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Polygonal estimators Definition
First properties
Exponential inequalities

Introductic

Consider Xi,..., X, i.i.d. and real-valued r.v. with distribution
function F and density f. The most classical and natural estimator
of F is the edf:

1 n
F(t) = D T g (X)
i=1

~> unbiased, strongly uniformly consistent, but ... discontinuous
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Polygonal estimators Definition
First properties
Exponential inequalities

Introductio

Consider Xi,..., X, i.i.d. and real-valued r.v. with distribution
function F and density f. The most classical and natural estimator

of F is the edf:
1 n
F.(t) = - I_ X;
(t) =~ ;1 100, (Xi)

~> unbiased, strongly uniformly consistent, but ... discontinuous

Alternative estimators (Servien, 09):

@ Kernel distribution estimator :

Kn(t) = nih,, ffoo Sy k(X;nX")dx with k a classical density

kernel
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Polygonal estimators Definition
First properties
Exponential inequalities

Introductic

Consider Xi,..., X, i.i.d. and real-valued r.v. with distribution
function F and density f. The most classical and natural estimator
of F is the edf:

1 n
F(t) = D T g (X)
i=1

~> unbiased, strongly uniformly consistent, but ... discontinuous
Alternative estimators (Servien, 09):
o Kernel distribution estimator :

Kn(t) = nih,, ffoo Sy k(X;nX")dx with k a classical density

kernel

@ Other estimators : local smoothing (Lejeune and Sarda, 92),
level-crossing (Huang and Brill, 04), splines (Berlinet, 81), ...

@ All integrated density estimators ...
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Polygonal estimators Definition
First properties
Exponential inequalities

Polygonal
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Polygonal estimators Definition
First properties
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Polygonal
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Polygonal estimators Definition
First properties
Exponential inequalities

Polygonal
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Polygonal

Workshop Time-Series-Analysis Polygonal smoothing of the edf

Polygonal estimators

Definition
First properties
Exponential inequalities
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Polygonal

Families
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Gr(fj’p)

Polygonal estimators

: j =1 known support [a, b], j = 2 unknown
support and p a known parameter in [0, 1].

Definition
First properties
Exponential inequalities
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Polygonal estimators Definition
Study of the MISE First properties
Simulations Exponential inequalities

Definition (known support [a, b])

6§y = LBy ) 4 (1 - m)ﬂ[xﬁ’bl(t)

(X} - a)
n—1
t+(k—p)Xi — (k+1-p)Xg
+ . : Iy xz (1)
; n(Xi 1 — X;) [X¢ Xl
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Polygonal estimators Definition
First properties
Exponential inequalities

Definition (known support [a, b])

6y = LoDy s - 2O e e

(X} - a) n(b — X5)
n—1
t+(k—p)Xi — (k+1-p)Xg
+ . : Iy xz (1)
; n(Xi 1 — X;) [X¢ Xl

Definition (unknown support)

G,(,2’p)(t) — G,(,l’p)(t)ﬂ[x;,xn*](t)
t—(2—p)X; + (1 - p)X;
(X5 — X;) et
(01— X — (0= P)X5 s
n(X; — X 1) s ool(t)

+ max (0,

+ min(1,
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Polygonal estimators Definition
First properties
Exponential inequalities

° G,(,J’p) are continuous cdf and their piecewise derivatives are
densities.
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Polygonal estimators Definition
First properties
Exponential inequalities

° G,(,J’p) are continuous cdf and their piecewise derivatives are
densities.

° GISLP)(X;:) = k%p and G'gj’p)(xljﬂ) - G,Sj’p)(X,f) =
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Polygonal estimators Definition
First properties
Exponential inequalities

° G,(,J’p) are continuous cdf and their piecewise derivatives are
densities.

° GISLP)(X;:) = 152 and GYP)( k1) — G,Sj’p)(X,f) =1
o GUPN(t) = Fu(t) for t = X; + p(Xiq — X7)-
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Polygonal estimators Definition
First properties
Exponential inequalities

° G,(,J’p) are continuous cdf and their piecewise derivatives are
densities.

