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The [2-estimate

» Let W be a (regular) solution of

W — A(AW)=0 on Qr=(0,T) x Q,
W(0) = Wp >0, W >0

oW =00onXy=(0,T)x 09,

where A = A(t, x) € L°(Qr) satisfies

0<d<A<d<+oo, d,de(0,00).



The [2-estimate

» Let W be a (regular) solution of

W(0) =Wy >0, W2>0
oW =00onXy=(0,T)x 09,

{ O:W — A(AW) =0 on Qr = (0,T) x Q,
where A = A(t, x) € L°(Qr) satisfies
0<d<A<d< +oo, d,d € (0,00).
» Then, for some C = C(d,d, T)

Wl < ClIWoll2(q)-



Proof of the [%-estimate

» Integrate the equation in time

t
W(t)—Wo—A/O Z(s)ds =0, Z:=AW.
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Proof of the [%-estimate

» We deduce

/AW2§ W, Z.
QT QT

» Usingd <A=& <d or dW<Z<dW:

d [ w<d [ wow <aVTIWelo Wi
T T

d||W||i20p) < dV T |Wo| 2.

» The same is true when

oW — A(AW) <0, W(0)< W, W>0.



A first application: global existence of weak solutions in
mass-controlled and quadratic reaction-diffusion systems

Vi=1,...m
O.uj — diAuj = fi(uy, uo, ..., Um) in Qr
ayu,-:O on ZT

u(0,7) = () > 0.

d; >0, f; : [0,00)™ — R of class C! where

» (P): Positivity (nonnegativity) is preserved
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A first application: global existence of weak solutions in
mass-controlled and quadratic reaction-diffusion systems

Vi=1,...m
O,ui — diAuj = fi(ur, up, ..., um) in Qr
oyui =0

on ZT
ui(0,-) = uf(-) > 0.
d; >0, f; : [0,00)™ — R of class C! where
» (P): Positivity (nonnegativity) is preserved
> (M): Z1§i§mfi <0
» or more generally (M)
Vr e [0,00[", > icicmaifi(r) < C[1+ 21,1l

for some a; > 0



Vi=1,...m
(E) o,ui — dilAuj = f;‘(Uh uz, ..., Um) in Qr
Ovu; =0 onkr

ui(0,) = uf () > 0.

» (P) Preservation of Positivity: quasi-positivity of f
Vr = (I’l7 ey rm) c [07 C)O[m7 f,-(rl, ceey I‘,'_]_,O7 Fig1y ey rm) > 0.

r




Vi=1,...m
O.ui — diAu; = fi(ur, uo, ..., Um) in Qr
Oyu; =0 onXr

ui(0,-) = u?(:) > 0.

» (P) Preservation of Positivity: Vi=1,....m
Vr e [0, +o0[™, fi(r1, ..., ri-1,0, Fiy1,..cs rm) > 0.

> (M): 21<,<m i(r1y ..., rm) < 0 = 'Control of the Total
Mass’:

YVt >0, / u,txdx</ dx.
QZ Q
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Vi=1,...m
O.ui — diAu; = fi(ur, uo, ..., Um) in Qr
Oyu; =0 onxr

ui(0,-) = u?(:) > 0.

» (P) Preservation of Positivity: Vi=1,....m
Vr e [0, +o0[™, fi(r1, ..., ri-1,0, Fiy1,..cs rm) > 0.

> (M): 21<,<m i(r1y ..., rm) < 0 = 'Control of the Total
Mass’:

YVt >0, / u,txdx</ dx.
QZ Q

1<i<r 1<i<r

Add up, integrate on £, use fﬂ Au; = f@ﬂ o, ui = 0:
/ 0> ui(t)]dx = / > fi(u)dx < 0.
Q [

» = L1(Q)- a priori estimates, uniform in time.
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And also an a priori L?-estimate
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And also an a priori L?-estimate

