (piecewise linear) and solutions of the pure
fractional equation (A = 0.5) with £k = 0 and Az = 1/160.

region
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Example. Fractional transport equation

u(t,x 4+ z) — u(t, x)

Ot + O, u = C)\/

| 2| >0 |Z‘1+>\

Solution is smooth.

dz
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Exam 155 T T T T T T T 15

1 1
05} 05k
ot =l
05} 05}
At At —
198 w06 w04 D02 0 02 04 05 08 198 w©e w04 02 0 02 04 05 08
(a) T =0.1 (b) T'=10.2
15 : 15
1 1 1
05} _-_ 1 05} :
0 0
05t '__ . 05¢ -'-___ .
1 e 1 B e
198 w06 w04 D02 0 02 04 05 08 198 w©e w04 02 0 02 04 05 08
(c) T=0.1 (d) T=0.2

FIGURE 2. Initial data (piecewise linear) and solutions of the frac-
tional transport equation (A = 0.5) with £k = 0 and Az = 1/160.
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Example. Fractional Burgers’ equation

u(t,x + z) — u(t, )

‘Z|1+)‘ dz

Oru + ud,u = c,\/

|z| >0

Solution not necessarily smooth.
Accuracy improves with £ =0, 1, 2.

A third order Runge-Kutta (RK3) time discretization

and slope limiters

Lax-Friedrichs flux F'(a,b) = %[f(a) + f(b) — c(b—a)],

¢ = max{|f"(a)| : [a] < [[uollLo(m)}-
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Exam

Solut;

Accul

A thi:

and s.

Lax-F

14 15
1
e
0&f |
|:|_
o5k i 8
— ]
Ak
# EUB —U.IE —U.I4 —U.IE Lll U.IE U.I4 U.IE 0s % %8 —U.IE —U.I4 —U.I2 UI U.I2 U.I4 U.IE 0.a
(a) up(x) = —sgn(x) (b) ug(x) = —arctan(15x)/90
146 15
1011
_1-45].8 -U.IE -U.Ix‘-l -U.I2 Lll U.I2 U.Ix‘-l U.IE 0s _1'-%.8 -U.IE -U.Ifl -U.I2 UI U.IQ U.Ifl U.IE 0.a8 N a) ]
,
(©) uoe) = sgn(@) g1 /4 + 4211 <14 () uo(x) = sin(2ma)
FIGURE 3. Initial data and solutions of the fractional Burgers’ O (R) }

equation (A = 0.5) using k = 0; T'= 0.5 and Az = 1/160.
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Example. Fractional Burgers’ equation

u(t,x + z) — u(t, )

‘Z|1+)‘ dz

Oru + ud,u = c,\/

|z| >0

Solution not necessarily smooth.
Accuracy improves with £ =0, 1, 2.

A third order Runge-Kutta (RK3) time discretization

and slope limiters

Lax-Friedrichs flux F'(a,b) = %[f(a) + f(b) — c(b—a)],

¢ = max{|f"(a)| : [a] < [[uollLo(m)}-

onsdag 19. mai 2010 37



15 : : : . . : : 15
Exam;j
ol | I
0sf
( : &<
051
Ak
S 1 t : "hs 108 D04 D02 0 0z 04 06 08 'hs 16 a4 02 0 02 04 06 08
O1utl(
(a) A=0.1 (b) A = 0.3
15 15

Accur:

A thir

and sl

s 1 1 1 1 1 1 1 s 1 1 1 1 1 1 1
08 -0.6 -0.4 0.2 0 0z 0.4 0B 0.8 ks 06 0.4 0.2 0 0z 0.4 06 0.8

Lax-Fi @ amr 0 r=om —a),

FIGURE 4. Initial data and solutions of the fractional Burgers’
equation for different values of A using k = 0; T' = 0.5, Az = 1/200, 0o (R }
and up(z) = —arctan(15x)/90. ( ) )
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Example. Fractional Burgers’ equation

u(t,x + z) — u(t, )

‘Z|1+)‘ dz

Oru + ud,u = c,\/

|z| >0

Solution not necessarily smooth.
Accuracy improves with £ =0, 1, 2.

A third order Runge-Kutta (RK3) time discretization

and slope limiters

Lax-Friedrichs flux F'(a,b) = %[f(a) + f(b) — c(b—a)],

¢ = max{|f"(a)| : [a] < [[uollLo(m)}-
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Examy

Solutic
Accur:

A thir

and sl¢

Lax-Fr

s 1 1 1 1 1 1 1
08 086 0.4 0.2 0 0.z 0.4 0.6 0.8

&5 1 1 1 1 1 1 1
08 086 0.4 0.2 0 0.z 0.4 06 0.8

(a) T =0.1

(c) T =17

s 1 1 1 1 1 1 1
08 -0.6 0.4 -0.2 0 0.2 0.4 0.6 0.8

&5 1 1 1 1 1 1 1
08 -0.6 0.4 -0.2 0 0.2 0.4 0.6 08

(b) T =0.7
15
1
0s
of

(d) T =29

FIGURE 5. Initial data (piecewise linear) and solutions of the frac-
tional Burgers’ equation (A = 0.5) at different times T" using k = 0;

Az = 1/200.
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Example. Fractional Burgers’ equation

u(t,x + z) — u(t, )

‘Z|1+)‘ dz

Oru + ud,u = c,\/

|z| >0

Solution not necessarily smooth.
Accuracy improves with £ =0, 1, 2.

A third order Runge-Kutta (RK3) time discretization

and slope limiters

Lax-Friedrichs flux F'(a,b) = %[f(a) + f(b) — c(b—a)],

¢ = max{|f"(a)| : [a] < [[uollLo(m)}-
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Examp

@)

Solutio:;

Accura

A third

and slo

Lax-Fri

1011
B CL)] y
(c) k=2 (d) Solution computed using Az = 1/640
FIGURE 6. Initial data and solutions of the fractal Burgers’ equa-
tion at T' = 1/10 using different values of £ = 0,1,2; Ax = 1/10, s (R) }

and ug(z) = sin(27zx).
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Example. Convection / diffusion / fractional diffusion

u(t,x + z) — u(t, )

&yu, -+ 835%2 — @x(a(u)axu) + C) / 14\
|z2| >0 |Z‘
0 for u < 0.5

a(u) = ¢ 2.5u —1.25 for 0.5 < u < 0.6
0.25 for u > 0.6,

dz
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Example. Convection / diffusion / fractional diffusion

0.a8r

06

0.4r

02F

a

-1

1
0.5

1 | | 1 1 | | | | 1 1 |
08 04 02 o 0z 04 0B 08 1 -1 0z 04 o0& 0B 1

(a) ur + f(u)z = (a(w)uy )y (b) Equation (1.1) with A = 0.5

FIGURE 1. (Ex.1): T = 0.15 and Az = 1/640.

onsdag 19. mai 2010

38



