
An amazing L2-estimate in reaction-diffusion
systems: four applications

Michel Pierre

Ecole Normale Supérieure de Cachan-Bretagne and Institut de Recherche
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The L2-estimate

I Let W be a (regular) solution of
∂tW −∆(A W ) = 0 on QT = (0,T )× Ω,
W (0) = W0 ≥ 0, W ≥ 0
∂νW = 0 on ΣT = (0,T )× ∂Ω,

where A = A(t, x) ∈ L∞(QT ) satisfies

0 < d ≤ A ≤ d < +∞, d , d ∈ (0,∞).

I Then, for some C = C (d , d ,T )

‖W ‖L2(QT ) ≤ C ‖W0‖L2(Ω).
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Proof of the L2-estimate

I Integrate the equation in time

W (t)−W0 −∆

∫ t

0
Z (s)ds = 0, Z := A W .

I Multiply by Z (t) = (A W )(t) and integrate on QT∫
QT

A W 2 −
∫

QT

Z (t)∆

∫ t

0
Z (s)ds =

∫
QT

W0 Z .
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−
∫
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∫ t

0
Z (s)ds =
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∇Z (t)∇
∫ t

0
Z (s)ds
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=

∫
QT

∂t
1

2

∣∣∣∣∇∫ t

0
Z (s)ds

∣∣∣∣2 =

∫
Ω

1
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∣∣∣∣∇ ∫ T

0
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Proof of the L2-estimate

I We deduce ∫
QT

A W 2 ≤
∫

QT

W0 Z .

I Using d ≤ A = Z
W ≤ d or dW ≤ Z ≤ dW :

d

∫
QT

W 2 ≤ d

∫
QT

W0W ≤ d
√

T‖W0‖L2(Ω)‖W ‖L2(QT ).

I

d‖W ‖L2(QT ) ≤ d
√

T‖W0‖L2(Ω).

I The same is true when

∂tW −∆(A W ) ≤ 0, W (0) ≤W0, W ≥ 0.
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A first application: global existence of weak solutions in

mass-controlled and quadratic reaction-diffusion systems


∀i = 1, ...,m
∂tui − di∆ui = fi (u1, u2, ..., um) in QT

∂νui = 0 on ΣT

ui (0, ·) = u0
i (·) ≥ 0.

di > 0, fi : [0,∞)m → IR of class C 1 where

I (P): Positivity (nonnegativity) is preserved

I (M):
∑

1≤i≤m fi ≤ 0

I or more generally (M’)
∀r ∈ [0,∞[m,

∑
1≤i≤m ai fi(r) ≤ C [1 +

∑
1≤i≤m ri ]

for some ai > 0
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I

(E)

8>><>>:
∀i = 1, ..., m
∂t ui − di ∆ui = fi (u1, u2, ..., um) in QT

∂νui = 0 on ΣT

ui (0, ·) = u0
i (·) ≥ 0.

I (P) Preservation of Positivity: quasi-positivity of f
∀r = (r1, ..., rm) ∈ [0,∞[m, fi (r1, ..., ri−1, 0, ri+1, ..., rm) ≥ 0.

6
r2

-r1

�
�
��

f1(0, r2)≥ 0

f2(0, r2)

A
A
AKf1(r1, 0)

f2(r1, 0)≥ 0
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∀r ∈ [0,+∞[m, fi (r1, ..., ri−1, 0, ri+1, ..., rm) ≥ 0.

I (M):
∑

1≤i≤m fi (r1, ..., rm) ≤ 0 ⇒ ’Control of the Total
Mass’:

∀t ≥ 0,

∫
Ω

∑
1≤i≤r

ui (t, x)dx ≤
∫

Ω

∑
1≤i≤r

u0
i (x)dx .

Add up, integrate on Ω, use
R

Ω
∆ui =

R
∂Ω

∂νui = 0:Z
Ω

∂t [
X

ui (t)]dx =

Z
Ω

X
i

fi (u)dx ≤ 0.