>
Vi=1,...m
Qu,- — d,-Au,- = f,-(u17 u, ..., um) in QT
Ouui =0 onXr
ui(0,) = uf(-) > 0.
>
81- (Z u,-) —A (Z d,-u,-) S 0.
i i
" >
~d;u;
W —A(AW) <0, W:Zu,- A:ﬁ
)
>
d:u:
uy>0=0<mind; < A= Z’ i < maxd;< +oo
i doiui i
>

luill 2r) < W2y < ClIWol12(0)-



Global existence for quadratic systems
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u? € L?(2). Then, (S) has a global weak solution.
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Global

>

vV v.v Y

existence for quadratic systems

Vi=1,...m
(5) 8tu,- — d,'AU,‘ = f,-(u17 uz, ..., um) in QT
Oyui=0 onXr

ui(0,-) = u}(-) 2 0.
THEOREM: Assume (P)+(M), f; at most quadratic,
u? € L?(2). Then, (S) has a global weak solution.
Ideas for the proof:
(P)+(M) implies that the u; are a priori bounded in L2(Q7)
by quadratic growth, f;(u) is a priori bounded in L}(QT)

General result (03’): (P)+(M) + a priori L*(Q7)-bound on
the f;(u) imply global existence of weak solutions.

Or, use a recent improvement (J.A. Canizo, L. Desvillettes, K.
Fellner, F. Otto): There exists ¢(N) > 0 such that

H WHLZ“(QT) < CH W0HL2+€(Q)-
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U+U, = C = Us+ U,
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» The intermediate C is highly reactive, so that we may assume
that ki, ko — +o0.
What is the limit kinetics when space diffusion occurs?

» Mass Action law + Fick's diffusion law lead to the following
system for the concentration u;(t,x) of U; and c(t, x) of C:

( Orup — d1Auy = —uqup + kic

Oty — doAup = —uup + kic

Orc — dcAc = wuy — (ki + ko)c + uzug ) on Qt
Otz — d3Auz = —uzug + koc

Otlg — daAus = —uzug + koc,

| +initial and boundary conditions

» What happens when ki 4+ ko — 007



Orth — diAur = —uur + kic
Ortr — oAU = —urup + kic
Orc — dcAc = v — (ki + ko)c + uzus
Otz — dz3Auz = —uzug + koc
Orug — daAug = —uzug + koc

» Positivity is preserved and

A+h+2f+f+FH=0.

f

= ﬁh



Oty — diAuy = —uun + kic = fi
Ortr — oAU = —urup + kic =
Orc —d:Ac = — (ki + k)c+wus = f
Otz — dz3Auz = —uzug + koc = f;
Orug — daAug = —uzug + koc =1,

» Positivity is preserved and
+h+2f+fH+1f=0.

> =

/u1(t)+u2(t)—|—2c(t)—|—U3(t)—i—U4(t):/u?—l—ug—i—2c0—i—ug—|—u2.
Q Q

vT >0, Z uill2(@rytllcllz(ery < C(independent of ki, ko).

1



Oty — diAuy = —uun + kic f

Ortr — oAU = —urup + kic =
Orc —d:Ac = — (ki + k)c+wus = f
Otz — dz3Auz = —uzug + koc = f;
Orug — daAug = —uzug + koc =1,

» Positivity is preserved and
+h+2f+fH+1f=0.

> =

/u1(t)+u2(t)—|—2c(t)—|—U3(t)—i—U4(t):/u?—l—ug—i—2c0—i—ug—|—u2.
Q Q

vT >0, Z uill2(@rytllcllz(ery < C(independent of ki, ko).

1

> Global existence of bounded classical solutions holds (not
trivial).



k1+k2—>+00?

Orn — diAuy = —wun + kic
Ot — doAup = —uur + kic
0:¢c — d.Ac = uup — (k1 + kQ)C + uzuy
Oz — d3Auz = —uzug + koc
Orlg — daAug = —uzug + sz,



k1—|—k2—>+00?
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» Quasi-steady state approximation:

"Orc —d.Ac=0" as "ky + ko = +o0”

or |im[(k1 + /(2)C — uilup — U3U4] =0

so that ¢ — 0 and may be eliminated in the limit system :




k1—|—k2—>+00?

