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Outline: 1+1D QFT

Schrdinger’s picture v.s. Heisenberg’s picture

S picture
quantum state: |ψ〉
Observer: A
Dynamics:|ψ(t)〉 = U(t) |ψ〉
i~ ∂
∂t |(ψ(t))〉 = H |ψ(t)〉

H Picture
|ψ; t〉 = U(−t) |ψ〉
A(t) = U(−t)AU(t)
|ψ(t); t〉 = U(t)U(−t) |ψ〉 = |ψ〉
i~ ∂
∂tA(t) = −[H,A(t)]
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Outline: 1+1D QFT

Path integral

1D non-relativistic particle

|ψ(t)〉 = U(t) |ψ〉 Where U(t) = e−
it
~H

qf
t

q(t)

ti tf

qi Probability Amplitude:
K(qf , tf ; qi, ti) = 〈qf |U(tf − ti) |qi〉
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Outline: 1+1D QFT

Path Integral

qf

t

q(t)

ti tf

qi

qf

t

q(t)

ti tf

qi

t1 t2 tN−1tN

Probability Amplitude:

K(qf , tf ; qi, ti) = 〈qf |U(tf − ti) |qi〉

= 〈qf | e−
i(tf−ti)

~ H |qi〉

= 〈qf | e−
iδ
~ He−

iδ
~ H . . . e−

iδ
~ H |qi〉

where δ =
tf−ti
N
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Outline: 1+1D QFT

Path Integral

use identity:
∫
|q〉 〈q| dq = 1 We have:

〈qf | e−
i(tf−ti)

~ H |qi〉 =

(
N−1∏
j=1

∫
dqj) 〈qf | e−

iδ
~ H |qN−1〉 〈qN−1| e−

iδ
~ H |qN−2〉 . . . 〈q2| e−

iδ
~ H |q1〉 〈q1| e−

iδ
~ H |qi〉

Consider 〈qj+1| e−
iδ
~ (p2/2m) |qj〉 =

∫
dp

2π
〈qj+1| e−

iδ
~ (p2/2m) |p〉 〈p|qj〉

=

∫
dp

2π
e−i(p

2/2m)eip(qj+1−qj)

Where H = p2/2m and
∫
dp
2π
|p〉 〈p| = 1
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Outline: 1+1D QFT

Path integral

Take the limit N →∞ and use Gaussian integral we have:

〈qf | e−
iT
~ H |qi〉 =

∫
D[q]e(

i
~S)

Where S =

∫
dtL is the action of the theory.

∫
D[q(t)] = lim

N→∞

(−i2πm
δ

)N
2
N−1∏
j=0

∫
dqj
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Outline: 1+1D QFT

Probability Amplitude

What is
∫
D[q]e(

i
~S(q))q(t1) ? where ti < t1 < tf

By calculation, it equals 〈qf ; tf |Q(t1) |qi; ti〉

Correspondence Principal
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Outline: 1+1D QFT

∫
D[q]e(

i
~S(q))q(t1) =

∫
dq1

p1→pf︷ ︸︸ ︷∫
D[q]e(

i
~S(q))×

pi→p1︷ ︸︸ ︷∫
D[q]e(

i
~S(q))×q(t1)

=

∫
dq1 〈qf |U(tf − t1)|q1〉 q(t1) 〈q1|U(t1 − ti)|qi〉

= 〈qf ; tf |Q(t1) |qi; ti〉
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Outline: 1+1D QFT

Correspondence Principal

inserting classical objects q(t1)⇐⇒ quantum operator in
Heisenberg picture Q(t1)

Moreover,∫
D[q] exp (

i

~
S(q))q(t1)q(t2) = 〈qf ; tf |TQ(t1)Q(t2) |qi; ti〉

where T is the time ordering operator and assume t1 ≤ t2

It automatically oder the operators in time!
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Outline: 1+1D QFT

∫
D[q]e(

i
~S(q))q(t1)q(t2)

=

∫
dq1dq2

p2→pf︷ ︸︸ ︷∫
D[q]e(

i
~S(q))×

p1→p2︷ ︸︸ ︷∫
D[q]e(

i
~S(q))×

pi→p1︷ ︸︸ ︷∫
D[q]e(

i
~S(q))×q(t1)q(t2)