° GISLP)(X;:) = k%p and G'gj’p)(xljﬂ) - G,Sj’p)(X,f) =
o GUPN(t) = Fu(t) for t = X; + p(Xiq — X7)-
o G\"P)(a) = Fp(a) =0 and G{"P)(b) = Fy(b) = 1.
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Polygonal estimators Definition
First properties
Exponential inequalities

G,({Lp)

are continuous cdf and their piecewise derivatives are
densities.

o GYP(Xp) =2 and GYP (Xp, ) — GYP (xp) =1

° G(“’( t) = Fa(t) for t = X; + p(Xiq — X7)-

o G\"P)(a) = Fy(a) = 0 and G{"P(b) = F,(b) = 1.

° (t)EOfort<( —p)X{ —(1—p)X5 < X{ and
(t) =1fort>(1+p)X, —pX,_1 > X, but

( PIXE — (L= p)X5, (1+ P)X; — pXiy| & [, ]
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Polygonal estimators Definition
First properties
Exponential inequalities

Only one reference (?) about polygonal estimators (Read, 72).

t
G (1) = e Tox1(8) + Iy (2)
1

2t kX — (k+1)X;

+ - " I x ()
; n(Xk+1 _ Xk) [ k k+1[

It is shown that, for n sufficiently large, the expected squared error

of G,(,l’o) is no larger than F,. Also, a variant of Gﬁ”’) dominates
% in terms of integrated risk but the result is not proven. g

Workshop Time-Series-Analysis Polygonal smoothing of the edf 7/29



Polygonal estimators Definition
Study of the MISE First properties
Simulations Exponential inequalities

In all the following and, without loss of generality, [a, b] = [0, 1]

Lemma
1,p)

For the families of estimators G,(, , we get

G,(,l’p)(t) — F(t) = u [ox [( ) — M]I « 11(t)

nx1 (1 — Xz) Pt
—~t—pXin — (1 —-p)XE

- * I xz (1)
kZ n(X; 1 — X7) (XXl
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Polygonal estimators Definition
Study of the MISE First properties
Simulations Exponential inequalities

Lemma

For the families of estimators G,(,2’p), we get

GPP)(£) = Fa(t)
(1P - (2-p)XF
n(X; = X7)
t— (L4 p)X5 4+ pX5_1
T Xy aeeexl ()
=t PXi — (L)X

—"_ * *
kz_:l n(Xg1 — X¢)

[e—p)X; —(1-p)xg X [(T)

Tpxe xz,,1(8)-
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Polygonal estimators Definition
Study of the MISE First properties
Simulations Exponential inequalities

Lemma

For the families of estimators G,(,2’p), we get

GyP)(t) — F(t)
_tH(=p)Xs - (2 p)Xi )
n(X3 — X7)
t—(1+p)X; +pXo 1y
n(Xx — X;'k_l) [X:,(1+p)X:*pX:71](t)
=t PXi — (L)X

—"_ * *
kz_:l n(Xg1 — X¢)

[e—p)X; —(1-p)xg X [(T)

Tpxe xz,,1(8)-

Fo— G9P|  =max(2,132), 0<p<1, j=1,2

n
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Polygonal estimators Definition
First properties
Exponential inequalities

Exponential i

Proposition
If F is continuous and increasing over [0,1], we obtain
(a) Forj=1,2and ¢ > ﬁwitho<ao<1,

i1
P( HG,(,J’Z) - FH > ¢) < 2exp(—2agne®), n > 1.

o0

(b) More generally,

P(|

G,SLP) _ FH > 5) < 2exp(—2agne2)’ 0 < ag <1,
o0

for e > W, n Z 1.

Workshop Time-Series-Analysis Polygonal smoothing of the edf
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Polygonal estimators Definition
First properties
Exponential inequalities

Proof. The result is derived from

' ax(p,1 —
ot -] < ™12 4y,

o0
and the exponential inequality (Massart, 90)
IP( |Fn— Flloo > E) < 2exp ( — 2n52)

with the choice € > %, n>10<ay<1.

Workshop Time-Series-Analysis Polygonal smoothing of the edf 10 / 29



Polygonal estimators Definition
Study of th SE First properties
Exponential inequalities

Proposition

Under same conditions as before, we get

(a) forp=3,j=1,2:

IP(‘

G,SJ’Z)—FH 25) < 2exp(—2ne?), O<f:7<4—7 n>1;
n

o0

(b) and more generally,
IP( HG,Sj’p) — FH > s) < 2exp(—2n52),

O<8<max(2—”n,12_—n”),n21.