I ⇒ L1(Ω)- a priori estimates, uniform in time.
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And also an a priori L2-estimate
I 8>><>>:

∀i = 1, ..., m
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∂tW −∆ (A W ) ≤ 0, W =
∑

i

ui A =

∑
i diui∑
i ui

I

ui > 0⇒ 0 <min
i

di ≤ A =

∑
i diui∑
i ui

≤ max
i

di< +∞

I

‖ui‖L2(QT ) ≤ ‖W ‖L2(QT ) ≤ C‖W0‖L2(Ω).
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Global existence for quadratic systems
I

(S)

8>><>>:
∀i = 1, ..., m
∂t ui − di ∆ui = fi (u1, u2, ..., um) in QT

∂νui = 0 on ΣT

ui (0, ·) = u0
i (·) ≥ 0.

THEOREM: Assume (P)+(M), fi at most quadratic,
u0
i ∈ L2(Ω). Then, (S) has a global weak solution.

I Ideas for the proof:

I (P)+(M) implies that the ui are a priori bounded in L2(QT )

I by quadratic growth, fi (u) is a priori bounded in L1(QT )

I General result (03’): (P)+(M) + a priori L1(QT )-bound on
the fi (u) imply global existence of weak solutions.

I Or, use a recent improvement (J.A. Canizo, L. Desvillettes, K.

Fellner, F. Otto): There exists ε(N) > 0 such that

‖W ‖L2+ε(QT ) ≤ C‖W0‖L2+ε(Ω).
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A second application of the L2-estimate

I

U1 + U2
1


k1

C
k2


1

U3 + U4

I The intermediate C is highly reactive, so that we may assume
that k1, k2 → +∞.
What is the limit kinetics when space diffusion occurs?

I Mass Action law + Fick’s diffusion law lead to the following
system for the concentration ui (t, x) of Ui and c(t, x) of C :

∂tu1 − d1∆u1 = −u1u2 + k1c
∂tu2 − d2∆u2 = −u1u2 + k1c
∂tc − dc∆c = u1u2 − (k1 + k2)c + u3u4

∂tu3 − d3∆u3 = −u3u4 + k2c
∂tu4 − d4∆u4 = −u3u4 + k2c ,

 on QT

+initial and boundary conditions

I What happens when k1 + k2 →∞?
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4 .

∀T > 0,
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i

‖ui‖L2(QT )+‖c‖L2(QT ) < C ( independent of k1, k2).

I Global existence of bounded classical solutions holds (not
trivial).
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U1 + U2
α
1− α U3 + U4



k1 + k2 → +∞ ?
I 8>>>><>>>>:

∂tu1 − d1∆u1 = −u1u2 + k1c
∂tu2 − d2∆u2 = −u1u2 + k1c
∂tc − dc∆c = u1u2 − (k1 + k2)c + u3u4

∂tu3 − d3∆u3 = −u3u4 + k2c
∂tu4 − d4∆u4 = −u3u4 + k2c,

I Quasi-steady state approximation:
”∂tc − dc∆c = 0” as ”k1 + k2 = +∞”
or lim[(k1 + k2)c − u1u2 − u3u4] = 0
so that c → 0 and may be eliminated in the limit system :

I ∂tu1 − d1∆u1 = −u1u2 + lim k1
k1+k2

(u1u2 + u3u4)
or
∂tu1 − d1∆u1 = −αu1u2 + (1− α)u3u4

with α = limk1+k2→+∞
k2

k1+k2
.

I The limit system may (formally) be obtained:
∂tu1 − d1∆u1 = −αu1u2 + (1− α)u3u4

∂tu2 − d2∆u2 = −αu1u2 + (1− α)u3u4

∂tu3 − d3∆u3 = αu1u2 − (1− α)u3u4

∂tu4 − d4∆u4 = αu1u2 − (1− α)u3u4,

I The chemical reaction

U1 + U2
1


k1

C
k2

1

U3 + U4

”tends” to the limit chemical reaction:

U1 + U2
α
1− α U3 + U4



k1 + k2 → +∞ ?
I 8>>>><>>>>:

∂tu1 − d1∆u1 = −u1u2 + k1c
∂tu2 − d2∆u2 = −u1u2 + k1c
∂tc − dc∆c = u1u2 − (k1 + k2)c + u3u4

∂tu3 − d3∆u3 = −u3u4 + k2c
∂tu4 − d4∆u4 = −u3u4 + k2c,

I Quasi-steady state approximation:
”∂tc − dc∆c = 0” as ”k1 + k2 = +∞”
or lim[(k1 + k2)c − u1u2 − u3u4] = 0
so that c → 0 and may be eliminated in the limit system :

I ∂tu1 − d1∆u1 = −u1u2 + lim k1
k1+k2

(u1u2 + u3u4)
or
∂tu1 − d1∆u1 = −αu1u2 + (1− α)u3u4

with α = limk1+k2→+∞
k2

k1+k2
.

I The limit system may (formally) be obtained:
∂tu1 − d1∆u1 = −αu1u2 + (1− α)u3u4

∂tu2 − d2∆u2 = −αu1u2 + (1− α)u3u4

∂tu3 − d3∆u3 = αu1u2 − (1− α)u3u4

∂tu4 − d4∆u4 = αu1u2 − (1− α)u3u4,

I The chemical reaction

U1 + U2
1


k1

C
k2

1

U3 + U4

”tends” to the limit chemical reaction:

U1 + U2
α
1− α U3 + U4



k1 + k2 → +∞ ?
I 8>>>><>>>>:

∂tu1 − d1∆u1 = −u1u2 + k1c
∂tu2 − d2∆u2 = −u1u2 + k1c
∂tc − dc∆c = u1u2 − (k1 + k2)c + u3u4

∂tu3 − d3∆u3 = −u3u4 + k2c
∂tu4 − d4∆u4 = −u3u4 + k2c,

I The limit system may (formally) be obtained:
∂tu1 − d1∆u1 = −αu1u2 + (1− α)u3u4

∂tu2 − d2∆u2 = −αu1u2 + (1− α)u3u4

∂tu3 − d3∆u3 = αu1u2 − (1− α)u3u4

∂tu4 − d4∆u4 = αu1u2 − (1− α)u3u4,

I The chemical reaction

U1 + U2
1


k1

C
k2

1

U3 + U4

”tends” to the limit chemical reaction:

U1 + U2
α
1− α U3 + U4



k1 + k2 → +∞ ?
I 8>>>><>>>>:

∂tu1 − d1∆u1 = −u1u2 + k1c
∂tu2 − d2∆u2 = −u1u2 + k1c
∂tc − dc∆c = u1u2 − (k1 + k2)c + u3u4

∂tu3 − d3∆u3 = −u3u4 + k2c
∂tu4 − d4∆u4 = −u3u4 + k2c,

I The limit system may (formally) be obtained:
∂tu1 − d1∆u1 = −αu1u2 + (1− α)u3u4

∂tu2 − d2∆u2 = −αu1u2 + (1− α)u3u4

∂tu3 − d3∆u3 = αu1u2 − (1− α)u3u4

∂tu4 − d4∆u4 = αu1u2 − (1− α)u3u4,

I The chemical reaction

U1 + U2
1


k1

C
k2

1

U3 + U4

”tends” to the limit chemical reaction:

U1 + U2
α
1− α U3 + U4



The limit system (D. Bothe-MP)

I Theorem. The solution (uk
1 , u

k
2 , c

k , uk
3 , u

k
4 ), k = (k1, k2) of

the previous system converges as k1 + k2 → +∞ in L2(QT )5

for all T > 0 to (u1, u2, 0, u3, u4) solution of

(Slim)


∂tu1 − d1∆u1 = −αu1u2 + (1− α)u3u4

∂tu2 − d2∆u2 = −αu1u2 + (1− α)u3u4

∂tu3 − d3∆u3 = αu1u2 − (1− α)u3u4

∂tu4 − d4∆u4 = αu1u2 − (1− α)u3u4,

Boundary layer at t = 0: the new initial values are

u0
1 + αc0, u0

2 + αc0, u0
3 + (1− α)c0, u0

4 + (1− α)c0.