=

∫
dq1dq2 〈qf |U(tf − t2)|q2〉 q(t2) 〈q2|U(t2 − t1)|q1〉 q(t1) 〈q1|U(t1 − ti)|qi〉

= 〈qf ; tf |Q(t2)Q(t1) |qi; ti〉
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Outline: 1+1D QFT

Wick Rotation

t

x

−iτ

U(t) =
∑
e
t
i~En |n〉 〈n|

=
∑

e−
τ
~En︸ ︷︷ ︸

convergent only if τ > 0

|n〉 〈n|

Minkovski Spacetime
ds2 = −dt2 + d~x2

t −→ −iτ
Euclidian Spacetime
ds2 = dτ2 + d~x2

And if the the temperature
T is finite, we will have a
spacetime with periodic time
We will see τ = β~ = ~

kBT
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Outline: 1+1D QFT

Why Euclidian time?

SC(q) =

∫
m

2
q̇2 − V (q) −→ q̈(t) = − ∂

∂q
V (q(t))

SE(q) =

∫
m

2
q̇2 + V (q) −→ q̈(τ) =

∂

∂q
V (q(τ))

For Example: V (q) = m
2 ω

2q2

q(t) = q0 cos (ω(t− t0)) q(τ) = q0 cosh (ω(τ − τ0))
By Wick rotation, action SE can be extremized!
Path integral for Euclidian time:
K(qf , τf ; qi, τi) = 〈qf |UE(τf − τi) |qi〉

=

∫
q(τi)=qi
q(τf )=qf

D[q] exp (−1

~
SE(q))
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Outline: 1+1D QFT

Field Theory

Difficulty: φ(x, t) has infinitly many degrees of freedom
Solution: Discretization

t

x

t

x

The idea is to treat x as a label of φ, just as the subscript i of qi.
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Outline: 1+1D QFT

Field Theory

Knowing the path integral receipt for quantum mechanics, we have
a similar treatment for Field Theory: Functional Integral over the
field φ(x, t)

The functional integral of field theory in Euclidian time is:

Z =

∫
D[φ(x, τ)] exp (−1

~
SE [φ])
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Outline: 1+1D QFT

Thermodynamics

Partition Function: Z = Tr(exp (−βH))
Where β = 1

kBT
and kB is the Boltzmann constant

Significance: 〈E〉 = −∂ lnZ
∂β etc...

Replace time by an imaginary number (Wick rotation) in the
evolving operator U(t): t→ −iτ

U(t) = e−
it
~H → U(−iτ) = e−

τ
~H = e−βH

where τ = β~
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Outline: 1+1D QFT

Partition Function

Partition function of a quantum system:
Z = Tr(UE(β~)) =

∑
〈n|UE(β~) |n〉 =

∑
eβEn

where we denote U(−iτ) := UE(τ)

Z =
∑
〈n|UE(β~) |n〉

=

∫
dq 〈q|UE(β~) |q〉

=

∫
q(β~)=q(0)

D[q] exp (−1

~
SE(q))
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Outline: 1+1D QFT

Thermodynamics

EuclidianPI︷ ︸︸ ︷∫
q(τi)=qi
q(τf )=qf

D[q] exp (−1

~
SE(q)) ↔

Partition Function︷ ︸︸ ︷∫
q(β~)=q(0)

D[q] exp (−1

~
SE(q))

q(β~) = q(0) ←→ boundary condition

τ = β~ = ~
kBT

Finite temperature ←→ Euclidian period
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Outline: 1+1D QFT

Ground State

Go back to Euclidian time:
UE(τ) = exp (− τ

~H)

where H |n〉 = En |n〉 and E0 < E1 < ...

UE(τ) =
∑

exp (− τ
~En) |n〉 〈n| ' exp (− τ

~E0) |0〉 〈0|
when τ →∞
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Outline: 1+1D QFT

Ground state

A thermal state:

〈F (q)〉β =
Tr(F (q)UE(β~))
Tr(UE(~β))

=

∫
q(β~)=q(0)

D[q] exp (−1

~
SE(q))F (q)∫

q(β~)=q(0)
D[q] exp (−1

~
SE(q))

with periodic boundary condition.