Workshop Time-Series-Analysis Polygonal smoothing of the edf 11 /29



Polygonal estimators Definition
Study of the MISE First properties
Simulations Exponential inequalities

Proposition

Under same conditions as before, we get

(a) forp=3,j=1,2:

IP(‘

.l 1
60— | 2e) <2em-2n), 0<e < 02,
n

o0

(b) and more generally,
IP( HG,Sj’p) — FH > s) < 2exp(—2n52),

O<8<max(2—”n,12_—n”),n21.

Proof. The result is derived again from the choice of £ and

]P( HG,(,j’p) — FHOO > 5) < 2exp ( - 2n<5 - max(%, L ; p)>2).
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Study of the MISE 1/3
Study of the MISE 2/3
Study of the MISE 3/3

Study of t

The MISE is calculated from E [*_ (GY"P)(t) — F(t))* dt

—E /OO (Fa(t) — F(t))*dt + E /°° (697 (1) — Fo(e)) de

— 00 —00

12F /OO (GYP () =Fa(t)) (Fa(t)—F (1)) dt, j=1,2, p € [0,1].
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Study of the MISE 1/3
Study of the MISE 2/3
Study of the MISE 3/3

Study of th

The MISE is calculated from E [*_ (GY"P)(t) — F(t))* dt

—E /OO (Fa(t) — F(t))*dt + E /°° (697 (1) — Fo(e)) de

— 00 —00

12F /OO (GYP () =Fa(t)) (Fa(t)—F (1)) dt, j=1,2, p € [0,1].

Lemma

(a) FormeIN*, [ (G"P)(t) — Fa(t))™ dt

(1= p)™ = (=1)™p™) (pX{ + (1 — p)X3) + (~1)™p™
(m+1)nm '
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Study of the MISE 1/3
Study of the MISE 2/3
Study of the MISE 3/3

The MISE is calculated from E [*°_(GYP)(t) — F(1))?dt

=E /Oo (Fat) = F(1))*dt +E /oo (GYP(t) — Fo(t))* dt

—00 —00

12F /Oo (GYPY () =Fa(1)) (Fa(t)—F()) dt, j = 1,2, p € [0,1].
Lemma
(a) For m e IN*, fol (G,Sl’p)(t) - Fn(t))mdt

(L=p)" = (=1)"p™) (pPX{ + (1 = p)X5) + (=1)"p"
(m+1)nm ’

~ for m even and p = % the result is (2n’7’)+71m ! @
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Study of the MISE 1/3
Study of the MISE 2/3
Study of the MISE 3/3

Study of the

The MISE is calculated from E [*°_(GYP)(t) — F(1))?dt

- /Oo (Falt) — F(£)*dt + E /OO (Y1) - Fo(1))? dt

—00 —00

12F /Oo (GYPY () =Fa(1)) (Fa(t)—F()) dt, j = 1,2, p € [0,1].

Lemma

(a) FormeIN*, [ (GS"P)(t) — Fu(t))™ dt

(Q=p)" = (=1)"p™) (pPX{ + (1 = p)X5) + (=1)"p"
(m+1)nm '

(b) A similar but more complicated expression is obtained for
J = 2 involving X5 and X_; too.
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Study of the MISE 1/3
Study of the MISE 2/3
Study of the MISE 3/3

F admits the density f supposed to be compactly supported
on [0,1]

f is continuous on [0,1] and ir[1f ]f(x) > ¢y for some positive
x€[0,1

constant co;

f is a Lipschitz function: there exists a positive constant c;

such that for all (x,y) €]0,1[%, |f(x) — f(y)| < c1 |x — y]|.