I Global existence of classical solutions is open for (Slim) when the di

are different. Known for N = 1, 2. Estimate of the Hausdorff

dimension of the (possible) blow up set for N ≥ 3 (Th. Goudon, A.

Vasseur). See also L. Desvillettes, K. Fellner, M.P., J. Vovelle, +M.

Bisi, F. Conforto, L. Desvillettes.
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A third application of the L2-estimate

I (D. Bothe, MP, G. Rolland, ’11)
∂tu1 − d1∆u1 = −k[u1u2 − u3]
∂tu2 − d2∆u2 = −k[u1u2 − u3]
∂tu3 − d3∆u3 = k[u1u2 − u3]

U1 + U2
k
k U3

What is the limit kinetics when k → +∞?

I Estimates independent of k :

sup
t
‖ui (t)‖L1(Ω) ≤ C , ∀T > 0, ‖ui‖L2(QT ) ≤ C .

I A main difficulty: no a priori L1(QT )-estimate on
k(uk

1 uk
2 − uk

3 ) seems to be true ! (except for d1 = d2 = d3).
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The entropy inequality
I 8<:

∂tu1 − d1∆u1 = −k[u1u2 − u3]
∂tu2 − d2∆u2 = −k[u1u2 − u3]
∂tu3 − d3∆u3 = k[u1u2 − u3]

We set θi = ui log ui − ui and write the equation in θi

I

∂tθi = log ui ∂tui ; ∆θi = log ui ∆ui +
|∇ui |2

ui
,

∂tθ1 − d1∆θ1 +
d1|∇u1|2

u1
= −k[u1u2 − u3] log u1,

I ∑
i

(∂t − di∆) θi+
di |∇ui |2

ui
= −k[u1u2 − u3][log(u1u2)− log u3] ≤ 0.

I Integrating leads to the bound∫
QT

∑
i

di |∇ui |2

ui
+ k[u1u2 − u3][log

u1u2

u3
] ≤ C (independent of k) .
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Passing to the limit as k →∞

I Recall the estimates

sup
t
‖ui (t)‖L1(Ω) ≤ C , ∀T > 0, ‖ui‖L2(QT ) ≤ C .

∫
QT

∑
i

di |∇ui |2

ui
+ k[u1u2 − u3][log

u1u2

u3
] ≤ C .

It implies that each ∇√ui is bounded in L2(QT ).

I Next, we use for i = 1, 2 the identity

∂t(ui + u3)−∆(diui + d3u3) = 0

to show that ∂t
√

ui + u3 ∈ L2
(
0,T ; H−1(Ω)

)
+ L1(QT )

By Aubin-Simon type of compactness and using again the above
equation, we deduce that ui + u3 are relatively compact in L2(QT ).

I We use the pointwise entropy inequality to prove that all three
functions converge a.e.. Whence their convergence in L2(QT ).
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A general convergence result

(D. Bothe, M.P., G. Rolland) ∂tu
k
1 − d1∆uk

1 = −k[uk
1 uk

2 − uk
3 ]

∂tu
k
2 − d2∆uk

2 = −k[uk
1 uk

2 − uk
3 ]

∂tu
k
3 − d3∆uk

3 = k[uk
1 uk

2 − uk
3 ]

Theorem. Up to a subsequence, the uk
i converge in

L2(QT ), ∀T > 0 to a weak global nonnegative solution of

(Lim)


∂t(u1 + u3)−∆(d1u1 + d3u3) = 0
∂t(u2 + u3)−∆(d2u2 + d3u3) = 0

}
+ boundary cond .

u1u2 = u3.
(u1 + u3)(0) = u0

1 + u0
3 , (u2 + u3)(0) = u0

2 + u0
3 ,



About the problem (Lim)

(Lim)


∂t(u1 + u3)−∆(d1u1 + d3u3) = 0
∂t(u2 + u3)−∆(d2u2 + d3u3) = 0

}
+ boundary cond .

u1u2 = u3.
(u1 + u3)(0) = u0

1 + u0
3 , (u2 + u3)(0) = u0

2 + u0
3 ,

If we set, w1 := u1 + u3,w2 = u2 + u3, then it is equivalent to the
2× 2 cross-diffusion system