Ortn — diAur = —uun + kic
Ortp — oA = —urur + kic
Orc — dcAc = uup — (ki + ko) + usus
Otz — dz3Auz = —uzug + koc
Oty — daDAuy = —usug + koc,

» Quasi-steady state approximation:
"0ic —d.Ac=0" as "k + ko = +00”"
or |im[(k1 + /(2)C — uilup — U3U4] =0
so that ¢ — 0 and may be eliminated in the limit system :

-k
> Orup — diAup = —ugur + lim IQTIIQ(U1U2 + uzug)
or
Orin — diAuy = —auu + (1 — a)uzus

. . k
with a = limy 4 k- 400 /QTle



k1—|—k2—>+00?

Orn — diAuy = —wun + kic
Ot — doAup = —uur + kic
0:¢c — d.Ac = uup — (k1 + kQ)C + uzuy
Otz — dz3Aus = —usug + koc
Orlg — daAug = —uzug + sz,

» The limit system may (formally) be obtained:
Oy — diAuy = —auus + (1 — @)usuy
Oty — dhAup = —anun + (1 — @)usuy
Oruz — d3Aus = auytp, — (1 — a)usuy
Orug — dyAuy = auytp — (1 — a)usuy,



k1—|—k2—>+00?

Orn — diAuy = —wun + kic
Ot — doAup = —uur + kic
0:¢c — d.Ac = uup — (k1 + kQ)C + uzuy
Otz — dz3Aus = —usug + koc
Orlg — daAug = —uzug + sz,

» The limit system may (formally) be obtained:

Oy — diAuy = —auus + (1 — @)usuy
Oty — dhAup = —anun + (1 — @)usuy
Oruz — d3Aus = auytp, — (1 — a)usuy
Orug — dyAuy = auytp — (1 — a)usuy,

» The chemical reaction

1 k
U + Uy k:l‘ C % Us + U,

"tends” to the limit chemical reaction:

U+l 12, Us+Us

«



The limit system (D. Bothe-MP)

» Theorem. The solution (uf, uk, ck uk, uf), k = (ki, ko) of
the previous system converges as k; + ko — +00 in L2(QT)
for all T > 0 to (u1, up, 0, u3, usg) solution of

Orin — diAuy = —aus + (1 — a)uzug
Orup — dpAuy = —auiuy + (1 — a)uzug
Oruz — d3Auz = aujuy — (1 — ) uzus
Orus — daAug = auyuy — (1 — a)uzua,

(Slim)

Boundary layer at t = 0: the new initial values are
W+ ac W +ac® W+ (1-a)c, ud+ (1 - a)d.
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» Theorem. The solution (uf, uk, ck uk, uf), k = (ki, ko) of
the previous system converges as k; + ko — +00 in L2(QT)
for all T > 0 to (u1, up, 0, u3, usg) solution of

Orin — diAuy = —aus + (1 — a)uzug
Orup — dpAuy = —auiuy + (1 — a)uzug
Oruz — d3Auz = aujuy — (1 — ) uzus
Orus — daAug = auyuy — (1 — a)uzua,

(Slim)

Boundary layer at t = 0: the new initial values are
W+ ac W +ac® W+ (1-a)c, ud+ (1 - a)d.

» Global existence of classical solutions is open for (S,) when the d;
are different. Known for N = 1,2. Estimate of the Hausdorff
dimension of the (possible) blow up set for N > 3 (Th. Goudon, A.
Vasseur). See also L. Desvillettes, K. Fellner, M.P., J. Vovelle, +M.
Bisi, F. Conforto, L. Desvillettes.
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A third application of the [?-estimate

» (D. Bothe, MP, G. Rolland, '11)

Oruy — diAuy = —k[ugup — us]
6tuz — d2AU2 = —k[U]_U2 — U3]
atU3 - d3AU3 = k[U1U2 — U3]

Ui + Us vT/i— Us

What is the limit kinetics when k — +00?

» Estimates independent of k:
SlipHU,( M@ < C VT >0, |luill2q) < C.