Workshop Time-Series-Analysis Polygonal smoothing of the edf 13 /29



nal estimators Study of the MISE 1/3
y of the MISE

Study of the MISE 2/3
Simulations Study of the MISE 3/3

Lemma

If the conditions A1-(i)(ii) hold then, for all integers r > 0 and
m > 1, not depending on n, we get
m 3 1
0,0, %) = 22 +0( ). w0
(a) AL prs +0 A1 )s am > 0

Sogeoog

(b) E(1- sup Xi)m:%ﬂo(%), b > 0.

i=1,...,n+r
() B (X5 — X}) :%+O(%), d > 0, and
B (X5 - X0)" = 0(==),
(d) E(X! - X:;) = e—nl + O(%) e1 > 0, and
E (X5 — X3 1)"’_@(%)

Workshop Time-Series-Analysis Polygonal smoothing of the edf 14 / 29



0 al es s Study of the MISE 1/3
Study of the MISE Study of the MISE 2/3
Simulations Study of the MISE 3/3

Proposition

Under the conditions A1-(i)(ii), we have for all p € [0, 1]
2
) B Jy (G37P(1) = Fu(1)” de
_ (1 =2p)(PE(X{) = (1 = p)E(L1 = X;)) +1—3p+3p?
B 3n?
_1-3p+3p? 1y
L ol

Workshop Time-Series-Analysis Polygonal smoothing of the edf 15 / 29



Polygonal estimators Study of the MISE 1/3

Study of the E Study of the MISE 2/3
Simulations Study of the MISE 3/3
Proposition
Under the condltlons A1-(i)(ii), we have for all p € [0, 1]
2
) E [5 ( Fa(t))"dt
_(1—2p)(pE( 1) - (1-pE@Q-X;)) +1-3p+3p°
N 3n2
. 1—3p+3p? +O(i)
() 2 B 3n2 n3
) E [ (Ga — Fy(t))"dt
3E(X;f X:—l) +((1 = p)® + p?)
3n2
L (L= pPBOG = X)) + B = X)) (1= p)° + )
3n?
 1-3p+3p? 1
N 3n2 + O(F)

Workshop Time-Series-Analysis Polygonal smoothing of the edf 15 / 29



Study of the MISE 1/3
Study of the MISE 2/3
Study of the MISE 3/3

Now, the most difficult task is the double product. We get

Proposition
Under Assumption Al, we get for j = 1,2 and p € [0, 1]:

2E/1(Grgj’p)(t)—Fn(f))(Fn(t)_F(t))dt_ 312+0( 5)

0

Workshop Time-Series-Analysis Polygonal smoothing of the edf 16 / 29



olygo! s Study of the MISE 1/3
Study of the MISE Study of the MISE 2/3
Simulations Study of the MISE 3/3

Now, the most difficult task is the double product. We get

Proposition
Under Assumption Al, we get for j = 1,2 and p € [0, 1]:

2F /1 (GYP(t) — Fa(t)) (Fa(t) — F(t)) dt = — 312 +c9( )

0

Sketch of Proof 1/3, j = 1.
1P — 2R Iy (G,(,l’p)(t) — Fy(t)) Fa(t) dt is quite easy to derive
as F, is piecewise constant.
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Study of the MISE 1/3
Study of the MISE 2/3
Study of the MISE 3/3

Now, the most difficult task is the double product. We get

Proposition
Under Assumption Al, we get for j = 1,2 and p € [0, 1]:

QE/O (céfﬁp)(r)—Fn(r))(Fn(t)—F(f>)df=—312W( 5)

Sketch of Proof 1/3, j
1P — 2R Iy (G,(,1 p)( ) F,,(t))F,,(t) dt is quite easy to derive
as F, is piecewise constant. We obtain

E (:ii (2p - 1)k(rj2<;+1 - X;)) B p(1— E(X:))
_(1-2p)(1-E(X1)) (L-p)by colk

n n?

Workshop Time-Series-Analysis Polygonal smoothing of the edf 16 / 29



ol stimators Study of the MISE 1/3
Study of the MISE Study of the MISE 2/3
Simulations Study of the MISE 3/3

Sketch of Proof 2/3, j = 1.
Iz(l’p) =2E fol (Fa(t) — G,Sl’p)(t))F(t)dt is the most technical
term.

Workshop Time-Series-Analysis Polygonal smoothing of the edf 17 / 29



Study of the MISE 1/3
Study of the MISE Study of the MISE 2/3
Study of the MISE 3/3

Sketch of Proof 2/3, j = 1.
Iz(l’p) =2E fol (Fa(t) — G,gl’p)(t))F(t)dt is the most technical
term.