In oder to get the vacuum expectation value 〈0|F (q)|0〉, we
can use the previous result and take the limit τ →∞
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Outline: 1+1D QFT

"Coordinate Bethe Ansatz" for XXX1/2 Heisenberg spin chain

Eigenstate of the Hamiltonian:

H = −
L∑
i=1

~σi · ~σi+1

= L− 2

L∑
i=1

Pi,i+1

H = (C2)⊗L; with boundary
condition ~σL+1 = ~σ1

where Pi,i+1 is permutation
operator.

vacuum: |↓↓↓ · · · ↓↓〉︸ ︷︷ ︸
Lsites

single particle state: |ψ〉 ∝
∑

k e
ikp |{k}〉 with e2ipL = 1
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"Coordinate Bethe Ansatz" for XXX1/2 Heisenberg spin chain

Eigenstate of the Hamiltonian:

H = −
L∑
i=1

~σi · ~σi+1

= L− 2

L∑
i=1

Pi,i+1

H = (C2)⊗L; with boundary
condition ~σL+1 = ~σ1

two particle state:
|ψ〉 ∝

∑
j<k(e

i(p1j+p2k) + Sei(p1k+p2j)) |{j, k}〉 with
eiLp2 = S = e−iLp1

where S = −1+ei(p1+p2)−2eip2
1+ei(p1+p2)−2eip1
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i=1

~σi · ~σi+1

= L− 2

L∑
i=1

Pi,i+1

H = (C2)⊗L; with boundary
condition ~σL+1 = ~σ1

two particle state:
|ψ〉 ∝

∑
j<k(e

i(p1j+p2k) + Sei(p1k+p2j)) |{j, k}〉 with
eiLp2 = S = e−iLp1

where S = −1+ei(p1+p2)−2eip2
1+ei(p1+p2)−2eip1
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= L− 2

L∑
i=1

Pi,i+1

H = (C2)⊗L; with boundary
condition ~σL+1 = ~σ1

n particle state:
|ψ〉 =

∑
1≤j1<j2···jn≤L

∑
σ∈Sn Aσe

i
∑
k pσ(k)jk |{j1, j2, . . . , jn}〉

with eiLp2 = S = e−iLp1

inorder to make |ψ〉 an eigenstate, need

Aσ ∝ (−1)σ
∏
j<k(1 + ei(pσ(j)+pσ(k)) − 2eipσ(k))

∀j, eiLpj =
∏
k 6=j S(pj , pk) where S(p, p

′) = − 1+ei(p+p
′)−2eip

1+ei(p+p
′)−2eip′
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Outline: 1+1D QFT

1 + 1D Field Theory

After exchange the space and time:

!

Set of relativistic particles strongly separated to avoid
interaction (off-mass-shell effect) .

Can use coordinates x and momenta p, further introduce wave
function ψ(x1, . . . , xN )
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Outline: 1+1D QFT

1 + 1D Field Theory

After exchange the space and time:

!

These wave functions are Bethe wave functions.

Denote the free region as (i1, i2, . . . , iN ) if
xi1 < xi2 < · · · < xiN .
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These wave functions are Bethe wave functions.
Denote the free region as (i1, i2, . . . , iN ) if
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Outline: 1+1D QFT

1 + 1D Field Theory

After exchange the space and time:

!

In purely elastic scattering case, every transition,
(i1, . . . , ir, ir+1, . . . , iN )→ (i1, . . . , ir+1, ir, . . . , iN )
will contribute a scattering amplitude to the wave function.
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1 + 1D Field Theory

After exchange the space and time:

!

The Bethe wave function is eigenstate of the theory if:

The space is one dimensional and there is periodic boundary
condition

No off mass shell effect
Factorization formula must holds
Need infinitely many conserved charges.
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After exchange the space and time:

!

The Bethe wave function is eigenstate of the theory if:

The space is one dimensional and there is periodic boundary
condition
No off mass shell effect
Factorization formula must holds
Need infinitely many conserved charges.
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Outline: 1+1D QFT

Thank you!

Hao Pei Path integral in Quantum Theory
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