» A main difficulty: no a priori L1(Q7)-estimate on

k(ufuk — uk) seems to be true | (except for di = dh = d3).
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The entropy inequality

>
an1 — d1AU1 = 7k[U1U2 — U3]
atU2 — d2AU2 = —k[U1U2 — U3]
agU3 — CI'3AU3 = k[U1U2 — Ll3]
We set 0; = ujlog u; — u; and write the equation in 6;
> 2
YVu:
0:0; = log u; Oru; ; AB; = log u; Au; + [Vui ,
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>
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. 1
1



The entropy inequality

>
an1 — d1AU1 = 7k[U1U2 — U3]
(’)tU2 — d2AU2 = _k[U1U2 — U3]
8tU3 — CI'3AU3 = k[U1U2 — Ll3]
We set 0; = ujlog u; — u; and write the equation in 6;
> 2
YVu:
0:0; = log u; Oru; ; AB; = log u; Au; + [Vui ,
uj
d1|Vu1|2
0ty — di1 AN + ————— = —k[U1U2 — U3] log uy,
up
>
d,-|Vu,-|2
Z (0: — diA) HH_T = —k[uruy — us][log(uyup) — log uz] < 0.

. 1
1

» Integrating leads to the bound

' di|Vuj|? ;
/ Z M + k[uyus — us][log %] < C (independent of k) .
J QT Ui 43

i



Passing to the limit as kK — oo

» Recall the estimates

sgpl\u;(t)llu(m < C, VT >0, |uilliz(qn < C.

di|Vui|?
/ ZM—l—k[uluQ—uﬂ[log%] <C.
QT uj u3

i

It implies that each V,/u; is bounded in L?(Q7).
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It implies that each V,/u; is bounded in L?(Q7).

» Next, we use for i = 1,2 the identity
Gt(u,- + U3) — A(d,-u,- + C/3U3) =0

to show that d¢/u; + us € L? (0, T; H1(Q)) + LY(Qr)
By Aubin-Simon type of compactness and using again the above
equation, we deduce that u; + u3 are relatively compact in L?(Qr).



Passing to the limit as kK — oo

» Recall the estimates

SliPHUi(t)HLl(Q) < C, VT >0, |uilliz(qn < C.

di|Vui|?
/ ZM‘Fk[UlUQ_U:i][IOg%] <C.
QT uj u3

It implies that each V,/u; is bounded in L?(Q7).

» Next, we use for i = 1,2 the identity
Gt(u,- + U3) — A(d,-u,- + C/3U3) =0

to show that d¢/u; + us € L? (0, T; H1(Q)) + LY(Qr)
By Aubin-Simon type of compactness and using again the above
equation, we deduce that u; + u3 are relatively compact in L?(Qr).

» We use the pointwise entropy inequality to prove that all three
functions converge a.e.. Whence their convergence in L2(Q7).



A general convergence result

(D. Bothe, M.P., G. Rolland)

Opuk — di Auf = —k[ukuk — uf]
Oruk — o Auk = —k[ukuk — uf]
Opuk — d3Auk = k[uguk — uf]

Theorem. Up to a subsequence, the uf‘ converge in
L?(Q7),¥YT > 0 to a weak global nonnegative solution of

Or(u1 + uz) — A(diun + dzuz) =0 } + boundary cond.

(Lim) at(UQ + U3) — A(d2u2 + d3U3) =0
uiUp = u3.

(u1 4+ u3)(0) = u(l) + ug, (u2 4+ u3)(0) = ug + ug,



About the problem (Lim)

Bt(ul + U3) - A(dlul + d3U3) 0

at(UQ + U3) — A(dzUz + d3U3) =0
Uiy = us.

(up + u3)(0) = u + 1S, (up + us3)(0) = ud + u,

} + boundary cond.
(Lim)

If we set, wy := u1 + u3, wp = up + u3, then it is equivalent to the
2 x 2 cross-diffusion system

0wy — Awl
(Lim’) Dews — Ao le W2 _ + boundary cond.
Wl(O)—u1+u3, wa( ): +u3,

where ¥ = (1, ¢2) : [0, 00[>— R? is C* and the Jacobian matrix
Dw(wy, wy) satisfies the spectral conditions for this problem to
have unique local classical solution (see H. Amann’s theory).