) g (—2(1 — P)XD(F(0) + X Ruo)

3n

with ‘R17k|§C19k<C1,k:O,...,n,0<9k<1.
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Study of the MISE 1/3
Study of the MISE Study of the MISE 2/3
Study of the MISE 3/3

Sketch of Proof 2/3, j = 1.
Iz(l’p) =2E fol (Fa(t) — G,gl’p)(t))F(t)dt is the most technical

term.
o) o [ —2(1 = p)(X{)?(F(0) + X{Ruip)
L N E( 3n
N p(1 = X3)(3F(X3) + (1 = X))(F(X5) + (1 = X;)Run))
3n

with ‘R17k|§C19k<C1,k:O,...,n,0<9k<1.
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Study of the MISE 1/3
Study of the MISE Study of the MISE 2/3
Study of the MISE 3/3

Sketch of Proof 2/3, j = 1.
Iz(l’p) =2E fol (Fa(t) — G,gl’p)(t))F(t)dt is the most technical

term.
(19 (20 XiFuo
L (LX) BFOG) + (1 X)(F0G) + (1 X:)Rua)
3n
n—1
+ 22D S 06— xR

k=1

n—1

(3p3; 2) E(le-&-l le)2(f(xlj) + (XZ-H - XZ)RLk))
k=1

with ‘R17k|§C19k<C1,k:O,...,n,0<9k<1.
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Po estimators Study of the MISE 1/3
Study of the MISE Study of the MISE 2/3
Simulations Study of the MISE 3/3

Sketch of Proof 3/3, j = 1.
From the binomial theorem and the joint density of (X, X;, ;):
PR () F()F(y)A=F(y)"

f(xk*,xk*ﬂ)(xa)/) = (k—1)I(n—k—1)! with y > x, we get

Proposition

If h is measurable and integrable on [0,1]?, then

ZE (X¢, Xict1))
n(n—1) / / h(x,y)f ()(1—F(y)—|—F(x))n_2dxdy.

Workshop Time-Series-Analysis Polygonal smoothing of the edf 18 / 29



Polygonal estimators Study of the MISE 1/3
Study of the MISE 2/3
Study of the MISE 3/3

Sketch of Proof 3/3, j = 1.
From the binomial theorem and the joint density of (X, X;, ;):
PR () F()F(y)A=F(y)"

f(xk*,xk*ﬂ)(xa)/) = (k—1)I(n—k—1)! with y > x, we get

Proposition

If h is measurable and integrable on [0,1]?, then

ZE (X¢, Xict1))
n(n—1) / / h(x,y)f ()(1—F(y)—|—F(x))n_2dxdy.

and after some calculations (...), one arrives at

12(1,/3) _ _(1 - 2P)(1n_E(X1)) + b1(1n2_ P) _ 3% +@( )

Workshop Time-Series-Analysis Polygonal smoothing of the edf 18 / 29



Polygonal estimators Study of the MISE 1/3
Study of the Study of the MISE 2/3
Simulations Study of the MISE 3/3

Theorem

Under Assumption 1, we get for j = 1,2 and all p € [0, 1]:

E [ (G(“’ (t) — F(t))zdt

Workshop Time-Series-Analysis Polygonal smoothing of the edf
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ors Study of the MISE 1/3
MISE Study of the MISE 2/3
Simulations Study of the MISE 3/3

Theorem

Under Assumption 1, we get for j = 1,2 and all p € [0, 1]:
E [ (GYP(t) — F(t))’dt

o G’SLP) and G,(,z’p) are asymptotically equivalent.

e For all p €]0, 1], the families Gﬁf”’), j = 1,2 are more efficient
than F,.

@ Choices p =0 or p = 1 are more problematic since the term
P(I=P) \janishes in these cases
n? )

@ The better efficiency is achieved for p = % where
p(l—p) _ 1

n2 4n2-

Workshop Time-Series-Analysis Polygonal smoothing of the edf 19 / 29



The kernel distribution estimator
Numerical framework
Simulations Results

The nonparametric kernel distribution estimator is defined as
follows

Kn(t):i L(t;nXi)

nnp

,teR

i=1
where hj, is the bandwidth and L(t) = f_too k(x)dx. Here k is the

usual kernel used in density estimation, chosen as a known
continuous density on R, symmetric about 0.

Theoretical properties of this estimator are well known: see
Swanepoel and Van Graan, 05 or Servien, 09 for a rich literature
review.

Workshop Time-Series-Analysis Polygonal smoothing of the edf 20 /29



The kernel distribution estimator
Numerical framework
Simulations Results

o Weighted MISE: E [*_ (K, (t) — F(t))*f(t) dt established by
Swanepoel, 88 with optimal choice of k.