(Lim′)


∂tw1 −∆ψ1(w1,w2) = 0
∂tw2 −∆ψ2(w1,w2) = 0

}
+ boundary cond .

w1(0) = u0
1 + u0

3 , w2(0) = u0
2 + u0

3 ,

where ψ = (ψ1, ψ2) : [0,∞[2→ IR2 is C∞ and the Jacobian matrix
Dψ(w1,w2) satisfies the spectral conditions for this problem to
have unique local classical solution (see H. Amann’s theory).



A fourth application of the L2-estimate
I Existence of solutions to the cross-diffusion system where

ai : (0,∞)m → [d ,∞) continuous (only), d > 0:
∂tui −∆[ai (ũ)ui ] = 0, i = 1, ...,m
ũi − δi∆ũi = ui , δi > 0 ( δi = 1 below),
∂νui = ∂ν ũi = 0, ui (0) = u0

i ≥ 0.

Model proposed by M. Bendahmane, Th. Lepoutre, A. Marrocco,

B. Perthame (partial results in dimensions N=1,2).
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If, moreover, ai is locally Lipschitz continuous, the solution is
classical, unique and

ui ∈ L∞(QT ), ∂tui ,∆(ai (ũ)ui ) ∈ Lp
loc ((0,T ]; Lp(Ω)) .
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∂tui −∆[ai (ũ)ui ] = 0, i = 1, ...,m
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Ideas of the proof

I We first truncate the nonlinearities ai (·) and solve the problem. We
use the L2 estimate +compactness
- to solve the linear problem ∂tw −∆(Aw) = 0,w(0) = w0 where
A ∈ L∞(QT ), 0 < a ≤ A ≤ a <∞; moreover An → A a.e implies
wn → w in L2(QT ), for all T .
- to apply a Leray-Schauder fixed-point theorem in Xm where
X = {v ∈ L2(QT ); ∂t ṽ ∈ L2(QT ), ṽ = (I −∆)−1v}
v ∈ Xm → u solution of ∂tui −∆ (ai (ṽ)ui ) = 0, ui (0) = u0

i .

I We prove ‖ũi‖L∞(QT ) ≤ C = C (u0,T ). Thus, we get rid of the
truncation.

I We apply the Cα estimates of Krylov-Safonov to Ui =
∫ t

0
ai (ũ)ui

which satisfies

∂tUi − ai (ũ)∆Ui = ai (ũ) u0
i ∈ L∞(QT ).

I We exploit that ai (ũ) is continuous in this equation to deduce the
Lp regularity.



Ideas of the proof

I We first truncate the nonlinearities ai (·) and solve the problem. We
use the L2 estimate +compactness
- to solve the linear problem ∂tw −∆(Aw) = 0,w(0) = w0 where
A ∈ L∞(QT ), 0 < a ≤ A ≤ a <∞; moreover An → A a.e implies
wn → w in L2(QT ), for all T .
- to apply a Leray-Schauder fixed-point theorem in Xm where
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i .
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Proof of uniqueness when ai locally Lipschitz

I If u, v are two solutions, we have ,

∂t(ui − vi )−∆[ai (ũ)(ui − vi ) + vi (ai (ũ)− ai (ṽ))] = 0

or ∂tUi −∆[ai (ũ)Ui + viAi · Ũ] = 0, (I − δi∆)Ũi = Ui

Ui = ui − vi , Ũi = ũi − ṽi , Ai =

∫ 1

0

Dai (tũ + (1− t)ṽ)dt ∈ L∞

I And we prove that the dual problem is solvable

∂tϕi + ai (ũ)∆ϕi + (I − δi∆)−1 [Bi ∆ϕ] = Fi ∈ L2(QT )

∀i = 1, ...m, ϕi , ∂tϕi ,∆ϕi ∈ L2(QT ), ϕi (T ) = 0.

Bi = [Bi1...Bim], Bij = vjAji .

These L2-estimates are essentially the dual of the main one we
started with !
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