A fourth application of the L?-estimate

» Existence of solutions to the cross-diffusion system where
aj : (0,00)™ — [d, 00) continuous (only), d > 0:
8tu,- — A[a,-(fl)u,-] = 0, I = 1, e, m
u; — (5,’Afl,' = uj, (5,’ >0 ( 5,‘ =1 below),
Oyu; = 0,0; =0, ui(0) = u? > 0.
Model proposed by M. Bendahmane, Th. Lepoutre, A. Marrocco,
B. Perthame (partial results in dimensions N=1,2).



A fourth application of the L?-estimate

» Existence of solutions to the cross-diffusion system where
aj : (0,00)™ — [d, 00) continuous (only), d > 0:
8tu,- — A[a,-(fl)u,-] = 0, I = 1, e, m
u; — (5,’Afl,' = uj, (5,’ >0 ( 5; =1 below),
Oyu; = 0,0; =0, ui(0) = u? > 0.
Model proposed by M. Bendahmane, Th. Lepoutre, A. Marrocco,

B. Perthame (partial results in dimensions N=1,2).
» THEOREM. (Th. Lepoutre, MP, G. Rolland, '11 ): Existence of
global solutions satisfying for all T > 0,p < oo

ui € LP(Qr), Iy € C*(Qr) N LP (0, T; W2P(Qr)),

ui(t) — A Uota,-(u)u,-] = 0.

If, moreover, a; is locally Lipschitz continuous, the solution is
classical, unique and

u; € LOO(QT),atU,',A(a,'(fI)U,') S Lﬁac ((07 T]; LP(Q))



|deas of the proof

» We first truncate the nonlinearities a;(-) and solve the problem. We
use the L2 estimate 4+compactness
- to solve the linear problem 9;w — A(Aw) = 0, w(0) = wp where
A€ L>®(Q7),0 < a< A<3< oo; moreover A" — A a.e implies
w" — win L2(QT), for all T.
- to apply a Leray-Schauder fixed-point theorem in X™ where
X ={vel}Qr);0:vel?Qr), Vv=(—-A)"1v}
v € X™ — u solution of 9,u; — A (a;(¥)u;) = 0, u;(0) = uf.
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|deas of the proof

» We first truncate the nonlinearities a;(-) and solve the problem. We
use the L2 estimate 4+compactness
- to solve the linear problem 9;w — A(Aw) = 0, w(0) = wp where
A€ L>®(Q7),0 < a< A<3< oo; moreover A" — A a.e implies
w" — win L2(QT), for all T.
- to apply a Leray-Schauder fixed-point theorem in X™ where

={vel*(Qr)d:vel? (QT) v=(-A)"1v}

v € X™ — u solution of 9,u; — A (a;(¥)u;) = 0, u;(0) = uf.

» We prove || Tl 1 (q;) < C = C(uo, T). Thus, we get rid of the
truncation.

» We apply the C* estimates of Krylov-Safonov to U; = fot ai(t)u
which satisfies

o U; — a,'(fl)AU,' = a;(fl) uf-) € LOO(QT).

> We exploit that a;(&1) is continuous in this equation to deduce the
LP regularity.



Proof of uniqueness when a; locally Lipschitz

» If u, v are two solutions, we have ,
Oe(ui — vi) — Afaj(@)(uj — vi) + vi(ai(@) — ai(V))] = 0
or 8,U; — Alai(D)U; + viA;i - Ul =0, (I — §;A)U; = U;

1
U=u—-v,U=10—-V, A = / Da;(tﬂ + (1 — t)V)dt € L™
0



Proof of uniqueness when a; locally Lipschitz

» If u, v are two solutions, we have ,
81_»(“,' — V,') — A[a,-(fl)(u; — V,') + v,-(a,-(fl) — a,(V))] =0

or 8,U; — Alai(D)U; + viA;i - Ul =0, (I — §;A)U; = U;

1
U=u—-v,U=10—-V, A = / Da;(tfl + (1 — t)V)dt eL>®
0
» And we prove that the dual problem is solvable
Orpi + ai(B)Ap; + (I — 85;:A) 1 [B; Ay = F; € L*(Qr)
Vi=1,..m, ¢;, 8, Ap; € L2(Qr), i(T) = 0.

Bi = [Bil"'Bim]7 BU = VJAJ’.

These L2-estimates are essentially the dual of the main one we
started with !