@ Unweighted MISE derived in Jones, 90 when F has two
continuous derivatives f and f’:

E [* (Ka(t) — F(t))zdt

_ S FMA - F()dt  2n, /°° h(£)L(1) dt

n n J_ o

+ ’f’(/oo 2K(t) dt)? /Oo (F(1)7dt + o(h) + (™).
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The kernel distribution estimator
Numerical framework
Simulations Results

For f only Lipschitz and compactly supported on [0,1], we obtain
1 2
E [y (Ka(t) — F(t))"dt =

tk(£)L(2)de + O(hY) + o(%).

Jo F(( = F(1))dt  2h, /oo

n n J_o
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The kernel distribution estimator
Numerical framework
Simulations Results

For f only Lipschitz and compactly supported on [0,1], we obtain
1 2
E [y (Ka(t) — F(t))"dt =

tk(£)L(2)de + O(hY) + o(%).

Jo F(( = F(1))dt  2h, /oo

n n J_o

@ Similar expression as for G,Sj’p) with presence of the MISE of
Fn
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For f only Lipschitz and compactly supported on [0,1], we obtain
1 2
E [y (Ka(t) — F(t))"dt =

Jo F(( = F(1))dt  2h, /oo

. b [ (o)) e + O () +o(fm).

oo n

@ Similar expression as for G,Sj’p) with presence of the MISE of
Fn

o Bandwidth to calibrate: h, of order n~3 gives a O(n=*/3)
while the improvement is only O(n=2) for GYP), p €]0,1].
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For f only Lipschitz and compactly supported on [0,1], we obtain
1 2
E [y (Ka(t) — F(t))"dt =

tk(£)L(¢) dt + O () + o(12).

n n J_o n

Jo F(( = F(1))dt  2h, /oo

@ Similar expression as for G,Sj’p) with presence of the MISE of
Fn

o Bandwidth to calibrate: h, of order n~3 gives a O(n=*/3)
while the improvement is only O(n=2) for GYP), p €]0,1].

@ Practical choice of h,?

e Sarda, 93: leave-one-out cross-validation method

e Bowman, Hall, Prvan 98: modified cross-validation method

e Altman and Leger, 95 or Polansky and Baker, 00: plug-in
bandwidth choice
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Multi-stage procedure of Polansky and Baker, 00:
@ h, minimizing the MISE given by

2ftk )L(t)dt 3
opt. = (n(f t2k(t) dt)? [(f'(t)) 2dt>
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Multi-stage procedure of Polansky and Baker, 00:
@ h, minimizing the MISE given by
. ( 2 [ tk(t)L(t)dt >é
P \n([f 2k(2) de)? [(F/(t))2 de
o Nonparametric kernel estimation of [(f’(t))?dt involves a
bandwidth h1, with hy opt depending on f(f(2)(t))2 dt
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Multi-stage procedure of Polansky and Baker, 00:
@ h, minimizing the MISE given by
2/ tk L(t)dt 3
hOpt = ( 2 2 )
() e2k(t ) J(F(1))>dt

o Nonparametric kernel estimation of [(f’(t))?dt involves a
bandwidth hy, with hy ope depending on [ ( f(z)(t))2 dt

o Nonparametric kernel estimation of [(f(?)(t))2dt involves a
bandwidth hy, with hy opt depending on f(f(3)(t))2 dt and so
on ...
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Multi-stage procedure of Polansky and Baker, 00:
@ h, minimizing the MISE given by
2/ tk L(t)dt 3
hopt = < 2 2 )
() e2k(t ) J(F(1))>dt

o Nonparametric kernel estimation of [(f’(t))?dt involves a
bandwidth hy, with hy ope depending on [ ( f(z)(t))2 dt

o Nonparametric kernel estimation of [(f(?)(t))2dt involves a
bandwidth hy, with hy opt depending on f(f(3)(t))2 dt and so
on ...

o For a two-stage procedure, [(f(3)(t))?dt estimated with a
reference distribution, namely normal with variance o2, and

~_ Go.75—3o.25
o = min(Sy, T ).
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MISE

Simulations

e Numerical computation of F,, K, (Gaussian kernel k, h,

chosen with 2-stage Polansky and Baker procedure), G,(,j’p),
j=1,2with p=1butalsop=0o0r1
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e Numerical computation of F,, K, (Gaussian kernel k, h,

chosen with 2-stage Polansky and Baker procedure), G,(,j’p),

j=1,2with p=1butalsop=0o0r1

@ Set of 15 Gaussian mixtures defined in Marron and Wand, 92
+ 1 additional from Janssen, Marron, Veraverbeke, and Sarle,
95

e of easy implementation,
o describing a broad class of potential problems (skewness,
multimodality, and heavy kurtosis)

e parameters chosen such that , rlnin16(ug —30¢) =—3 and

max
{=1,...,

)

16(#[ +30¢) =3
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e Numerical computation of F,, K, (Gaussian kernel k, h,

chosen with 2-stage Polansky and Baker procedure), G,(,J’p),
j=1,2with p=1butalsop=0o0r1
@ Set of 15 Gaussian mixtures defined in Marron and Wand, 92

+ 1 additional from Janssen, Marron, Veraverbeke, and Sarle,
95

e of easy implementation,

o describing a broad class of potential problems (skewness,

multimodality, and heavy kurtosis)

e parameters chosen such that , rlnin16(ug —30¢) =—3 and

E:T.a..x,le(w +304)=3
@ N =500 samples of sizes n = 20, 50 and 100 are generated
and a Monte Carlo approximation is operated for each sample

to estimate the ISE
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e Numerical computation of F,, K, (Gaussian kernel k, h,

chosen with 2-stage Polansky and Baker procedure), G,(,J’p),
j=1,2with p=1butalsop=0o0r1
@ Set of 15 Gaussian mixtures defined in Marron and Wand, 92

+ 1 additional from Janssen, Marron, Veraverbeke, and Sarle,
95

e of easy implementation,

o describing a broad class of potential problems (skewness,

multimodality, and heavy kurtosis)

e parameters chosen such that , rlnin16(ug —30¢) =—3 and

E:T.a..x,le(w +304)=3
@ N =500 samples of sizes n = 20, 50 and 100 are generated
and a Monte Carlo approximation is operated for each sample

to estimate the ISE

° I\mS\E is obtained by averaging the results over the N
replicates
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Results

1
@ For all tested distributions and all n in {20, 50,100}, G,SLZ)

(2,3)
and G, "’ outperform F,
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Results

1
@ For all tested distributions and all n in {20, 50,100}, G,SLZ)

(2,3)
and G, "’ outperform F,

1
° G,(,l’Q) with a = —3 and b = 3 always slightly better than

G(Z%)

n
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Results

1
@ For all tested distributions and all n in {20, 50,100}, G,SLZ)

(2,3)
and G, "’ outperform F,

1
° G,(,l’Q) with a = —3 and b = 3 always slightly better than

Gn(z,%)
° G,(,J’O) and G,SJ’I), j = 1,2 have irregular behaviour: better or
worse than F, depending on n and the simulated distribution.

Nevertheless, their estimated MISE are always greater than
n
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7%)

For all tested distributions and all n in {20,50,100}, G,(,1

(2,3)
and G, "’ outperform F,

1

G,(,l’Q) with a = —3 and b = 3 always slightly better than
(2.3)

G 2

n
G,(;”O) and G,SJ’I), j = 1,2 have irregular behaviour: better or
worse than F, depending on n and the simulated distribution.
Nevertheless, their estimated MISE are always greater than
G:3)
G, ’?

1
G,Sl’z) outperforms both K, and F, for 6/16 tested
distributions (from only n = 50 for 2 of them)
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k
Number Name Distribution function: Y weN (pue, 07)
=0
3 Strongly skewed Z 1/\/( (( ) )a(%) )
=
4 Kurtotic unimodal 2./\/(0 1)+ IN(0,($)?)
5 Outlier T]bN(O’ 1) 190N(07 (%) )
14 Smooth comb Z 223£N( %5 96(1/2) ; (322/223)2)

15 Discrete comb 22: %/\/’(12[77715 (2)»)+ Z 21N( . (31)%)

/=0
16 Distant bimodal  IN(=3,(3)%) + éN(z,(g))

Table: Selected distribution functions used in the simulation study:
#1-#15 are from MW 92, #16 from JMVS95
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